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Commutative Solid Torus

Setup, Hilbert Space and a Short Exact Sequence

»letD={zeC : |z|<1},S'={e? : 0<H<2r}, and
T2 the 2-dimensional torus
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Commutative Solid Torus

Setup, Hilbert Space and a Short Exact Sequence

»letD={zeC : |z|<1},S'={e? : 0<H<2r}, and
T2 the 2-dimensional torus

» ST2 the solid torus, ST2 =D x S ¢ C x S, and T?
boundary of ST?2.
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Commutative Solid Torus

Setup, Hilbert Space and a Short Exact Sequence

»LletD={zcC : |z|] <1}, S ={e’ : 0<6<2r}, and
T? the 2-dimensional torus

» ST2 the solid torus, ST2 =D x S ¢ C x S, and T?
boundary of ST?2.

» H = L%(ST?,C?) = [*(ST?) ® C?
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Commutative Solid Torus

Setup, Hilbert Space and a Short Exact Sequence

>

LetD={zcC : |z <1}, St ={e" : 0<0<2n}, and
T2 the 2-dimensional torus

ST?2 the solid torus, ST2 =D x S} ¢ C x S!, and T?
boundary of ST?2.

H = [%(ST?,C?) = [%(ST?)® C?
Inner product of H denoted (F, G) for F, G € H.
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Commutative Solid Torus

Setup, Hilbert Space and a Short Exact Sequence

>

LetD={zcC : |z <1}, St ={e" : 0<0<2n}, and
T2 the 2-dimensional torus

ST?2 the solid torus, ST2 =D x S} ¢ C x S!, and T?
boundary of ST?2.

H = [%(ST?,C?) = [%(ST?)® C?
Inner product of H denoted (F, G) for F, G € H.
0 — Go(D)® C(SY) — C(ST?) — C(SY)® C(SY) — 0

v
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Commutative Solid Torus

APS Setup

» Let M be a closed manifold with boundary Y and let D be a
Dirac operator defined on M.
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Commutative Solid Torus

APS Setup

» Let M be a closed manifold with boundary Y and let D be a
Dirac operator defined on M.

> Let M have a “product” structure near the boundary so that
an infinite cylinder can be attached.
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Commutative Solid Torus

APS Setup

» Let M be a closed manifold with boundary Y and let D be a
Dirac operator defined on M.

> Let M have a “product” structure near the boundary so that
an infinite cylinder can be attached.

» Let D have a “special” decomposition structure so that it
extends naturally to the infinite cylinder.
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Commutative Solid Torus

APS Boundary Condition

Study D with domain:
» F e HY(M)

Matt McBride Dirac operators on the solid torus with global boundary conditi



Commutative Solid Torus

APS Boundary Condition

Study D with domain:
» F e HY(M)
» There is a F™* € HL (cylinder) such that DF®t =0,
Fet|,, = F|y and F®' € [?(cylinder)
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Commutative Solid Torus

Dirac Operator and Boundary Conditions

>
1o 20
o= (15 % )
0z i 00
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Commutative Solid Torus

Dirac Operator and Boundary Conditions

>
1o 20
o= (15 % )
0z i 00
| 4

dom(D) = {F € HY(ST?)®C? : IF>* € H} ((CxSM)\ST?)®C?}
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Commutative Solid Torus

Dirac Operator and Boundary Conditions

>
1o 20
o= (15 % )
0z i 00
>

dom(D) = {F € HY(ST?)®C? : IF>* € H} ((CxSM)\ST?)®C?}
>

(1) Fpa = Fl, (2) DF™ =0, (3) F* € L3((CxS1)\ST?)C?

Matt McBride Dirac operators on the solid torus with global boundary conditi



Commutative Solid Torus

Fourier Decomposition

> z=rel? for F € [2(ST?) ® C?
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Commutative Solid Torus

Fourier Decomposition

> z=rel? for F € [2(ST?) ® C?

> oy ( ;::((rr)) >ein¢+im9
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Commutative Solid Torus

Fourier Decomposition

> z=rel? for F € [2(ST?) ® C?

> oy ( ;::((rr)) >ein¢+im9

m,n€Z

1
IFIE=(F.F) = 3 /0 (Fmnlr)P + lgmn(r)2) rdr

m,n€Z
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Commutative Solid Torus

Kernel of D (without boundary conditions)

» Ker(D) consists of those functions
F € [2(ST?\ ({0} x S1)) ® C? such that
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Commutative Solid Torus

Kernel of D (without boundary conditions)

» Ker(D) consists of those functions
F € [2(ST?\ ({0} x S1)) ® C? such that

m#0,neZ:

m
fm,n-i—l(r) = m (_Am,n/n+1(|m‘r) + Bm,nKn+1(‘m|r))

8mn(r) = Amnln(|mlr) + Bm,nKn(|m|r)
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Commutative Solid Torus

Kernel of D (without boundary conditions)

» Ker(D) consists of those functions
F € [2(ST?\ ({0} x S1)) ® C? such that

m#0,neZ:

m
fm,n—i-l(r) = m (_Am,n/n+1(|m‘r) + Bm,nKn+1(‘m|r))
gm,n(r) = Am,,,l,,(]m\r) + Bm,nKn(‘m’r)

» m=0,n€Z: fon(r)=Aon"" and gon(r) = Bonr"
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Commutative Solid Torus

Boundary Condition Equivalence

» Let F € dom(D), then

|m\K,,+1(|m|)gm7,,(l) - mKn(|m‘)fm,n+1(1) =0 m#0,neZ
fon(1) =0

m=0,n<0
g07n(1):0

m=0,n>0

Matt McBride
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Commutative Solid Torus

Boundary Condition Equivalence

» Let F € dom(D), then

|m\K,,+1(|m|)gm7,,(l) - mKn(|m‘)fm,n+1(1) =0 m#0,neZ
fo,n(1) =0 m=0,n<0
go,n(1) =0 m=0,n>0

> Subject to the boundary conditions, Ker(D) = {0} and
D* = D. Also there is an operator @ such that
QD = DQ = I, that is QDF = F for F € dom(D) and
DQF = F for F € L?(ST?)® C?, i.e. D is invertible.
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Commutative Solid Torus

The Inverse |

G = Z pmm(r) einp+imo

m,n€Z qm,n(r)
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Commutative Solid Torus

The Inverse |

- ()

QG :

> L ) )

meZ\{0},n€Z
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Commutative Solid Torus

The Inverse |l

for m#0, let i j(x,y) = mli(x)K;(y)
1
Frnmi1(r) = / Ko7, |m10) mn()odp
1
+ [ Kncrmialimir, mlp)omnia()ode
- /0 1K ms1 (], [m17) (G n(p)odp

r
+ [ Karsmealimlp Imir)om s (r)odp
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Commutative Solid Torus

The Inverse |l

1
gmnlr) = — / Knollmlr, |ml0)dman(0)pdp
r
1
= [ Knmia(imi ml0) pmria (p)odlp
- /O Kol 10, |mlr)dmn(0)pdp

,
4 /O Kol mlos | mlr) pemmsa (p)odp
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Commutative Solid Torus

The Inverse IV

form=20
ropn
- /0 mqo,n(fo)ﬂdﬂ n=>0
fO,n(r) = 1 "
/ m%,n(fo)ﬂdl) n<0
.
1 "
- /r Fpo,m(p)pdp n>0
gO,n(r) = r rn
/0 FPO,nH(P)PdP n<o0
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Commutative Solid Torus

» Theorem
The inverse Q of the Dirac operator defined by D, is bounded.

Moreover Q is a compact operator, this means this is an elliptic
boundary value problem.
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Commutative Solid Torus

» Theorem
The inverse Q of the Dirac operator defined by D, is bounded.
Moreover Q is a compact operator, this means this is an elliptic
boundary value problem.

» Theorem
The inverse Q is a p-th Schatten-class operator for p > 3.
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