Chapter 9 Solutions to even numbered

C=o-

questions

Exercise 1.1.5 1(2). 131
1(4). 1254

1(6). =60

1(8). =48 x 17 x7 =24
1(10). 18174

1(12). 11

1(14).
1(16).
1(18).
1(20).

- S Eln

—_ =
Al D

2(2). 121
2(4).13200

_ 1 _ 2 _
2(6). = 60 X 7 = 60 x § =40
2(8). 96
2(10). 320

2(12) 23X113+465 + —13><141¥+11><75 — 23>1<155 + —15x7 _ 16

3(2). 7999
3(4). 8001

15

4 -2 1
X 2 1
4 -2 1

+ 8 -4 2
8 0 0 1.
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3(6). 421
4 2 1
20) 8 00 1
- 8 4
0 40
-0 4 2
2 1
-2 1
0.
4(2). 3245
4(4). 4105

4(6). = 2155 % 105 = 21505
4(8). 10506,

52). 2, 3, 5, 29
5(4). 7, 11, 13
5(6). 43, 47

6(2). 20
6(4). 12

N
—
==

72).
7(4).

—_
w

—
=l

8(2).
8(4).
8(6).

DO N
QU=

9(2). 1125

Exercise 1.2.3
1(2). 5x% —x
1(4). 7x2

1(6). 3x> +5

1(8). 4x% —6x -2
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2(2). x* +3x2+2
2(4). x* =3x2+2
2(6). x* —x?-42
2(8). x*+x2 - 42
2(10). 2x* +5x% =3
2(12). 2x* = 5x2 -3
2(14). x0 -1

2(16). x5+ 1

2(18). x% +a>

3(2). x2+10x +25
3(4). ¥ +1
3(6). 16x2 +4x + 1

16x2 +4x +1
4x—-1)  64x° 0 0 -1
- 64x3 —16x2
0 16x> 0
- 0 16x* —4x
4x -1
- 4x -1
0.
3(8). x2—x+4
x> —x +4
x+1) x¥* 0 3x +4
- X w?
0 —x> +3x
- 0 —x? —x
4x +4
- 4x +4
0.

3(10). 4x*> —2x + 4
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4 (1). lablab = 1ab x 1001. 1001 = 7 x 11 x 13 is divisible by 7.
4(2).1abcdlabed = labed x (10° +1). 10° + 1 is divisible by 11.

Exercise 1.3.5
12). 1

14). &
1(6).
1(8).
1(10). 105
1(12). 4 -3¢

1(14). Case 1: if a = —1, x can be any number; CAe 2: if a # —1, no solution.

—_ N —
e BN

1(16). Case 1: ifa # 1, x = %; Case 2: if a = —1 and b # 0, no solution; case 3:

ifa = —1 and b # 0, x can be any number.

2(2). x=3,y=2

42). x>+ 1)(x* +2)

44).(x = D(x+ 1) (x> =2)

4(6). (x> +4)(x>-6)

4(8). (2x% + 1)(x* +3)

4(10).(2x = ) (2x + 1) (x2 +3)

4(12). (x> +2)(x* = 2x2 + 4)

4(14). (x =2)(x +2)(x* + 4)

4(16). (x =2)(x +2)(x* = 2x +4)(x* + 2x + 4)
4(18). (> —x+1D)(x2+x+1)

52). x=2,0rx=3
5(4) X1 = 2,)C2 = —2,X3 = 3,)C4 =-3
5(6) X1 =2,XZ=—2

5(8). No rational solutions.
6(2). Ann’s age is 5.

72). a # 1




—330/351 —

8(12). Case 1: a # —1,x = %; Case 2: a = —1 and b # —1, no solution; Case 3:

a =-1and b = —1, x = any number.

Exercise 1.4.6

12). x > -2

14). x> 13

16).x > 2 +1

1(8). Case 1: @ > 0, thenx < 2 + %; Case 2: a =0, -2 < 0, x = any number; Case
3a<0,x>2+2,

1(10). Case 1: a —2b > 0, then x < ﬁ; Case 2: a —2b =0,-2 <0, x = any

2

number; Case 3: a —2b <0, x > —5-.

22). -7T<x<1
2(4). x < =Torx > -3
26). x<lorx >4

3(2). Proof: a®> < b> =a*>-b><0=(a—b)(a+b) <0. Since a+b > 0, we
know (a —b)(a+b) <0=a—-b<0=a<b.

3(4). Proof: x> > C?2 = (x)?=C? > 0 = (x| = O)(Jx| + C) > 0. Since
|x] + C > 0, we know (|x| —C)(Jx| +C) >0 = |x|-C >0= |x| > C.

3(6). Proof: First observe that
Xy +2 -3xyz=(x+y+2) (2 +y P+ 2 —xy —xz - y2),
and
Xy 4 —xy—xz-yz= %[(x—y)2+ (x-2°+(-2°20.
For positive number x, y,z, x + y + z > 0. Thus X+ y3 +70 - 3xyz > 0, which yields

x>+ y3 +70 > 3xyz.

Exercise 1.5.7
1(2). 573

1(4). x3y

1(6). 3V2+3
1(8). -2 - 283
1(10). 0

1(12). 1

1(14). -1
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2(2). =2V - 45
2(4). V3+2V2
2(6). 21

3(2). Proof by contradiction. If /p is a rational number, then
m

VP=2
n
where m, n are two positive integers and their largest common factor (m, n) = 1 (we can
assume = is a simple fraction).
So we have m> = pn?, thus m is divisible by p. We write m = pk, where k is

another positive integer. Bringing into the above equality and simplifying, we have
n® = pk®.
Thus n is divisible by p. So far, we know that both m,n are divisible by p, thus

(m,n) = p > 1. Contradicts to the assumption that (m,n) = 1.

Exercise 1.6.4
1(2). =1 -5i
1(4). 41

1(6). 5+ 4i
1(8). 2i

22). |zl =1, arg(z) = %
2(4). |zl = 1, arg(z) = H£
2(6). |z| = 1, arg(z) = &
2(8). V2 +V2i

3(2). x2 = (V5i)2. So x; = V5i, x, = —V5i

3(4). xy = 2y = 3N

Sz ﬁ
2

3(6).x1:e%:ﬁ+ i, Xxp=e6 =—

\S]
=

42). x> =32

Exercise 1.7.2

12). 12
1(4). 31
1(6). b>
1(8). 8+
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1(10). 8 —i
1(12). 2x — 1

1(14). (x+ 1)¥ =x¥ + Cox” + Cx®+ ..+ Cix + 1

2(2a). Fora #0,x = 5.

2(2b). Fora # —1, x = 2a + 2; For a = —1, no solution.
2(4a). x =4, or x =1.

2(4b). x = -3, or x = 1.

2(6a). x = 3.

2(6b). x = 6.

2(8a). -1 <x <0.

2(8a). -2 <x < 0.

3(2). Proof:
A>B= A+x>B+x (Addition invariant)
x>y=B+x>B+y (Additioninvariant)
Since A+x > B+x and B+ x > B+ y, using transitive property we conclude:
A+x>B+y.
3(4). Proof: For any two real numbers x, y,
(x=y)2>0=x>+y2 > 2xy.
If x, y are positive, we have (since f(x) = Inx is an increasing function)
In(x?> +y? > In(2xy) =In2+Inx +1Iny.

This yields
In(x*>+y?)—In2 > Inx+Iny.

Exercise 2.1.4

2(1). AnB={xeR|2<x<12}.

22). AUB={xeR|x> -8}

23). AUB‘={xeR|x <2, orx > 12}.

2(4). Since (AN B) ={x e R|x <2, orx > 12}. The proof for general sets is

given for Proposition 2.2.

Exercise 2.2.5

1(2). (a) 51. (b) 33. (¢) 16. (d). 51— 16=135. (e). 33— 16 = 17.
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2(1). 10. {A, B}, {A,C}, {A, D}, {A,D}, {A,E}, {B,C}, {B,D}, {B,E}, {C,D}, {C,E}, {D,E}

2(2). C-C3/2=15 pairs.
{A,B}and {C, D}, {A, B}and {C,E}, {A, B}and {D, E},
{A,C}and {B, D}, {A,C}and {B,E}, {A,C}and {D, E};
{A,D}and {B,C}, {A,D}and {B,E}, {A, D}and {C,E};
{A,E}and {B,C}, {A,E}and {B,D}, {A,E}and {C,D};
{B,C}and {D,E}, {B,D}and {C,E}, {B, E}and {C,D};

Exercise 2.3.7

2(1). (i D={xeR|x#1},R={yeR|y#+1}.

(iv: D={xeR|x>V3orx<-V3},R={yeR|y>0}.
22). (i): flg(x)] =" i) g[f(x)] = e 1.

3(2). Proof: g(x) is even, so g(—x) = g(x). Thus
fle(=0)] = flg()].
That is: y = f[g(x)] is an even function.

3(4). Proof: Since f(x) and g(x) are increasing functions on R, we know that for

any x; < xp,

f(x1) < f(x2), and g(x1) < g(x2).

So,
fx1) +g(x1) < f(x2) +g(x2).

Thus y = f(x) + g(x) is an increasing function.

y = f(x)g(x) may not be an increasing function. For example: f(x) = x and

2

g(x) =x — 1 are increasing. But y = x~ — x is not an increasing function.

3(6). Proof: Since y = g(x) is a periodic function, there is a 7 > 0, such that
gx+T)=g(x).So
flex+T)] = flg(0)].

Thus y = f[g(x)] is also a periodic function with 7T as its period.

Exercise 2.4.2
12). ANB=B={6n|neN},,AUB=A={2n|neN},AN(BUC)=A=
{2n | n € N}.
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1(4). 4.

2. D={xeR|1<x<3},R={yeR|y=>0}.

24). D={xeR|x#-3},R={yeR|y=#1}.

26). D={xeR|x#1,x#3,R={yeR|y<0 ory>1}.

2(8). (i). gogog(x) = gx+33; (i). g7 (x) = 2x=2; (iii). R(f) = {y € R|y = =3;
(iv). f~1(=3) = -2.

3(2). If f(x) is an even function, then for xy < O,

f(=x0) = f(x0)-
Since —x( < x¢, the above inequality contradicts to the fact that f(x) is an increasing
function.
3(4). Since f(0) = [£(0)]% and £(0) # 0, we know that £(0) = 1. For all natural

number b,

1=£(0) = f(0)f(b) = f(b).

So £(2022) = 1.

Exercise 3.1.5

12). x = 3B o x = 3285,
9

1(4). m < —3.

1(6). x >3 orx < 3.

1(8). -1 <x < 3.

2(2). x=—-4,orx =4,0rx = 5.
2(4). Ci‘o =45.

Exercise 3.2.3

12). ). D={xeR|x>-4}. R={yeR|y>0}. flx) =x?-4.

12). (). D=R. R={yeR|y>3} fo)=x*-4. f7l(x) = 2+V§y-12 or
f‘l (x) = 2-f4y-12

2

2(2). x = -59.

2(4). x =7 (x = 4 1is an extraneous solution).

Exercise 3.3.1

22). D=R,R={y€R|y>2}.
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3(2). Proof. Step 1, we prove, via the induction that, for any positive number
0 < p < 1 and positive integer n,
(I1-p)">1-pn.
Forn=1,1-p=1- p. The statement is true.

Assume that the inequality holds for n = k. That is, for n = k,
(1=p)*>1-pk.
Then, for n = k + 1, using induction assumption, we have
(1=p)*t > (1-pk)(1-p)
=1-pk+1)+p%k
>1—-plk+1).

We thus prove the statement.

Step 2, we show that for all positive integers n,
1 1
1+-)" < (1+—)™
1+ )" <(d+-—)

First we observe

(1+n_-:-1)"+1
i
(1+5)"

ﬂ)nﬂ

— n+l
1

(=Ty
:((n+2)n)n_n+2

(n+1)2" n+l1

1 n 1

=(1- (1 + ——

( (n+1)2) (+n+])

1
> (1- ( -:-11)2)'(“-?) (Using the inequality obtained in step 1)
n n
1 1 1

=(1- + 1+ —

( n+1 (n+1)2) ( n+1)
=1+ !
B (n+1)3
> 1.

Step 3. So we have, for all positive integers n,
2:(1+Uls(1+%w
which yields
<+l

n

Exercise 3.4.1
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22). (@. D=R,R={ecR|y>-2};(b). D={xeR|x>V3orx<—-V3},
R={yeR|y >0}
2(4). (@). flg(x)] =xe®; (). g[f(x)] = x".
3(2). (). x=1+V2;(b). x=1+V2orx=1-V2.
3(4). (a). x =4;(b). x =4 orx =-2.
3(6). Proof. Step 1, we prove that for three positive numbers a, b, c,
a’+ b + ¢ > 3abe.
In fact
aA+b+c* —3abe = (a+b+c)(a®+b*+c*—ab—ac—bc)
= %(a+b+c)[(a— b)>+ (a—c)?+(b-c)?
> 0.
Step 2. Letx = a’, y = b, z = ¢>. We obtain from step 1 that
X+y+z> 3(xyz)%.

Thus
X+y+z

3

Since f(x) = Inx is an increasing function, we have

> (xyz)%.

1 1 1
(225 n(xy) = S In(ryz) = XY FNT
3 3
Exercise 3.5.1
12).
(22).D=R, R={yeR|y>271}.
12).
(24).D=R, R={yeR|y >0}
13).
(32). X* +3x2 = 2x + 1; (3.4). 3;(3.6). 2.
2(1).
(12). x = 30 (14). x; =x, = 1,x3 = 2 (1.6). x = 0 or x = 3; (1.8).

x=1, orx =3;(1.10). x = =T,

2(2).
(22). x> V2orx<—V5,(24). x> 2;(2.6). x >3 o0rx < 1.

_ 11£3V17
312). x = iT
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34). m <0orm > 12.

Exercise 4.1.1
12). =4 14). 1, 1(6). =83

2(1). (). T = 3 (iv). T =27
2(2). (ii). It is an even function; (iv). It is an even function.
3(3). —=V2 < sinx +cosx < V2.

Exercise 4.2.8
1(2). Si}le =csch.
1(4). cos? x.
1(6). 1
2(2). Proof:
1 1
1 —cos?x B sinzx.
and
2 cos? x
l+cotx=1+—
sin“ x
_sin® x + cos? x
sin® x
1
sin®x
S0, 77 = | +cot x.
—COS“ X
2(4). Proof.
T tan 7 + tan x
tan(— +x) = ——————
an(4 x) 1 —tan% - tan x
_ 1 +tanx
" 1—tanx’
2(6). Proof.

cos(x —y) cosxcosy+sinxsiny

sinx cos y sinx cos y
cosx  sin
L siny

sinx cosy

=cotx+tany.
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2(8). Proof.
sin 3@ = sin 2@ cos @ + cos 2a sin @
=2sinacos’ @ + (1 — 2sin’ @) sina
=2sina —2sin® a + sina — 2sin’ @

= —4sin’ @ + 3sina.

2(10). Proof.

cos? 5a — sin* 5a = (cos? 5a — sin? 5@)(cos? 5a + sin® 5a)

= cos? Sa — sin’ 5a

= cos 10a.
2(12). Proof.
sin 6x B 2 sin 3x cos 3x
sin5x +sinx 2 sin 3x cos 2x
_ €08 3x
"~ cos2x’
32). Q). x = 1 V2 (i) xy = L+ Lixy = -2 -8y, =
x4:—£+£z x5 =2,x6=-2,x7 =2i,x3 =-2Ii.

34). y=1-1sin2v, R={yeR |1 <y<1}.

Exercise 4.3.1
1(2). ¢ = V89 — 40V3.
1(4). sin(ZA+ £C) =sin/B = %

2(2). a = 10.
2(4). Proof.
tan 4 +tan £ A B
2 2
—= = —tan(—=+ =
l—tan%tang (2 2)
xn C
= t¢ —_——
dn(2 2)
1
tan§
This yields

tanAtanC+tanBtanC+tanAtanB—1
22 2 2 2 2

Exercise 4.5.1

oS
oS
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1(2). Not even, not odd; 2z-periodic function.

1(4). Even function.

22. D=R;R={yeR|1<y<5}(y=(sinx+1)2+1)
24). D=R;R={yeR| -3<y<3}(y=(3-2(sinx - $)?)

3n 1z EES
5 5

32). r; = 2e% (principal root), rp =25, r3 = 20% = =2, r4=2e5 ,r5 =2e7 .

4(2). Proof.

2 2

(cosx — sinx)? = cos?x — 2 cos x sin x + sin® x
=1-2cosxsinx

=1 — sin2x.

4(4). Proof. First, we note that x; = cos % +1i sin% is a solution to x> + 1 = 0. So
(since x # —1)

x?—x?+x%—x1+1:0.

Thus

O:Re{x‘f—x?+xf—x1+ 1}

4r 3r 2r b
:cos?—cos?+cos?—cos§+1
=—cos£+cos2—ﬂ+cos2—ﬂ—cosz+1

5 5 5 5
= —200s%+2cosz?ﬂ+ 1.
This yields
Vig 2 1
cosg—cos? = 5
5(2). (a).
Pt el +x+ 1= x -1
x—1
3 @B -DEEP+1
B x—1
X DEZ+x+ D+ D2 —x+1)
x—1

=+ D +x+ D)2 —x+1).

5(2). (b). x1 = =1, 39 = TV = SISV o I o I
6(2). x =% +nmorx =—% +nx, wheren=0,+1,+2,--- .
6(4). x =5, orx = ZT” +2nm, orx = 47” +2nawhere n =0, £1,£2,--- .
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Exercise 5.1.4
1(2). (a). =%; (b). x = —¢ + nx, where n = 0, =1, £2,- - - .

14). (@). 2; (b). Z.

202). ¥5.
2(4). 2xV1 — 22

Exercise 5.2.3
V15

1(2). 6—‘?_
3V21-1

1(4). =5—.

2(2). (cosx + sinx)(cosx —sinx — 1) = 0. So, x = 337” + nm, or x = 2nm, or
x=-5+2nn, wheren =0, 1,42, .

2(4). -1 <x <0.

Exercise 5.3.1
1(2). Even in the domain D = {x e R | — % <x < %}.

1(4). Odd and strictly increasing function in the domain D = {x € R | —cox < oo}.

212). -1 <y <.
2(4). 3 <x < 1.

Exercise 6.1.1
2(1). (A,B) = 4.
2(2). 2.

2(3). 2V2.

Exercise 6.2.1
1(2). x-intercept: x = %; y-intercept: y = —%;
14). (3, 3, —-2).

2(2). Proof. Using Example 6.9, we have
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2(4). Proof: Step 1: for k = 1,

X1 +X2
f(=5

1 1
)=.f(§x14-5x2)
< % f(x)+ % f(xp) (f(x)is a convex function)

_ f)+f(x)
7 )
The statement is correct.

We now assume that for n = k > 2 the statement is correct. That is, forn = k > 2,

f(xl+x2-|l-€---+Xk S%f(xl)+%f(x2)+...+f(xk),

Step 2. Now forn =k + 1,

X1 +X2+ -+ X4
f( k+1 )
B k X|+X2+ -+ X; Xisl
- f(k+1 ( k ) k+1)
k 1
< n lf(x1 +x2-]: +xk) + T - f(xk+1) (since f(x) is a convex function)
1 1
< m(f(xl + f(x2) 4+ flxr)) + 1 - f(xk+1)  (using the induction assumption)
_ SO) + f ) + - f (k)
k+1 '

We prove that the statement holds for n = k + 1 thus complete the proof.

Exercise 6.3.3

202). x2+y% =3y = 3/x2+y2 =0.

Exercise 6.4.4
1(2). (a). 0; (b). 5; (c). (0,0,-12).
2(2). (a). Direct proof. Since
x+ 16y + 64z < |x| + 16]y| + 64|z|,

we only need to prove the inequality for non-negative numbers x, y, z. For non-negative

numbers x, y, z,

x + 16y + 64z < 9yx2 + 16y2 + 6472
& (x + 16y + 642)? < 81(x% + 16y? + 6472)
& 0 < 81(x? + 16y? +64z%) — (x + 16y + 647)%.
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Notice:
81(x% + 16y + 64z°) — (x + 16y + 64z)>
=80x% +65- 16y* + 17 - 647> — 16 - 2xy — 64 - 2x7 — 16 - 64 - 2y7
=16(x — y)> + 64(x — 2)> + 64 - 16(y — 2)?
> 0.
We thus complete the proof of the inequality.
(b). Letu = (1,4,8) and v = (x, 4y, 8z). Notice that

[ =V12+42+82 =9, and [v] = Vx2+ 16y2 + 6472
From Cauchy-Schwartz inequality, we know

x+16y+64z=u-v

< || = 9vVx2 + 16y2 + 6472

Exercise 6.5.4

1(2).

@{i). -3x—y+3z=0.
(i1). 2x+ 3y +z=13.

cee _ 5
(ii)). 2x+3y -z = 3.

2(2). They are not co-planar.

Exercise 6.6.3

202).
x = (V18-32-1), —V6<r<V6
y =3(-VI8=32-1), -Vo<r<6b
z =t. —-V6<r<+6

It is a space circle.

Exercise 6.7.1
12). B(%. 32).

1(4). Choose a point P(xy, y1) on the line. Thus ax; + by; = c. The unit normal
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vector of the line is: 71 = (\/%, \/%)- So
a a

d = |PoP; - il

|a(x1 - x0) +b(y1 —Y(J)l
Va? + b?

_c—axg—byy

= |——
Va2 + b2

B axy+byy—c

Va2 + b2

2(2). B(3.23,1%).
2(4). Choose a point Py(xy,y1,z1) on the plane. Thus ax; + by, + c¢z; = d. The

unit normal vector of the plane is: 71 = (\/02:;2%2, \/a2+ll)72+c2 , \/a2+z2+c2 ). So

d = |PoP; - il

|a(X1 —x0) +b(y1 = yo) +c(z1 = Zo)l

Va? +b? +¢?

_d—axo—byy—czo

Va2 + b? + 2

axg+byg+czo—d
Va? + b2 + 2 '
4(2). AB-ACXAD =0. T hey are coplanar. The plane equationis: —3x—2y+5z = 0.

52). y = 3% + 1.

6. (1). L;:
X =t —-o00o<ft<o0
y =0
Z =
Ly
X =t —00<t<o
y =1—-t, —oco<t<oo
z =0

(2). Equation for plane  : z = 0.
3).d=1

Exercise 7.1.6
1Q2). a, =3 -5,
1(4). 5.55555
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2. Solution:
100 1 100
> k(k+1) = gZ[k(m D(k+2) = (k= Dk(k+1)]
k=1 k=1

1
= 51100101102~ 0]
= 343400.

4(2). (Hint: a, — % is a geometric sequence). a, = 3" (a; — %) + %

Exercise 7.2.6
1(2). Proof. For any € > 0, we choose § = min(e, 1). Then, for any 0 < |x—4| < 6,

we know that x > 0, and yx + 2 > 2. Further,

lx—4| €
x—2| = < = <e€.
A Vx+2 2
Thus, by the definition of the limit,
lim Vx = 2.
x—4

2(2). (). %; (ii) 3.
3(1). It can be proved by mathematical induction.
(2). Proof. Leta, =0, b, = 57 and ¢, = % Using the inequality in 3(1), we know
that for n > 4,
a, < b, < cy.

Also, it is clear that

lim0=0, and lm l =0.

n— oo n—oon

By the squeeze theorem, we conclude that lim, e 57 = 0.

4(1).Proof. e > 2, thus 0 < - < 5. Using the squeeze theorem and the result
obtained in 3(2), we conclude
.. n
lim — =0.

n—oo et

(2). Proof. Let m = Inn. Then, using the result obtained in 4(1), we know

. Inn .oom
lim — = lim — =0.
n—oo n m—oo M

Exercise 7.3.3

12). 1-2710= 12 (2). 0.

2(2). Divergent; 2(4). Divergent.
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Exercise 7.4.1

L(d-1-3k+1

2(2). 2.

Exercise 8.1.1
12). 1.

2(2). (). v(t) = at; (i1). a(t) = a.

Exercise 8.2.4
1(2). (1). —=2sin2x; (ii). 2x cos x>

@). (). secx = o (i) & - 5.

2(2). (i). Proof: Since, for x > 0,
d
—(e"=1-x)=¢"-12>0,
dx
we know function f(x) = e* — 1 — x is an increasing function for x > 0. Thus

f(x) = f(0) = 0. It follows that

e*>1+x.

(ii). Proof. Since, for x > 0,

d
—(x—sinx) =1 —cosx > 0,
dx

we know function f(x) = x — sinx is an increasing function for x > 0. Thus f(x) >
£(0) = 0. It follows that

X > sinx.

(4). Proof. Since,
1 1

%(lnx+%— 1) =1
we know function f(x) = Inx + )lc — 1 is an increasing function for x € (0, 1), and is a
decreasing function for x € (1,00). Thus 0 = f(1) < f(x) for x € (0, 00). It follows
that, for x € (0, c0),

1
O<Inx+--1,
X
that is:
1
Inx+->1.

X

4. (1). It is slightly easier to show that y = (x + 1)[In(x + 1) — Inx] is decreasing.
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@ 1 1
1+ <(1+-)° <3,
X 5

(3). Ttis slightly easier to show that y = x[In(x + 1) — Inx] is increasing.

In fact, for x > 0,

d 1
glx) = ax[ln(x +1)—Inx]=In(x+1) —lnx — P

and
1 1

vor) T aee 0

. Notice that lim,_,., g(x) =0, so, g(x) > 0 forall x > 0. Thus y = x[In(x + 1) — Inx]

gx)=-

is increasing.
(4). limy—e(1+ 1)" > 2 since (1 + 1)" is increasing in n.
On the other hand, lim,_,«(1 + %)” < limyoeo (1 + %)"*1 < (1+ %)6 < 3, since

(1+ 1)1 is decreasing in .

Exercise 8.3.1
12). (). ‘f +C; (). —=2 4 C.

@). (). 2+ 1)3 +C; (i), x+2In|x - 1|+ C.

2(2). (). In =L+ C; (). $In[EF +C.

4). (1). —xcosx +sinx + C; (ii). ”m+c‘)” +C.

Exercise 8.4.3
1(2). (@). 2; (i). 0.
@. (1) 0; (i). 1.

2(2). (i). v(10) = 50; (ii). s(10) = 1%,
@). v(r) = ,)m’

Exercise 8.5.1 1(2). 2In2 - 2.

(3). y =Inx is a convex function, so
x+x2+3 x1+D+x+1)+1
In(=——) = In( 3 )
S In(x;+1)+In(xx+1)+1In1
- 3
CIn(xp+ 1) +In(xo + 1)
= 3 .
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2(2). First, we have
b+c d+e f+g 1_‘_2_'_34_4_'_5_'_6_'_7
a—-—+—=—-——=+——-=+== —t—=t—=+—+—=+—.
x x2 x3 x* x5 x6 x x2 x3 x* x5 x°
Sending x — co, we obtain a = 1.
Subtracting 1 in both sides of the above equation and then multiplying x, we have
c d e f g 3 4 5 6 17
bh+-——=+—=—-"—+==2+ -+ —F+—+—+—.
x x2 x3 x* X x x2 x3 x* x5
Sending x — oo, we obtain b = —2.

Iterating the above processing, we obtainc =3, d =-4, e=5, f=-6, g=17.

2(4). Proof. If f(x) = constant, we know from the definition of derivative that
J(x) =0.

If f’(x) = 0, we can prove that f = constant by a contradiction argument. If not,
there are two different points xj,x, € I, such that f(x;) # f(x2). Then by the Mean
Value Theorem (Theorem 8.6) there is a point ¢ € (x1, x2), such that

x) — f(x
o L =Ie) o
X2 — X1
Contradiction.

4(2). (i).
1xX2+2%X3+---+99 x 100

:%x{(lx2><3—0><1><2)+---+(99><100><101—98><99><100)}

1
=3 X (99 x 100 x 101)

= 333300.

(i1). First, we have
> k(k+1) = %Z{k(k+ D)(k+2) = (k= 1k(k+1)}
k=1 k=1
_n(n+1)(n+2)
D —
And
nn+1)

k = .
k=1 2

So,

n

> k= : k(k+1)—zn:k
k=1 k=1

k=1

_n(n+1)(2n+1)
= c .

\



