J. Differential Equations 251 (2011) 1727-1746

Contents lists available at ScienceDirect

Journal of Differential Equations PR

www.elsevier.com/locate/jde

Parabolic equations related to curve motion

Meijun Zhu*, Wei Guan

Department of Mathematics, The University of Oklahoma, Norman, OK 73019, United States

ARTICLE INFO ABSTRACT

Article history: We study curve motions based on differential equations. Curve mo-
Received 19 November 2009 tion equations are classified into two types: adaptive equations
Revised 26 May 2011 (which depend on the choice of coordinate systems) and non-

Available online 30 June 2011 adaptive equations. Examples from both types of equations are

studied, and the global existence for these equations is proved
based on integral estimates.
Published by Elsevier Inc.

1. Introduction

Let X(u) : [0, 2] — R2 be a closed plane curve embedded in R2. The evolution of X(u) along its
normal direction in R?:

X; = ¢ (KN, (11)

where and throughout the paper N is the inner unit norm of the curve X, k is its curvature and ¢(-)
is a given function, is widely studied since the early work of Gage [6] and Gage and Hamilton [7].
For ¢ (x) =x, it is the well-known curve shortening flow. For ¢ (x) = x!/3, it is equivalent to the affine
curvature flow, which was studied by Sapiro and Tannenbaum [12], and by Alvarez et al. [2], see also,
the work of Ni and Zhu [9,10]. Most of the studies in curve motion problems have direct impacts in
digital image processing, thanks to the powerful level set methods of Osher and Sethian [11].

In this paper we shall study curve motion equations like (1.1) from viewpoint of gradient flow of
certain total energy. Our study is motivated by our early work on conformal curvature flow [9,10].
For any positive, 2 -periodic function p(#) € C2[0,27], and a given positive parameter «, in [9] we
define its a-flow constant by

R% = p*(apos + p). (12)
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R% is introduced in [9] as «-scalar curvature if p is given via a conformal transform, which generalizes
the notion of scalar curvature as well as the affine curvature for one-dimensional curves. For instance,
if « =1 and p is one-third power of the curvature of a given curve, then the 1-scalar curvature is
in fact the affine curvature of the curve. The corresponding curvature flows were introduced in [9].
The global existence and the convergence of curvatures for these flows were obtained in [10]. The
parametric curve X(6, t) : [0, 2] — R? can be recovered from p(6, t) by

6 [
X(0,):= /COSB“ da,/%da :
0 P 0 P

Here we shall consider (1.2) from pure differential equation point of view. Define the average o-
flow constant by

e foh p(apgg + p)do

R% 1
g JT p2de ()
We introduce our motion equation as
1 - . o 1 1=
pe=7(RG—Ry)p, thatis pe=—p s+ 0" = S R7p. (14)

We will show

Theorem 1. For o > 4, if p(6, t) satisfies (1.4) with p(6, 0) = po(6), where po(0) € C1[0, 27 ] is a positive,
27 -periodic function, then p(0,t) exists for all t > 0.

The global existence and convergence of flow (1.4) for « =1 are known if p satisfies the orthogonal
conditions (so that the flow is equivalent to an affine flow, see, for example, [12] and [10]):

2 2

f 22 da = / 22 do=0. (15)
Po Po

The global existence and convergence of flow (1.4) for @ =4 are also known since (0, t) = p(6/2,t)
satisfies (1.4) with &« =1 and () = po(6/2) satisfies orthogonal condition (1.5). The global existence
and convergence of flow (1.4) for « € (0, 4) are open.

Comparing with curvature flow equations studied in [9,10], we classify flow (1.4) as adaptive flows
since the 27 -periodic function p can be viewed as the polar distance function of a curve, and the
deformation of such curve depends on not only the shape of the figures but also the location (or
coordinate systems). On the other hand, a flow which does not depend on the choice of coordinate
system, such as conformal curvature flow, is classified as a non-adaptive flow. More generally, if o is
given as a curvature function of a given curve in (1.4), then it is a non-adaptive flow. Unfortunately,
for parameter o # 1,4 and p given as a function of curvature, a closed curve may not be closed
anymore under the flow (1.4).

Another family of non-adaptive flows is the following curvature flows:

ke =k? - (Tgo + 7) (1.6)

where k(0, t) is the curvature and t is a function of k. Under the flow, one can check that the orthog-
onal condition
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9 9
/ﬂde /ﬂde 0 (1.7)

holds for all t > 0, which guarantees that k(0, t) is the curvature function of a closed curve. In fact,
(1.6) is equivalent to the generalized curve shortening flow (1.2) with ¢ (k) = t. From PDE point of
view, we shall obtain a slight general result:

Theorem 2. Assume that T = kP + A for p > 1 and A > 0 in (1.6). Then solution k(6, t) to (1.6) with positive
k(6,0) =ko(0) € C1(S!) exists forall t > 0.

If initial condition ko(0) satisfies (1.7), Theorem 2 yields another proof for the global existence of
general curve flow equation due to Andrews [4]. One can see from the isoperimetric ration that a
closed curve under the normalized flow when k is the curvature function will converge to a circle.
The general result in Theorem 2 is new since k(6, t) may not satisfy condition (1.7). It is an interesting
question to ask whether the result holds for p =1 in Theorem 2. We suspect that the solution may
blow up in finite time without assumption of the orthogonal condition, see Remark 3 for more details.

The approach to prove Theorem 2 appeared in the early work [10]. Moreover, such an approach
enables us to obtain the global existence to a more general adaptive flow. For any positive, 27 -
periodic function p(#) € C2[0, 2], and given positive parameters « and p, we define its a-shorten-
flow constant by

Ry = p(a(pP)gy + 7). (18)
The average o -shorten-flow constant is given by

. JZTRY - pPlde

o

p - fOZT[ pp7] d9
for p #1, and
2
Ri = / RY df
0
for p=1.
Consider the normalized flow
pe=(Ry —R$)p. (1.9)

We will show:

Theorem 3. Assume that p > 1 and « > 0 in (1.9). Then for any positive function po(0) € C1(S1), solution
p(0,t) satisfying (1.9) with p(0, 0) = po(0) exists for all t > 0.

If o = k2 for certain natural number k, Theorem 3 is a special case of Theorem 2. In fact, the proof
of Theorem 3 is quite similar to that of Theorem 2. The method seems not work for p < 1. The case
of p €[1/3,1] can be settled by utilizing the proof of Theorem 1. We have

Theorem 4. Assume that p € [1/3,1] and « > 4 in (1.9). Then for any positive function po(6) € C1(S1),
solution p(6, t) satisfying (1.9) with p(0, 0) = po(0) exists for all t > 0.
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Remark 1. In fact, for p =1/3, Eq. (1.9) is equivalent to Eq. (1.4).

Again, the above result for « =4 and p = 1/3 is known since ¥ (0,t) = p(0/2,t) satisfies (1.4)
with &« =1 and v¥o(0) = po(6/2) satisfies orthogonal condition (1.5) (see, for example, [4] and [5]).

The adaptive flows corresponding to conformal curvature flow will be studied in Section 2 and
Theorem 1 is proved in Section 2. The curve shorten flows will be re-visited, and the global existence
for general non-homogeneous flow (Theorem 2) is proved in Section 3. Finally we will study the
adaptive flows corresponding to curve shortening flows in Section 4. The proof of Theorem 3 for
p > 1 and that of Theorem 4 for p <1 are completely different. All of them are presented in the
last section. The C! assumption on initial value may be weakened to L assumption via standard
regularity argument. Details are left for interested readers.

2. Adaptive flows

In this section, we shall discuss adaptive flows, motivated by our early study of conformal cur-
vature flows in [9,10]. Before we derive estimates on function p which satisfies (1.4), we establish
certain general properties for the flow for o > 0.
2.1. Basic properties

In this subsection, we assume that p > 0. This assumption is satisfied by solutions to the flow
with positive initial data.

It is easy to see from the definition of the flow that along flow (1.4),

2

2
1 _
Bt/p_z do = f(Rg —R%)p~%do =0. (2.1)
0

Due to this, we can assume, through the proof of Theorem 1, that fOZ” p~2do =2m.

Lemma 1. Along flow (1.4), R := R% and R := RY satisfy

o

Rt=zp2(p2R9)9+R(R—E) (2.2)
and
1 2
%R=— | (R—R)*p2do. 23
R=o [®R-R2p 23)
0

Proof. The proof is essentially given in [9] in the language of conformal geometry. We mimic the
computation here:

Re = (03 (pos + p)), = 302 pt(@pos + p) + P> (@pros + pr)

=3p‘1ptR+p3(a(p-&> +p-&>
AT Y

3 5 Pr Pr
:—(R—R)R+ap2<p2-<—) ) +R-=
4 P Je/e Iy

- %pz(szg)e +RR-R).
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Here, the magic computation

3 Ot pt)_ 2< 2 (m)) Ot
plalp-=) +p-=)=ap*(p*- | = +R- =
<< :0>90 P P Jo/o Y

in fact is due to certain conformal covariant property, discovered in our early work [9] (see the proof
of Proposition 1 there).

Since
2 1 2
-2 B -2
d9=2mr and R=— [ R do,
[ o [ ®o
0 0
we have
2 2
8}_2—1/R 240 1/R —3pdo
K=o tPo p P P
0 0
2 2 2
- (p*Re), d6 + 1 / R(R—R)p~2do — 1 / R(R=R)p~2%do
8 6 2 47
0 0 0

1 2T
=— | R(R=R)p%do
4ﬂf( )P
0

1 2
=— | (R—R)?p2ds. O
= / ( )p
0
Remark 2. In fact, one can directly derive (2.3) from flow equation (1.4) without using (2.2). See for
example the proof of Proposition 2 below.

From Lemma 1, it is clear that along flow (1.4), ﬁ% is monotonically increasing. In order to prove
the global existence of the flow for certain o, we need to show that E% is bounded above for such «.
In fact, for o > 4, such upper bound follows from a sharp Sobolev type inequality on S!, due to Ni

and Zhu, and Hang independently (see, e.g., Theorem 2 in [9], and Hang [8]).
Lemma 2. (See [9,8].) For any positive u(9) € H'(S1),
27 27

1
/<u5 - Zluz> de -/u’z(e)dé' > —m?,
0 0]

and the equality holds if and only if

0—«a 0 —
u®) = c\/k2 cos? — +A—2sin? ——

forsome A,c > 0and o € [0, 27).
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Corollary 1. If & > 4, then for allu(®) € H'(S') and u > 0,

2 2
/(ozuﬁ — uz) de -/ufz(e)de > —47?,
0 0

and the equality holds if and only if u(6) = constant.

Proof.
2 27 27 27
f(aug —u?)dg - /u—z(e)de > —4n? + /(a —duido - /u—z(e)de
0 0 0 0

> —4n?,
and the equality holds if and only if fozn ug =0, that is, u(0) = constant. O
From the definition of «-flow constant, we obtain immediately
Corollary 2.
() Ifa > 4, and f02” p2do =27, then
Ry <1,

and the equality holds if and only if p(0) = constant.
() Ifa =4, and [;" p=2d0 =27, then

|
© R
N

and the equality holds if and only if

60—« 60—
pO) = c\/)»2 cos? 5 +A~2sin®? ——
forsome A,c>0and « € [0, 27).

2.2. Global existence for a > 4

We shall prove Theorem 1 in this subsection. Throughout this subsection we always assume that

o >4.

Suppose that p(6,t) satisfies (1.4) and p(#,0) = po(6), where po(0) is a positive, 27 -periodic
function in C9(S1). Then the local existence follows from the standard argument via fixed point the-
orem. The global existence follows from parabolic estimates and the following a priori estimate.

Proposition 1. Suppose p (0, t) satisfies (1.4) and p(8, 0) = po(0) € C1(S1). If po(9) > 0 and « > 4, then for

any given to > 0, there is a positive constant ¢ = c(top) > 0 such that

1
o SPED <), VEel0.tol.
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Proof. The essential idea is the same as that in [10]. For simplicity, we use R to replace Rg and R to
replace E% in the proof. From (2.2) we know that

- o
Re+RR > 2 p%(0*Ro),.
It follows from the Maximum Principle that
R(@,t))mginR(Q,O)-e’fngdf. (2.4)

From Corollary 2 we know that R < 1. Thus there is a constant c;(pp(#)) (it might be negative),
depending on pg(f), such that

R(@.0) > c1(po(®)), tel0,tol. (2.5)

It then follows from (1.4) that there is a positive constant cz(po(#), to), depending on pg(6) and to,
such that

p@,t) = po(®) - ex D ERT > ¢ (p0), 1) > 0, £ [0, tol. (2.6)

To estimate the upper bound on p(0,t), we first observe that for fixed t, p satisfies

2
apps+p=Rp3, p>0, and /p’2d0:27(.
0

Multiplying the above by p and then integrating it from 0 to 27, we obtain

2 2 2
/p2d9—afpg(w:/Rp*Zdezznﬁ>2m§0, (2.7)
0 0 0

where Ro = R(t)|¢—o. The last inequality follows from (2.3) in Lemma 1. Let M(t) = |{0: p(0,t) > 2}|.
Then (2.6) implies

21
2n=/p*2d9= / p*2d9+/p*2d9
0 p=2 p<2

M(t _
< % + (27 — M(®)c2(po(®). to) .

Therefore there exists §(tg) > 0, such that 27 — M(t) > 8(tg). That is
[{0: p©.1) <2}| > 8(to), forte0,to].

If Supte[O,tg)fozn p%(t)dd = oo, then there exists a sequence t; — t, < to, such that f02” p2(t;)do =

riz — 00 as i — oo. We define v;(0) = p(0, t;)/|ti|. It follows from (2.7) that v; satisfies
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2 2 2 ) R
T
/v?d@:l, and oz/(v,-)ﬁdQé/v,-de— 20<63,
T
0 0 0 !

which yields that {v;} is a bounded set in H! — CO*%. Therefore up to a subsequence v; — vg in H'
weakly and vg € %3 From Sobolev compact embedding we know that v satisfies f02” v(z) do =1,
vo(0) =0, [{9: vo(8) = 0}] > 81(tg) > 0. Also, from the weak convergence v; — vo in H!, we know
that [ (vo)2d6 < limi, o [37 (vi)2 d0, thus

21 2
ogfvgde—a/(vo)gde.
0 0

On the other hand, for an interval I C (0,2m) with positive measure if u € H'(S) with u =0 in I
and u >0, then for any o > 4,

2 2
/uzde—af(u)gdego
0 0

and “=" holds if and only if u = 0. Contradiction. Therefore f,o2 do is bounded on [0, tp], so is fpg do.
Thus p(8,t) is bounded in H! — CO*%, which implies that there exists a c(tg) > 0 such that

1
@ <p@,t) <c(to), tel0,to]. O

2.3. Limiting shapes

It is clear from the proof of Theorem 1 (in particular, from (2.6)) that p(6,t) can be bounded from
below by a universal positive constant independent of to if the curve has initial non-negative flow
constant R(0, 0) > 0. One could further prove that ||R — R[> — 0, which could yield that as t — oo,
PO, t) = poo(8) with constant R. It can be directly checked that the only 27 -periodic solution to
R = constant for a > 4 is po(0) = constant. Thus the limiting shape is a circle. On the other hand, for
o =4, we know from Lemma 2 that p () may not be constant.
3. Curve shortening type flows-revisit

In order to introduce non-adaptive flows for a convex, simple closed curve X in R2? with curvature

function k() (6 € [0, 27r]), for the time being we introduce a non-adaptive curvature R; o (similar to
what we did in [9]) by

Re.a =k(atog + 1),
where o > 0 and 7 is a function of k. We then introduce the following non-adaptive curve flow
ke = Ry ok =k?(aTog + T). (3.1)

However, to assure that k(6,t) will be a curvature of a simple closed curve along the flow, we need
to choose o =1, since only in the case of « =1, we have
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2w
0 0
atfﬂde_ /os ke d6
0
2w

/cos@ (T99 + T)dO
0
27

/ ((cos@)gg + cosH) =0
0

and

0
3t/ﬂd9_

which guarantees that, for all ¢t > 0, the orthogonal condition is preserved:

/sm@de /colsede_

We need to point out here that a 7-periodic function always satisfies (1.7).
On the other hand, it can be shown (see, e.g., [7]) that flow

ke = k% (oo + T) (3.2)
with the initial curvature satisfying (1.7) is equivalent to curve shortening flow:
X; =1N
where N is the inner unit norm of the curve X.

3.1. Homogeneous curve shortening flows

From the viewpoint of curvature flow, we shall give a direct proof of the global existence for
homogeneous curve shortening flow (i.e. T =kP) for p > 1. Throughout this subsection, we always
assume that p > 1, and use

Ry =k((kP),, +kP) (33)
to represent the p — 1-curve shortening flow curvature. The p — 1-curvature flow is defined as:
ke =

Introducing the average of curvature by
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JZ" R, -kP~1do

R, = (3.4)
P e
we will consider its normalized curve shortening flow:
ke = (Rp — Rp)k. (3.5)

Proposition 2. For p > 1, if k(6, t) satisfies (3.5) with a positive ko (9) € C1(S1), then k(6, t) > 0 exists for all
t>0.

Proof. Again, we only need to derive the positive lower bound and upper bound for k(9, t). From the
Strong Maximum Principle we know that k(6,t) > 0.
The main step in obtaining the upper bound for k(6,t) is to show that for any given time ty > 0,

fOZ” kP=1dp, as well as f02”[(k”)9]2 — [kP12d6 are bounded for t € (0, to).

We first observe that flow (3.5) preserves fOZ” kP—1dp:

27 2
at/kp” do=({p-1 /(R,, —~Rp)kP~1do =0.
0 0

Without loss of generality, we can assume that f02” kP=1de =27 for all t > 0. It follows that for any
8 > 0, there is a constant Cs > 0 such that k < Cs except on intervals of length less than or equal to §.
We use the assumption of p > 1 here.

Also, we have, along the flow, that

27 27
at/Rp -I<”‘1d(9=3t/kp((kp)09+kp)d0
0 0

2 2

= [0)(02), +R2) b0+ [10((02),), + (2),) o

21

=2 [ (), (), + 1) a0

27

=2p/kp_1kt((kp)00+kp)d6
0

27
zzp/(Rp — Rp)RpkP~1do
0

2

=2p /(Rp —Rp)*kP~1do
0

>0.
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Note:
21 2
-1 22
/R,, P do = /(—[(k")e] +12P) do.
0 0
So we know that there is a constant D depending only on ko such that
2 5 (kP 2 21
/ &%) do g/kzl’deJrD. (3.6)
a0
0 0

Finally, we follow the proof of the pointwise estimate in Gage and Hamilton [7] to obtain the
upper bound for curvature. Let k(o) = max[o,21k(0), and ¢ € [a, b] so that k > Cs in interval (a, b)
and k(a) = Cs. Then the length of [a, b] is less than or equal to é. For any ¢ € [a, b],

k(w>”—l()p+/a("9) do

a

v 5P\ 2 1/2
<c§’+\/§</< 2‘9)) d9>

2 g\ 12
<c§+«/§</< 2‘9)) do)
0

2 1/2
<C§’+\/3</k2pd9+D) :
0

It follows that for kyax = max¢e[o, 271k (0, £),

kiyax < €Y + ~27/8kiy 0y + /278 D.

Choosing § small enough we derive that

1
knviax < 2Cs + (28D)2p . (3.7)
To show that k is bounded from below, we observe that

21
Rp= /kzP — (kP)>d6 < Dy. (3.8)
0

Let

k=k-eloRpds,
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k satisfies
ke = e~ PO o Rpds (32 (k) + (OPH2).

The Maximum Principle yields that minge[o,27 IE((), t) is monotonically non-decreasing in t. Combining
this with (3.7), we have: for any to > 0,

k(0. to) > minko(@) - e’ Rpds > C(to). (3.9)

From (3.7) and (3.9) we know the solution exists for all time t to equation

ke =k*(kP) ,, + kPT2 — Rpk,
which is the same as (3.5). O

We shall discuss the limiting shape under the flow at the end of this section.

Remark 3. The proof does not work for p = 1. Even though we can show that f02” Inkd6 = constant
under the normalized flow for p =1, we cannot show that k(@) is bounded from below from the
equation. Without the assumption that k(6,t) satisfies (1.7), we doubt that k(6,t) is bounded for
fixed t € (0, c0). On the other hand, we know that singularity does arise for an immersion convex
curve under curve shortening flow for p =1, see for example, Angenent [1]. It is interesting to know
whether one can show, for p =1 and k(@,t) satisfying (1.7), that k(0,t) is bounded via a similar
argument to the proof of Proposition 5 below, thus to recover the standard global existence result of
Gage and Hamilton [7].

3.2. Non-homogeneous curve shortening flows

More generally, one considers the following non-homogeneous curve shortening flow. Define the
curvature

Rp, =k((kP),, +kP) +ak =k((kP +1),, + (kP + 1)),
where A is a parameter. The corresponding curvature flow is given by
ke = Rp, k =k*((kP),,, + kP) + Ak*.
Define

_ [ZRpkP1do

Rp, =
P 2 e-1de

For p > 1 and A > 0, we will show the global existence to the above flow (Theorem 2) via proving
the global existence to the normalized flow

ke = (Rp, — Rp, k. (3.10)

Proposition 3. For p > 1 and % > 0, if k(0, t) satisfies (3.10) with a positive ko(0) = k(0, 0) € C1(S!), then
k(@,t) > 0 exists forall t > 0.
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The proof is quite similar to that for homogeneous curve shortening flow. We shall just sketch it
here.

Proof of Proposition 3. Since A > 0, from the Strong Maximum Principle we know that k(6,t) > 0.
Again we first observe that flow (3.10) preserves f02" kP—1do:

2 2

at/kp—lde =(p— 1)/(Rm — Rp)kP~1do = 0.
0

Without loss of generality, we assume that f02” kP=1d9 = 27 for all t > 0. It follows that for any
8 > 0, there is a constant Cs > 0 such that k < Cs except on intervals of length less than or equal to
8. The assumption of p > 1 is used here. Consider the energy

2 2
Fulo) = f KP((KkP),,, + kP — 22) d§ = / (k2P —22k" = [(k”), ]’} de.
0 0

Along the flow we have

2

0 (0 = ot / (K22 — 20k2 — [(kP),]?} a0
0

2

= /{2pktk2p_l — 2ApkekP~ = 2(kP), (kP),, } d6
0

27

—2p / KekP=1 (kP — .+ (kP),,,} d6
0

27

ZZP/(Rm —Rp,)Rp, kP~ do
0

2

=2p /(Rm — Rp,)?kP~1do
0

>0.

Thus, there is a constant D, depending only on ko such that

2 2

p 2
/(a(akg)> d9</1<2Pd9+D2. (311)
0 0

From here, one can show that k is bounded from above and from below by a positive constant, similar
to the proof of Proposition 2. This yields the global existence for the flow. O
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3.3. Limiting shapes

If k is the curvature of a simple and closed convex curve, (3.10) is equivalent to non-homogeneous
curve shortening flow

X; = (kP 4+ 1)N. (3.12)
Let T = kP + A. Consider its geometric normalized flow

Xi = (T — )N, (3.13)
where 1, = fOL Tds/L = f02” kPds/L + A. Then it is an area-preserving flow:

L

or(area) = — /(r —15)ds=0.
0

On the other hand, we observe that
L
ot (length) = — /(r — Tg)kds
0

[y kPds- [ kds

L
=— | kPtds
/ * I

0
<0.

Thus, the isoperimetric constant is decreasing along the flow, which indicates the limit shape to the
geometric normalized flow (3.13) will be a circle. However, this does not indicate that the limiting
shape for flow (3.10) is also a circle. In fact, when p =1/3, A =0, the above argument indicates that
limiting shape for (3.13) is a circle, but the limiting shape for (3.10) (which is the normalized affine
curvature flow) in fact is known to be an elliptic point.

4. New adaptive flows
Our understanding of curve flow problem from curvature flow equation prompts us to consider a
new adaptive flows as follows.

For any positive, 27 -periodic function p(#) € C?[0,27], and a given positive parameter o, we
define its (o, T)-shorten-flow constant by

R (p) = p(a(t)es + 7).
where 7 is a function of p. The average («, T)-shorten-flow constant is given by

_— [2T R pP=1do
J& pp=1do

=

Then the new adaptive motion equation can be defined as
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pe=(R7 = RY)p.

Here we shall just focus on a concrete example: T = pP for p > 0, and call the corresponding
(a, T)-shorten-flow constant the (o, p)-flow constant:

Ry (0) = p(a(pP) g+ PP)- (41)
The average («, p)-flow constant is given by

o JoT RS- pP1de

o
= (4.2)
P e
and the adaptive motion equation is defined as
pe= (RS —R%)p, thatis pr = ap®(pP),, + PP = R%p. (4.3)

Our current methods enable us to obtain the global existence to the above equation for p > % for
certain range of «.

4.1. The case of p > 1

We first prove:

Theorem 3. For o > 0 and p > 1, if p(8, t) satisfies (4.3) with p(8, 0) = po(8), where po(9) € C1[0, 27 ] is
a positive, 27t -periodic function, then p (6, t) exists for all t > 0.

Proof. The proof is almost the same as that of Proposition 2. The Strong Maximum Principle yields
that p(6,t) > 0.
First, observe that flow (4.3) preserves fozn oP~1do:

2w 2

-1 ) -1
at/pp d@:(p—l)/(Rg—Rg‘)pP do =0.
0 0

Without loss of generality, we can assume that f02” pP~1do =27 for all t > 0. Next, we only need to

show that f02” al(pP)e]% — [pP12d6 are bounded for t € (0, tg). Then, similar to the proof of Proposi-
tion 2, from these we can show that p is bounded from below and above by some positive constants
for fixed time to > 0, which yields the global existence of solution.

Along the flow, we have

21 21
at/R‘;,‘ -pP1 d9:8t/pp(a(pp)99+pp)d9
0 0

21 2

= @) (0P + 7)o+ [ pP((@(0) )y + (0) )80

0 0
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2
=2 [ (07),(a(e") + p7) do
0
2
=2p / PP~ oe(e(pP) gy + OP) dE
0
2
:2p/(Rp — R)RypP1 do
0
2
:2p/(Rp —R9)?pP~do
0
>0.
Note:
2 2
pr PP = /(—w[(ﬂ”)e]2 + ) do.
0 0

So we know that there is a constant D3 depending only on kg such that

4.2. Limiting shapes

Since p is an arbitrary positive, 27 -periodic function, we cannot expect to show that the flow will
converge to circle via isoperimetric inequality. Rather, the limiting shapes, if the flow converges, are
complicated. The main difficulty is due to the lack of understanding of 27 -periodic positive solutions
to the following equation

1
QUgg +u=u » onS'. (4.4)

Let ¢(8) = u(s/af). Eq. (4.4) can be reduced to

Goo+d=9"7.  $O+21/Ja)=p(O). (4.5)

Eq. (4.5) was discussed by Andrews [3] when /o is a rational number. In particular, he showed that
there are non-constant solutions to Eq. (4.5). For p > 1 and any « close to zero, we will show that
most likely there are non-constant solutions.

For u € H(S1), we define

Fap) = [ (27 = a(u);) do
51
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and

27

Ipon = [U eH'(s"): /upldG:Zn}.

0

From the proof of Theorem 4 we know that along flow (4.3), if initial function pg € I' 27, then
0 € I'p oz, and energy Fy p(0) is monotonically increasing. Moreover, we know that p is uniformly
bounded with respect to time t, thus F4 p(p) is bounded above. These shall imply (we hope to
address the convergence more rigorously later in a future paper) that p(0,t) — p.(0) in a suitable
sense, where

RS (0x) = 1_2‘;‘ = constant.

On the other hand, if po € I'y,27 is not a constant, then we know that

2 2 %Pl

2 -1 P p+1
/popd9></,og d6> 2 -1 =27,
0 0

Thus, there is an ag > 0, such that for « € (0, ag), Fo,p(00) > 27, thus Fy p(04) > 27. This indicates
that the limit p, cannot be constant since otherwise p, =1 from Eq. (4.4), which yields Fy »(0+) =
2.

For general « € (0, 4), one may find po given by

0 0
pg — cp\/k2 cos? 3 + A2 5sin? X

for suitable A > 0 and ¢, so that pg € I'p 27 and Fy p(p) > 2. With such initial data, the limiting of
p could not be constant if it converges. We shall not pursue the details here.

4.3. Thecaseof p € [1/3,1)
We shall show that the proof of Proposition 1 can be adapted to establish

Proposition 4. For « > 4 and p € [1/3,1), if p(0,t) satisfies (4.3) with p(6,0) = po(8), where po(0) €
C1[0, 27 is a positive, 27 -periodic function, then p (6, t) exists for all t > 0.

Proof. Again, we only need to show that for any given ty > 0, there is a positive constant C4 = C4(to)
depending on tg, such that

< p@, 1) < Calto).
Catto) (0, t) < Calto)

Since the flow preserves fozn pP~1do, without loss of generality, we assume that fozn pP~1do =1.
We first derive the lower bound: Let

Then p satisfies
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~ _ —(p+1) [R%ds (x2(x =\ p+2
pe=e PEVRRIS (52(5P),, + (5)PF).

The Maximum Principle yields that min(;E[o,szI;(e, t) is monotonically non-decreasing in t, thus for
any tg > 0,

0 pa
p(6,6) > minpg(8) e~ FdS v e 0, to].
On the other hand, since « > 4, using Corollary 1 and the Hoélder inequality, we have

27

Rs= [ (o)’ ~al(p?), ] as

2

-1
< 4r? (/(,ol")2 de) (here we use Corollary 1)
0

2p

o 2p
p—1
< C(/ pP1 d@) (here we use the fact that p > 1/3)
0

=C.

So we obtain the lower bound for p(0,t).
To obtain the upper bound, we first observe that for all @ > 0, along the flow,

21 21
at/Rg .pl’*ldezzp/(Rp ~R%)?pP1do > 0.
0 0
Thus,
21
[ (7 ~al(67),1 d0 > R 0. (46)
0

where R%(0) = R%(t) ¢=o.
Similar to the proof of Proposition 1, since p is bounded from below by a positive constant and
fOZ” oP~1do =1, we know that there is a constant 81 (tg) > 0, such that

[{6: p(6,1) <2}| > 81(to), fort €0, to]. (4.7)

Similar to the proof of Proposition 1, from (4.6) and (4.7), we can show that fozn p%P de is bounded.
In turn, from (4.6) we know that fozn[(,Op)e]2 d6 is bounded. Thus p is bounded due to Sobolev
embedding H'(S') < c%3(s"). O



M. Zhu, W. Guan / J. Differential Equations 251 (2011) 1727-1746 1745
4.4. Thecaseof p =1
For p =1, we define the average total curvature as
2
RY = / RY do,
0
and consider the normalized flow
p = (R% — R)p. (4.8)

We will show

Proposition 5. For o > 4 if p(6, t) satisfies (4.8) with p(6, 0) = po(8), where po(#) € C1[0, 27] is a positive,

27 -periodic function, then p(0, t) exists for all t > 0.

Proof. First, we check that

2 27
af/Inpd9=/(R‘;‘—E?)d9=0.
0 0

Without of loss of generality, we can assume that f02” Inpdo =1.
Using Corollary 1, we have

21 21 -1
E“:/pz—ap§d9<47r2</p_2d9>

0 0

2
<Gy -exp[CZ/lnpdG}
0

< Cs.

Similar to the proof of Theorem 4, the upper bound for I_Z‘{‘ yields the positive lower bound for p.
Also, along the flow,

2 2
at/R‘{‘ do = Bt/p(ozpee + p)do
0 0

2 2
= / pr(cpge + p)do + / p(apo + pr) dO
0 0

27

=2/pt(ouoee + p)do
0
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27

:zf(Rl — RY)Ry do
0

2

=2 [ (R, ~ RS) a0
0
= 0.

Thus
2
[ *—aptao =m0, (49)
0

where 1_2‘1)‘ 0) = E‘l" (t)|¢=0. Since p is bounded from below by a positive constant and fozn Inpdf =1,
we have

[{6: p(6.t) <2}| > 82(to), fort €0, to] (4.10)

for some positive constant §,(tp). We then can derive the upper bound for p from (4.9) and (4.10).
The global existence then follows from the standard parabolic estimates. O

The proof of Theorem 4 follows from the combining of Propositions 4 and 5.
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