
Vector Calculus — Conservative Vector Fields.

A vector field F is said to be conservative if it is the gradient of some scalar field (function) f . This
sheet shows how to reformulate the fact that F is conservative in terms of properties of path integrals
(lower two boxes), and how to test that a vector field is conservative by taking partial derivatives of its
component functions (top box).

F = 〈P,Q,R〉, and
• Py = Qx

• Qz = Ry

• Rx = Pz

F is conservative;
i.e., F = ∇f for
some function
f(x, y, z).

∫
C F · dr does not

depend on the path C;
only on the endpoints.

∮
C F · dr = 0

for all closed
loop paths C.

Use Clairaut’s Theorem.
Py = (fx)y = (fy)x = Qx

In a similar fashion,
Qz = fyz = fzy = Ry,
and
Rx = fzx = fxz = Pz.

Use Green’s Thm (in 2-dims)
or Stokes’ Thm (in 3-dims).
Need additional “connectivity”
assumptions on the region.

Use Fundamental Theorem.∫
C∇f ·dr = f(B)−f(A)

only depends on the
endpoints A and B, and not
on the path between them.

Fix a point (x0, y0, z0), and
define f as follows:
f(x, y, z) =

∫
C F·dr

for any path C from (x0, y0, z0)
to (x, y, z). Verify that ∇f = F.
Region must be open, and
path-connected.

C: r(t) a closed loop means
that r(a) = r(b). Let D be the
constant path based at r(a).
Then

∮
CF·dr =

∮
DF·dr = 0.

Given that C1 and C2 have
same endpoints. Thus
C1∪(−C2) is a loop. Thus∮
C1∪(−C2)

F·dr = 0, and so∫
C1

F·dr−
∫
C2

F·dr = 0.∫
C1

F·dr =
∫
C2

F·dr.

In physics, a force field is conservative if it is the negative gradient of a potential (energy) function.
Motion under a conservative force field satisfies a conservation law: the sum of the potential energy and
kinetic energy of a particle moving under the force field is constant. We proved this in class.


