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ON THE EXISTENCE OF KAM TORI FOR PRESYMPLECTIC
VECTOR FIELDS

SEAN BAUER, NIKOLA P. PETROV

ABSTRACT. We prove the existence of a torus that is invariant with respect
to the flow of a vector field that preserves the presymplectic form in an exact
presymplectic manifold. The flow on this invariant torus is conjugate to a
linear flow on a torus with a Diophantine velocity vector. The proof has an
“a posteriori” format, the the invariant torus is constructed by using a Newton
method in a space of functions, starting from a torus that is approximately
invariant. The geometry of the problem plays a major role in the construction
by allowing us to construct a special adapted basis in which the equations
that need to be solved in each step of the iteration have a simple structure.
In contrast to the classical methods of proof, this method does not assume
that the system is close to integrable, and does not rely on using action-angle
variables.

1. INTRODUCTION

The goal of this paper is to give a proof of the existence of a torus that is invariant
with respect to the flow of a presymplectic vector field V' in an exact presymplectic
manifold (P, ), i.e., in a manifold P endowed with an exact constant-rank 2-form
Q that is preserved under the flow of V.

Perhaps the most prominent occurrence of presymplectic manifolds in physics is
in the geometric theory of dynamical systems with constraints. These are systems
for which the transition from Lagrangian to Hamiltonian description is non-trivial
because some of the relations p4 := %(q, q) expressing the generalized momenta
pa in terms of generalized velocities ¢ cannot be solved for ¢4 since the matrix
(aqcfigqﬂ) is degenerate; the relations that cannot be solved play the role of con-
straints. The modern theory of constrained systems was initiated in the early 1950s
by Dirac [23, 24, 25] and developed by Bergmann and his collaborators for purposes
of quantization of field theories [4, 44, 10] (the book [52] offers an in-depth exposi-
tion). Such situations occur in also classical electromagnetic theory [53, Ch. V], in
the description of relativistic particles [36], [53, Ch. VII], gauge fields [53, 38, 47].

A geometric theory of constrained systems was proposed in the late 1970s by
Gotay and collaborators [35, 34, 33]. In their approach, the system is transformed
in stages, and the process ends up with a manifold that is typically presymplectic.

Presymplectic geometry is also related to equivalence between Lagrangian and

Hamiltonian formalisms for constrained systems [15, 8, 7], geometric approach to
maximum principles [6], geometric optics [18, 17, 27], etc. Other topics of inter-
est are canonical transformations in presymplectic systems [14, 16], reduction of

presymplectic manifolds [22, 29, 28, 45, 2], etc.
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2 S. BAUER, N. P. PETROV

A major achievement in the theory of Hamiltonian systems in the second half
of the XX century was the celebrated Kolmogorov-Arnold-Moser (KAM) Theorem.
This theorem is the subject of multiple reviews and pedagogical expositions (see,
e.g., [41, 46, 51, 50, 19, 20, 5, 11]), and its history is beautifully described in the
recent book by Dumas [26].

The standard proofs of the KAM-type theorems perform an infinite sequence of
canonical transformations to convert a slightly perturbed integrable system on a
symplectic manifold into action-angle variables. Gonzéilez, Jorba, de la Llave and
Villanueva developed a new method of proof in their seminal 2005 paper [21]. This
method relies heavily on the geometry of the system. One important ingredient in
their proof is the so-called automatic reducibility: if IC is a torus in the symplectic
manifolds P that is invariant with respect to a map f : P — P, then the tangent
bundle to K is preserved under the derivative T'f. This simplifies the structure of
the coefficient matrices in certain difference equations which, in turn, dramatically
simplifies the solution of the problem.

Methods similar to the ones developed in [21] have since been used in [32] to study
the existence of non-twist tori in degenerate Hamiltonian systems, and in [30, 12] to
prove the existence of lower dimensional invariant tori that are partially hyperbolic
or elliptic. Since these methods are suitable for efficient numerical implementation,
they have been used for this purpose in [12, 39, 13, 31]. Many aspects of these
methods are considered in the recent book by Haro et al [37] (KAM theory is the
subject of Chapter 4).

Alishah and de la Llave [3] used the ideas of [21] to prove a KAM theorem
for presymplectic systems, for which the degeneracy of the presymplectic form
complicates the matters. They considered a family {f\} of maps that preserve the
presymplectic form, and found a value A of the parameter A and an embedding
K from a torus to the presymplectic manifold such that f5 o K = K o T, where
T, : 0 — 0 + w is translation on the torus by a Diophantine vector w.

The main goal of this paper is to prove a KAM theorem for a family {V)} of
presymplectic vector fields on an exact presymplectic manifold (P, ), with dim P =
d + 2n, dimkerQ = d, Q = dr for some 7 € Q'(P). For most of the paper we
consider P = T4 x T*T" = T4t" x R", where ker ) coincides with the first d
dimensions. Our goal is to find a value A of the parameter A\ € R4*2" and an
embedding K : T*" — P such that the submanifold K := K(T?*") is invariant
with respect to the flow @5, of the vector field V5, and K conjugates @5, to the
linear flow ¢ : T — T : § — 6+ tw, where w € R? is a constant Diophantine
vector:

b5, 0K=Kog,, t>0. (1.1)

The infinitesimal form of (1.1) is Vi.k(0) = Ko wa, where Ky : TyTd+" — Tr )P
is the derivative of K at 6 € T4t™ and we consider w € R as wy € T,T" =
Ra+7,

Our proof of the theorem has an a posteriori format (as in [21]). In more
detail, we assume the existence of \g and Ky : T4t — P that satisfy (1.1) only
approximately, i.e., @5, 0 Ko =~ Koo ¢:. Then we start a version of the Newton
method to construct iteratively a sequence of better and better approximations

(Ao, Ko) = (M1, K1) = (Mo, Ka) = (A3, K3) V> -+ (1.2)
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KAM TORI FOR PRESYMPLECTIC VECTOR FIELDS 3

whose limit (Moo, Koo) is the desired solution (A, K) satisfying (1.1). The loss
of domain accompanying each step of the iteration is compensated by the fast
convergence of the Newton method. This method is convenient to implement in
numerical computations. Moreover, a posteriori theorems are suitable for validation
of numerical results, i.e., they can be used to produce computer assisted proofs of
existence of invariant manifolds.

In the paper we extensively use the geometry of the system to our advantage,
inspired by the ideas of [21, 3]. If K = K(T%*") is the invariant torus, then at
each point k € IC the kernel ker Q. of the presymplectic form is a subspace of Ty /C,
so that we have ker Q, C T,K C T,P. In fact, we have much more — a filtration
of subbundles kerQ C T C TPl which is invariant with respect to the flow
@5 ; of the vector field V5. This and the invariance (1.1) allow us to construct a
special basis adapted to the filtration, in which the matrices of the operators have
zero blocks. Even if the torus is only approximately invariant (as in the case of
(Aj, K;)), these blocks, albeit non-zero, are small and we have good bounds on their
norms.

An important role is also played by the fact that K is isotropic (i.e., that the the
pull-back of 2 to K vanishes identically), and the approximately invariant tori are
approximately isotropic. We found the following interesting quotations related to
this fact. On page 45 of his classic 1973 monograph [43], Moser writes

Actually, more than asserted in Theorem 2.7 can be proven. It turns
out that the differential form ) ,_, dyj A dzy, vanishes identically
on the tori (3.11), and one calls manifolds with this property and
of maximal dimension Lagrange manifolds.

In this quotation, Theorem 2.7 is (as Moser calls it) the Kolmogorov-Arnold The-
orem, and the tori (3.11) are the invariant tori whose existence is proved in the
KAM theorem. On page 584 of their monumental book [1], Abraham and Marsden
write

Moser [1973a] states that the invariant tori are Lagrangian sub-
manifolds [...]. This fact can probably be exploited, although to
our knowledge it has not been.

The fact that K is isotropic and of a maximum dimension (i.e., Lagrangian in the
symplectic case) is crucial for the proofs in [21, 3] and in this paper.

The paper is organized as follows. In Sections 2.1-2.5 we introduce some basic
definitions and notations, discuss the integrability of the distribution ker 2 and con-
struct the symplectic manifold P/ ker 2. The main theorem is stated in Section 2.6.

In Section 3 we study the geometric structures occurring when we know the true
solution (), K) of the problem — we prove that K is isotropic (Section 3.1), give
a detailed construction of the basis adapted to the filtration ker Q@ C T C TP|k
(Section 3.2), and study the properties of the matrix of transition from a general
basis of TP|x to the special adapted basis (Section 3.3).

Section 4 is devoted to the properties of approximate solutions. Approximately
isotropic tori are studied in Section 4.1. In Section 4.2 we derive an equation
for the corrections €; and A; needed to obtain a better approximation Ajy; =
Aj+ej, Kjp1 = K; + Aj. We solve this equation in Section 4.3, relying heavily
on the machinery developed in Section 3. Finally, in Section 5, we collect several
lemmata that justify the applicability of the Newton method for performing the
iteration (1.2).
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4 S. BAUER, N. P. PETROV

2. PRELIMINARIES AND GENERAL SETUP
In this section we set up the problem and state our main result.
2.1. Presymplectic manifolds and vector fields.

Definition 2.1. A presymplectic manifold is a pair (P, ), where P is a manifold
of any (finite) dimension and 2 € Q2(P) is a closed 2-form with constant rank. If
Q is ezact, i.e., if Q = dr for some T € Q1 (P), then we say that (P,2) is an exact
presymplectic manifold.

Throughout this paper, we will always assume that
dimP =d+2n , rank Q) = 2n . (2.1)
Most of the time we will consider the specific exact presymplectic manifold
Pi=T¢ x T*T" = T¢ x T" x R® (2.2)

with an exact presymplectic form Q with ker Q = T¢. We assume that T¢ x T*T™ is
endowed with an Euclidean structure, so that we can identify two-forms with linear
operators and abstract tangent vectors with column vectors.

In the definition below, X(P) stands for the vector fields on P, L is the Lie
derivative, and ¢ is the interior product, i.e., the contraction with a vector field.

Definition 2.2. Let V € X(P) and ®,: P — P be the time-t flow of V.. The vector
field V' is said to be presymplectic if ®F Q = Q for allt € R.

Lemma 2.3. Let (P,) be a presymplectic manifold, and V € X(P). Then the
following conditions are equivalent:
(a) V is a presymplectic vector field;
(b) the Lie derivative of the presymplectic form along V vanishes: Ly = 0;
(c¢) the 1-form vy is closed.

Proof. The equivalence of (a) and (b) comes directly from the definition of a Lie
derivative, and the equivalence of (b) and (c) follows from Cartan’s magic formula
and the closedness of Q: 0 = Ly Q = 1y dQ 4+ d(ey Q) = d(ev Q). O

2.2. Foliation induced by ker (). In this section we discuss some results about
a general presymplectic manifold (P,{2) (not necessarily (2.2)). For any p € P,
define

ker Q, := {W, € T,P | tw, 2, = 0}
={W, e T,P | Q,(W,,U,) =0 YU, € T,P} CT,P .
The subspaces ker €2, form a differentiable distribution, ker €2, of rank d. Define
XY = (W € X(P) | ,iwQ =0} = {W € X(P) | W, € kerQ, Vp € P} .

Using the classical Frobenius Theorem (see, e.g., [48, Section 3.5], or, especially,
[40, Appendix 3]) and the fact that € is closed, one can easily obtain

Lemma 2.4. If Q is presymplectic, the distribution ker Q is integrable.

Lemma 2.4 implies that P has a foliation with d-dimensional leaves such that
the tangent space to the leaf through p € P at p is ker €,,. We make the additional
assumption that the collection of leaves of the foliation forms a smooth manifold Q
(for a discussion see, e.g., [10, Sec. 4.3.3 of Appendix 3]). Let 72 : P — Q be the
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KAM TORI FOR PRESYMPLECTIC VECTOR FIELDS 5

canonical projection taking each point p € P to the leaf (7<)~(7<(p)) through it.
If 7€ : TP — TQ is the derivative of 7<, then ker 7€ = ker Q. The lemma below
(see [40, Section II1.7]) states that Q carries a natural symplectic structure.

Lemma 2.5. Let (P, Q) be a presymplectic manifold such that ker Q2 determines an
integrable foliation of P whose leaves form a smooth manifold Q, and let 7<: P —
Q be the canonical projection. Then there exists a unique symplectic form Qe
Q2(Q) on the manifold Q such that (m2)*Q = Q.

For the case (2.2) considered in this paper, @ = T*R"™. It would be interesting
to investigate the case when P has a more complicated structure than (2.2).

2.3. Matrix representation of 2 and Q. We consider the case when P has
product structure (2.2), so ker €2, 22 T? for every p € P and the collection of leaves,

Q=P/kerQ=T"T", (2.3)

is a symplectic manifold with symplectic form Q. Because of the assumed Euclidean
structure on P, we can identify a 2-form on P with a linear operator. For any p € P,
let J, : T,P — TP be the linear operator corresponding to €1,,, defined by

(Ups JpWp)garan := Qp(Up, W) Up, Wp € T,P = R (2.4)

where (-, -)gat+2n is the Euclidean inner product on R4*27, Similarly, for any ¢ € Q,

let J, : T,Q — T,Q be the linear operator corresponding to the symplectic form

Qg on T,Q at g € Q: if (-, -)ge« is the Euclidean inner product on R*", then
(Ugs W gon = QU W), Up, Wy € T,Q=R™ . (2.5)

If we choose a basis for T,P = R? x R?" such that the first d vectors form a basis
of R? = T}, ker 2, and the other 2n vectors form a basis of R*" = T,,7*T", then we
can write J,, in a matrix form as

_ 10 0 T _ FT _
J,,_[O Jﬂ%)y I =—dy, =, (2.6)

Although Jj, is not invertible, we define J 1 as the Moore-Penrose pseudoinverse:

Jol= 00 that J,J ! = 00 (2.7)
L ) jﬂ_gl(p) ’ B I Lo | .

2.4. Miscellaneous definitions and results.

Definition 2.6. For v > 0 and 0 > d +n — 1, the set of all w € R™™ satisfying

w - k| > # YV k€ 24\ {0} (2.8)

is called the set of Diophantine vectors and is denoted by D(v,0).
For any p > 0, we define the torus “thickened” into the complex direction,

d+n ._ d+n jrpd+n a —
T, :={0 e C™/Z [ [Im 6% < p, a=1,2,...,d+n} . (2.9)
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6 S. BAUER, N. P. PETROV

Let | | stand for the supremum norm on R™ or C™ (for any m). Given p > 0, we
define the set of functions W, as follows:

W, :={K: ']I‘ﬁ'm — P | (a) K is real analytic on the interior of ’]I‘ﬁJr" ,
(b) K is continuous on the boundary of ']I‘ﬁ"'" ,  (2.10)
(c¢) K is periodic of period 1 in all arguments} .
Define [|K||, = SUP -+ |K(0)], so that W, , || ||,) is a Banach space. For analytic
functions g : B — C (where B C C), and any ¢ € N, define the norms

l9lce g := sup sup |Dkg(z)| . (2.11)
0<|k|<¢ z€B

Lemma 2.7. (Cauchy bound) For K € W, and 0 < § < p,
IDK], s < C67 K], - (2.12)

Lemma 2.8. (Riissmann [19]) Let w = [w! w? --- wd+”]T € D(vy,0) and let
the function h : T — P be analytic on ']I‘/‘f+” and have zero average. Then for
any 0 < § < p, the differential equation 0,v = h, where 0, = Zd+n 9

- .
a=1W 96~ 8

the directional derivative in the direction of w, has a unique average-zero solution
v : T4 — P which is analytic in Tﬁf?. The solution v satisfies the estimate

[vll,—5 < CY~Ha IR, (2.13)
where C' is a constant depending only on d, n, and o.
2.5. General setup and matrix notations. Let {V)} be a (d + 2n)-parameter

family of presymplectic vector fields on the exact presymplectic manifold (P, ).
Our goal is to construct a smooth embedding

K:Tén 5 p (2.14)

such that K := K(T*"") be invariant with respect to the flow @5, of V5 for some
value A and the flow ®5 ; on K be conjugate to the linear flow ¢; on Td+n:

D5, (K(0) =K(4(0) VteR, VoeTH", (2.15)

where w € R™™ is a constant Diophantine vector and ¢, : T¥" — T4+ . 9
6 + tw. (For elements of T4, e.g., § 4 tw, we assume that we take the fractional
part of each component.) Differentiate (2.15) with respect to ¢ and set t = 0 to
obtain
Vike =Kwwy V0T, (2.16)
Here V3 k) € Tk(9)K C Tk ()P is the value of Vy at K(0) € K, wp € TpTd+n
is the Diophantine vector w considered as an element of TT4+" = R¥*" and
K. : TyTdtm — Tr9)K C T (9)P is the derivative of K at 6.
Instead of the differential-geometric notations used in (2.16), we will normally
use matrix notations. In these notations (2.16) reads
VXK(Q) = DK@OJ or VS\,K(O) = &qu s (217)
where w is considered as a constant column vector, 9, ;= w -V, and
OKA
00«

Throughout the paper we will systematically use the notations collected in Table 1.

DKy = [(DKQ)A a} - { (9)} € Masan.ain(R) .
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Coordinates Range of indices Description
z = (z4) A, B=1,2,...,d+2n Coordinates in P = T?¢ x T*T"
z = (zH) wr=12....d Coordinates in T¢ (the first d in P)
T = (El) ,j=1,2,...,2n Coordinates in T*T™ (the last 2n in P)
6= (%) a,8=1,2,...,d+n  Coordinates in T4+t

TABLE 1. Notations for indices and coordinates.

2.6. Statement of the main theorem. Here we state our

Main Theorem. Assume that:

1) w € D(v,0) is a Diophantine vector;

2) P =T x T*T";

3) Q is an exact presymplectic form on P of rank 2n such that the kernel of Q
coincides with the first d directions;

4) {Vx} is a (d42n)-parameter family of analytic presymplectic vector fields on P;

5) Ko : T — P is an embedding belonging to the class W,, (2.10);

6) the value Ay of the parameter X is such that the pair (Mg, Ko) is non-degenerate
in the sense of Definition 4.7;

7) each vector field from the family {V\} can be holomorphically extended to some
complex neighborhood B, of KO(’]Tg“L), where

B.:={z¢ Cn |30 ¢ sz” such that |z — Ko(0)| <1} , (2.18)

for some r >0 and such that |Vy|c2 g, is finite.

Define the error function as egg := V\ k,(9) — OwKo,0. Then there exists a constant

avy
‘ A ’A:)\o ° Ko

¢ > 0 which depends on d, n, o, po, ||[DKollpy, 75 |Valc2,5,,

)
PO

and |{avg (Ao)}fl} (see (4.32)), such that if 0 < 8y < max {1,253} and the error eg
satisfies

ol < min {57, 92637 fleoll, } -

then there exists a mapping K € W, _ss, and a vector A € R¥27 gsych that (2.16)
(or, equivalently, (2.17)) is satisfied. Moreover, the following inequalities hold:

1 _ < 1 _
HK _ K0||p07650 < E 7260 20 ||eO||p0 s |A — Aol < 27260 20 ||€0||p0 )

3. TRUE SOLUTIONS

In this section we will assume that we know the exact solution of the problem
and will use the geometry of the problem in order to construct bases of TK with
special properties that will be utilized in Section 4.

3.1. Invariant tori are isotropic.

Definition 3.1. Let {V)} be a (d + 2n)-parameter family of presymplectic vector
fields on the exact presymplectic manifold (P,Q), and w € R4 be a Diophantine
vector. If for some value \ of \ there exists an embedding K : TH™ — P such that
(2.17) holds, we call K and K an invariant torus (KAM torus) or a true solution.
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Remark 1. This terminology is somewhat of a misnomer. We require more than
K being merely invariant under the flow of V5 — we want that the motion on K
be quasi-periodic, (i.e., we require that the dynamics on KC be conjugate to a linear
flow on T with frequency w independent over the rationals).

Notational convention. ’ In Section 3 we assume that X = X, and set V := V5. ‘

Definition 3.2. An invariant (in the sense of Definition 3.1) torus, K = K (T4t"),
in the presymplectic manifold (P,Y) is said to be isotropic if the pull-back, K*Q €
Q2(T7), of Q € Q%(P) to the torus TH™ vanishes identically.

In Lemma 3.3 below we will prove that an invariant torus is isotropic. Similar
results for maps are well-known for the case of submanifolds invariant with respect
to symplectic or presymplectic maps (see, e.g., [21, Section 4, Lemma 1] or [3,
Lemma 2.5]). This fact is crucial in the proof of Lemma 4.2 which, in turn, is
essential for the bounds needed to solve the linearized equation in Section 4.3.

We introduce the linear operator Ly : TpT4t" — TyT" as the matrix repre-
sentation of the pull-back (K*Q)g: for Ug, Wy € T,T4*",

<U9, Lg W9>Rd+n = (K*Q)Q (Ug, Wg) = QK(G) (K*Q Ug, K*g Wg) . (31)
The explicit expression for the matrix elements of Ly is
Ly = DK{ Jx9) DKo € Mayn,ain(R) . (3.2)

Lemma 3.3. Let (P,Q) be an exact presymplectic manifold, V € X(P) be presym-
plectic, and K : T4™ — P be a true solution. Then the invariant torus K =
K (T") is isotropic (i.e., K*Q and, hence, Lg, vanish identically).

Proof. We prove the lemma in two steps: first we use the exactness of 2 to show
that the average (over T9*") of each matrix element of L is zero, and then we
use the ergodicity of the flow 8 — 6 + tw on T4t™ to demonstrate that K*Q and,
therefore, L, are constant on T¢+™,

Since the presymplectic form ) is exact, there exists a 1-form 7 € Q'(P) such
that Q = dr, hence K*Q = K*(dr) = d(K*r). If

d+2n
Ty = Ta(K(0))dz?
A=1
then the pull-back K*7 € Q!(T9+") is given by
d+n d+2n 8KA
K1) = Co(0)do* | Cu(0) := K(6 0),
(7o =3 Cul0) )= X a0 0
and the matrix representation of (K*Q)g is (Lg)” 5 = ggg( ) — ?’9?5 (9). Because

of the periodicity of the functions C,, : T*t" — R,

% o aca 1 2 d+n
an(@gﬁ) = /Td+n 508 (6)do" do do

(3.3)

aC —
- a9d95) del...dgﬁ,,_d9d+n:0
/]I‘d+n—1 ( T! 068 ( )

(the term 65 is missing), so avg (L) = 0 and, hence, avg (K*Q) = 0.
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Now we will prove that L and K*Q are constant on T4+, Restrict the target
space of the map K (2.14) from P to the image K of K, to obtain the diffeomorphism
K, = K|pain_x : TH" — K. Since K is invariant with respect to the flow of
V € X(P), at each k € K, V}, € TK. Therefore, the restriction V| of V to
K can be considered as a vector field on K: V] € X(K). For the same reason,
the Lie derivative with respect to V has a natural restriction to sections of any
tensor power of the tangent and cotangent bundles of . The pull-back of V|
by the diffeomorphism K, is K}V := (K; 1) (V|c) € X(R*™). If we consider
the constant w € R¥*™ as a tangent vector wy € Ty(T+™), then the pull-back of
VK(g) = K.pwy € TK(Q)’C is

(V) = (K7

N )*K(G) K.owg = (Kil OK)*QWQ = Wy .

r

By a well-known property of the Lie derivative, K*Ly§ = Lg:vK*Q = L,K*Q
(where all objects and operations are restricted to K). Since V is presymplectic,
Ly Q = 0, which implies that its pull-back K*€ to T¢+" is constant on the orbits
of the flow 6 — 0 + tw, t € R. But w is Diophantine, hence this flow is ergodic
on T4, therefore K*Q = const and L = const. This together with the fact that
avg (L) = 0 and avg (K*Q) = 0 implies the desired result. O

3.2. Construction and properties of an adapted basis of T )P. In this
section we construct a basis of (TP)|x that is adapted to the invariant (with respect
to the flow of the presymplectic vector field V') filtration (ker Q)| C TK C (T'P)|,
of vector bundles over K.

3.2.1. Adapted coordinates in T and a basis of Tre(9)C. We first construct a basis
of Tk 9y (at an arbitrary point K(f) € K) as a push-forward {K*g (%)Q}ZJ:; of
the basis {(%)G}Z:? of T,Tdtn,

Every vector in Tk (4K has the form K.y U for some Uy € TyT*". The com-
d+2n

. - P
ponents (K.g Ug)? of K,g Uy in the basis {(&TA)K(G)}A:l are related to the com-
ponents Ug of Ug in the basis {(6%)9}2—:11 by
d+n A
0K
KigUg)* = 0)Ug . 3.4
( 0 9) ; a0 ( ) (4 ( )
If we think of (K9 Ug)“ as a column vector K,gUy = [(K*QU(;)l e (K*()Ug)d+2n} T
and of the (d + n) columns of the matrix
OKA 0K 0K
DEy = |2 0) = [Z20) - =22 ()| € Myronain(R), 3.5
1= |5 = |55 )] M ® . 35)
as (d + 2n)-dimensional vectors, then we can interpret (3.4) as expressing the ar-
bitrary vector K. Uy € Tk (9K as a linear combination of %(9), Sy 85(1%(0).
Therefore, the column vectors {%(G)}ZJZ form a basis of Tk ) K.

To adapt the basis {%(9)}?;? to the special subspace ker Q) C Tk (p)K,

recall that the first d coordinates in P = T? x T*T™ (2.2) correspond to ker ).
Because of this, we reorder the coordinates 8%, a = 1,...,d + n, of T in such a
way that the d x d block in the upper left corner of DKy (3.5) has full rank (then
the 2n x n block in the lower right corner of DKy will also be of full rank). Then
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%(9)}221 is a basis of ker Qg (g), while the vectors %(9), e agﬁ%(@) span
an n-dimensional subspace that is transversal to ker Qg (p) in T (9)K.

Define the matrices Zy € Myta,,4(R) and Xg € Mgyonn(R) as the first d,

respectively the last n, columns of DKy (3.5), so that DKy = [Zy Xp]. Recall the

notations from Table 1 for the coordinates z = (z) = (2, %), in P (2.2):
z=(z") = (ml,...xd) . T=(T)=(z',...,77") = (xd+1,...xd+2") .

‘We will use these notations in matrices with d + 2n rows — the underscore for the
first d rows, and the tilde for the remaining 2n rows:

[ 3
) X0 - ~
Xy

Zg Zy Xy

Zy =
Zo Xo

, DKg=1[Zy Xg]=

] . (3.6)

Zy

3.2.2. Adapted basis of Tk )P. Having constructed a basis of Tk (9K, we need n
more vectors that span the complement of T p)K in T p)P. We will construct
them in such a way that, together with the columns %(9), e 831%(9) of Xy,
they form a symplectic basis of Tk (4)Q (2.3). To this end we will use the matrix
representation J, K (0) (2.5) of the symplectic form Q on Q, as well as the Gramian
matrix of the vectors %(0), R agd%(ﬁ), i.e., the matrix X, Xy € M,, ,(R) of
their inner products with respect to the Euclidean inner product on T*T". Define

ST o\ -1
Ry = (X, Xp)” €M,,(R), (3.7)
Yo = Jilg) Xo Ro € Moy n(R) (3.8)
Y, 0 0 M R 3.9
= ~ = ~ > S n,n . .
o 7, Tl %o Ry d+2n,n(R) (3.9)
Since j};gg), )?9, and Ry are of maximal rank, 579 and Yy are of maximal rank:

rank Y, = rank Yy = n. We think of the n columns of Yy as of as vectors in Tk 0)P-
Let Zg ., X6,a, Yo,a, Wwith p =1,...,d, a = 1,...,n, stand for the columns of
Zg, Xp, and Yy. These d + 2n vectors are a basis of T )P with the properties

span {Zg,,i}fi:1 = ker Qg g) ,
span {{Zo,0} - { X0}y | = T

The first property implies that Qg g) (Zo,u, - ) = 0. The construction of Yy , yields
(using (2.4), (2.5), (2.6), (3.7), (3.8), and (3.9))

Qi) (X0,0: Yoro) = (Xo.a» T (0)Y0.0) gar2n = XgT,aJK(e)Ye,b = (XQTJK(e)Ye)ab

N ([XJ X(;r] { )?eoRo }>ab B (XJXQR@@ = (In)ab = dab

(I, = (dap) is the unit n x n matrix), hence the vectors Xy, and Yy, form a
symplectic basis of T 9)Q = (Tk (9)P)/ ker Qk (9). We write this symbolically as

Qk o) (Xo,Ye) = Xg Jr(0)Yo = Xg Jrc(0)Yo = L - (3.10)
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1 Below we summarize the properties of the basis of T )P constructed above,
2 using matrix notations as in (3.10):

24 Tx0)Zo = Zg Tx(9)Zo =0,

Zg JrcoyXo = Zg Tr9)Xo =0,

Zq Jrc(0)Yo = %JJK(G)Y/O = Zg XoRy (3.11)
Xg JrcoyXo = Xg Ty Xo =0, '
Xg Tx@)Yo = Xy Tx@)Yo =1L ,

Yy Tk Yo = Yy Jxo)Ye = —RoXg JK}G)XQRQ .

3 3.2.3. Presymplecticity of V' at K in adapted coordinates. If U, V,W € X(P) with
4V presymplectic, i.e., Ly =0 (recall Lemma 2.3), then

0= (LvQ)(UW) =Ly (UU,W)) = Q(LyUW) - QU,LyW)
d+2n
o0 ove ove
= Z UA<8ABVC aAQCB—I-QACaB)WB
A,B,C=1 r
d+2n
=Y Ua ( DIV + (DV)T J+JDV) sWE
A,B=1
s where we used the operator J = (J4p) (2.4), lowering an index of a vector signifies

6 transposition (i.e., contraction with the Euclidean metric tensor), and

o ove (D di” 0745
B~ 9B &EC

7 Therefore in matrix notations the presymplecticity condition reads

(DV)

(DJYV 4+ (DV)TJ4+JDV =0. (3.12)
s Writing the derivative of V at K(0) € K as
[ v oV
or 0%
DVekwy =1 o5 o : (3.13)
L 9z 9% [k
9 we can easily show that (3.12) is equivalent to the conditions
ovl DJ %] Tk + T[] =0 (314
{3’”}1((0) 0, (DNk@)Vke + |9 @) KO + JK(0) K ®) (3.14)

10 3.3. Change of basis matrix My.

n 3.3.1. Definition of My. The adapted basis {Zy,}1_,, {Xoa}i_;, (Yo}, of
12 Tk (g)P constructed in Section 3.2 has properties that are very useful for our anal-
13 ysis. Given an arbitrary column vector Uy, considered as an element of T )P, we
14 can find its components in the adapted basis as follows. Define the change of basis
15 matriz My of all vectors from the adapted basis, written as column vectors:

Zy X, 0

My := DKy Yo = [Zg Xo Yol = | =° = 3.15
0 [ 90] [999] Zo Xo Vi ( )

€ Mat2n,d4+2n(R) .
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Then the vector Uy can be written as a superposition of the vectors from the adapted
basis as follows:

=My&p= 2:20#@-+§:Xba§¢m—k§:§%@§?m+a. (3.16)
a=1

p=1
In the adapted basis, if we write the (d 4+ 2n) components of the vector &y as three
blocks of length d, n, and n, as in (3.16), then the vectors from Tk )k have the

form & = [* O]T7 where the stars represent numbers that are generally non-zero.

3.3.2. Computing (DVi gy — O.,)Mjy. In this section we will perform some compu-
tations related to the change of basis matrix My (3.15), which will be needed in
Section 4. Differentiating the invariance condition (2.17), we obtain

DVic(g) DKy = 0, DKy . (3.17)
This, together with the definition (3.15) of My, gives us
(DVik(g) — 0)My = (DVig(9) — 0) [DKg Yo =[0 0 (DVig) —9)Ys | ,

Our first goal is to find an explicit expression for (DVk gy — 0.,)Yp. To this end we
have to compute

{%} K(G)%

(DVk(9) — 0u)Yo = N _
| Yo-a.%
K(0)

Q|
az‘ﬂ

By the Leibniz rule,
3w% =0, (j;{%e))?gRe) =0, (j;((le))XPQRg + j;((le Oy (Xg)Rg + j;((le))z—eang .

The elementary identity 0 = 0, (Hgn) =0, (J

K(G)J (9)) the invariance (2.17), and

the presymplecticity condition (3.14) yield
1 T-1 ' 7-1 1 —1
Ay (JK(e)) JK(G) aw(JK(f))) JK(e) = JK(G) (D ) K(0) (0w KG) K(6)

I (3.18)
— (7Y «pNHVI? _ _(7lov awvl|l 7
= (TN DDVI) iy = —(T]%%] + [ 2] J)K(e) .
The invariance (3.17) and the expressions (3.13) and (3.14) give us
S Tov ~
anO = [851|K(0)X9 . (319)

From the definition (3.7) of Ry, the expression (3.19) for 8, Xy, we easily obtain
DRy — —2Ry X [irym X4R (3.20)
wiLlh ReN’] o7 K(0) o4 - .

av ™™ 1 ([av Al
where [%}K(O) . ([390} K(0) + [%}K(O))'
It will be convenient to introduce the operator
Iy := I, — XgRe X, : R?" — R?" . (3.21)
We collect some properties of ﬁg and j;(%e)ﬁgj;((g) =1, — %XJJK(@) which
follow easily from (3.7), (3.8), and (3.11):

° Hg is symmetric;
e both IIy and JK(Q)HQJK(Q) are idempotent;
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e the n columns of the matrix Xg are in the kernel of Hg,
e the n columns of Xg are eigenvectors of J G)H(;J K (0) with eigenvalue 1,

while the n columns of Y9 are in the kernel of J G)HQJK(Q)

J! HQJK(Q) Xg = Xg , J

%) (oo Tk(6) Yo =0, (3.22)

K(
hence Jl_((g)ngK(g) and (]Ign - j;(g)HgJK(a)) are projection operators
corresponding to the splitting

Tk (g)Q = span {)?97a}Z:1 @ Spaﬂ{f/e,a}z:l .

Putting together (3.18), (3.19), and (3.20), and using the definition (3.21), we
obtain

. ~ ~qsym
8.Ys = [CLY} Yo+ 270 10 [8‘1} XoR 3.23
0 % | k(o) o+ (9) % | 1c(0) 01t ( )
so, finally,
o[,
(DVK(g) — Bw) My = . 8\; )Sym N (3.24)
00 —27; [4 XoR
K(0 ) 9% | i (6) 050

3.3.3. Writing (DVi 9y — 0.,)Mg as MyCy. Having computed (DVi gy — 0u) Mo,
we will rewrite it in a form that plays a crucial role in Section 4:

0 0 Ty
(DVK(Q) - 6W)Mg = MQO@ = Mg 0 0 Sg . (325)
0 0 Uy
Substitute (3.24) and (3.15) in (3.25) to obtain that Ty, Sy, and Uy should satisfy
ZyTh+ XS = [ Z] K 0) J7 XeRg , (3.26)
~ ~ ~ sym
ZoTy + XSy + VoUp = ~2Jcly Ty |32 | i 0B (3.27)

Multiplying (3.27) separately by )Z';jK(g) and ?GT jK(Q) on the left and using (3.11)
and the definition of Ry (3.7), we obtain

T sym
Up = —2X, T, [ﬂ oy Koo s (3.29)
o1 [av 1™
~RoX] ZoTs — So — R X ety XoRoUp = —2¥, Tl {W]K(m XoRy . (3.29)

Since X, Iy = (IIgXp)T = 0, (3.28) yields Uy = 0. From (3.26) and (3.29) we
obtain

- 23 (3 -2 ],

So =Y, Jrw ZoZy" [ax} ¥ (3.30)

)}930) )

o~ o~ ~— o~ ~qsym
+2 <Hn - YeTJK(e)Zezg_ Xg) Y, 1Ig {%}K(w XoRy ,
where we have set

Zo=Zy— KgRGX;—ZG =2y Jng?gTjK(g)Zg € My q(R) . (3.31)
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The geometric meaning of 2, is discussed in detail in [9, Section 3.5.4].
We summarize our findings in the following

Lemma 3.4. Let (P, Q) be an exact presymplectic manifold, V € X(P) be a presym-
plectic vector field, K : T™™ — P be an invariant torus in the sense of Defini-
tion 3.1, and the matrix My be defined by (3.15). Then the equality (3.25) holds,
with Ug = 0 and Ty and Sy given by (3.30).

3.3.4. Factorization of M. Later we will need the representation of M, 1 that
follows from the lemma below.

Lemma 3.5. If the (d + 2n) x (d 4 2n) matrices Qg and Wy are defined by
I; 0 Iy 0

- I, 0 e
Qo:=| 0 XJ ¢ =0 X ke | (3.32)
ST 0 Jk) o
0, 0 Y, Tk
Zg Xy 0
W = 0 0 I, : (3.33)

Y JkwZo ~In Yy Jk@Ye
then the following identity holds:
QoMo =Wy . (3.34)
This implies that My (3.15) is invertible if and only if Wy is invertible.

Proof. The columns of Xy and Yy form a (symplectic) basis of R?", which implies
that the rows of X, X and Y—r form a basis of R2". Since J, K (9) is an invertible matrix
(it corresponds to the symplectic form Q on Q, recall (2.3) and (2.5)), the rows of
XJJK(@) and ?HTJK(Q) from a basis of R?", so that the matrix Qp given by (3.32)
is invertible. The identity (3.34) follows directly from (3.11). O

4. APPROXIMATE SOLUTIONS

In this section we will examine the case when K is merely an approximate solu-
tion as defined below. We will build off of the results in Section 3 for true solutions
to derive similar results for approximate solutions. We start with the definition for
approximate solution.

Definition 4.1. Let (P, Q) be an exact presymplectic manifold, {Vy} be a (d+2n)-
parameter family of presymplectic vector fields, w € D(v,0), and Kq: T4" — P
be an embedding. For a value Ay of the parameter X\, define the error,

€0,0 1= Vo, io(8) — 0wKo,0 € Tico )P = R (4.1)

If some appropriately defined norm of ey is sufficiently small, then we say that K
is an approximate solution.

4.1. Approximately isotropic tori. In Lemma 3.3 we showed that if Ky is a
true solution (i.e., if (2.17) is satisfied), then the invariant manifold K = K (T+")
is isotropic, i.e., K*{2 = 0. The analogous result for this section will be that if Ky g
is an approximate solution, then Ky is approxzimately isotropic, i.e., K32 is small.
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Lemma 4.2. Let (P,Q) be an exact presymplectic manifold, {V\} be a (d + 2n)-
parameter family of analytic presymplectic vector fields, and Ko € W, (2.10) be
an approzimate solution with Diophantine frequency w € D(v,0). Assume that
Vi extends holomorphically to some complex neighborhood B, (2.18) of the image
of Tg+" under Ky, for some r > 0. Let Log : TyT4t" — TyT" be the matriz
representation of the pull-back (KiQ)g as in (3.1) and (3.2):

Lo,o = DK 4 Jro0) DKoo - (4.2)
Then there exists a constant C' > 0 depending on d, n, o, p, ||DK0||p, [Vaoler s,
and |J|c1 g, such that for every 0 satisfying 0 < 6 < &, the following bound holds:

Lol 05 < Cy "6~ F Y e, - (4.3)

Proof. For the directional derivative of Lo ¢ (4.2) we have, using (4.6), (4.1), and (3.12):

duwLoe = 0.(DK( g Jio0) DKo,0)
= 0, (DK ) Jrco(9) DKoo + DK g 0w (Tico(0)) DKoo + DEg g Jicy(0) 0 (DKo )
= (DVi,, ko(6) DKoo — Deo,e)TJKo(e) DKoy
+ DKQTG DJrq(0) (Vag,k0(0) — €0,0) DKoo
+ DKg g Jico(0) (DVig, Ko(9) DKo,0 — Deg o)
= DK (DVATD,KO(Q) Ko 0) + DI Ko (0) Vo, Ko(6) + JKo(6) DVAO,KO(O)) DKy g
— (Deg g Jro(0) DKoo + DK g DJrcy 9y €0,0 DKoo + DK g Jrco0) Deoo)

= — (Deg g Jrco(0) DKo,y + DK g DJ ko0 €0,0 DKoo + DEK( g Jieo0) Deo,o) -
From this and the Cauchy bound (2.12) we obtain
10 Lollp—s < Cilleollp—s + C2ll Deollp—s < C~"leall, - (4.4)

Although Kj is only an approximate solution, the exactness of € implies that
avg (Lg) = 0 (the proof of this repeats part of the proof of Lemma 3.3, with K
replaced by Ky). We apply (4.4) and the Riisssmann estimate (2.13) to obtain

1Zoll—25 < Cv 1677 100 Loll ,—5 < Oy 15~ Vel -
O

4.2. Linearized equation for the corrections. Given a family of presymplectic
vector fields {V3}, the equation (2.17) can be difficult to solve for a value A of
the parameter and an embedding K : T+ — P. So instead of solving it directly
for A and K, we start with an approximate solution (\g, Ky) and construct an
iterative process that produces better approximate solutions. As a result, we obtain
a sequence (A, K;) (1.2) that converges to (Ao, Koo) = (A, K).

Let (), K;) be an approximate pair. Define the error (cf. (4.1))

€59 = V)\ijj(g) —0.Kj € TKJ.(Q)P ~ Ré+2n (4.5)

We will usually consider e; as a mapping e; : Td+n 5 RI*T2" whose derivative,
Dej : T™ — Myion.a4n(R), is given by

Dejo = (DVy, k(0 — 0w) DKj o € Maton arn(R) . (4.6)
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Note that in (4.6), DV}, k() stands for the derivative of the vector field V), with

respect to the spatial variables x € R¥27:
A v .
DV, = [(DVa,) ' 8] = [a;JB

Recall that the presymplecticity of Vy, imply that DV} k() (3.13) satisfies (3.14).
Let €; and Aj be (j + 1)st correction terms, i.e.,
A=A e, Ky =Ko+ A0 (4.7)

To derive an equation for the corrections €; and Aj; g, we set F[\, K| :=V\ o0 K —
0,K, so that ej g = F[\;, K;](0). Expanding F[\; 11, K1) about (A, K;), we
obtain

€j+1,0 = €50 + DV)\j,Kj(‘g) Ajﬁ& — BwAj,e + [%L}\A} A K (0) €j + O(‘A]’7€j‘2) . (48)

€ Myion n(R) .
szj(e)] d+2n,d+2n(R)

Therefore, if the corrections €; and A; satisfy the linear equation
(DVa,, k(00 = Ow) Ajio = €50 — [%]Aj,Kj(e) € (4.9)

the cancellations in the right-hand side of (4.8) guarantee quadratic convergence.

The system (4.9) of (d + 2n) equations for the corrections €; and A; is a linear
algebraic equation with respect to €;, and a linear first-order partial differential
equation with respect to A;. Since DV, g (9) € Matan,dr2n(R) is of a general
form, is not easy to solve (4.9) and to obtain estimates on its solution. In Section 4.3
we will use the matrix My (3.15) of change of basis from a general one to the
adapted basis constructed in Section 3.2; the calculations from Section 3.3 will be
very useful.

4.3. Solving the linearized equation.

4.3.1. Change of basis. We use an adapted basis in R?*2"  so that instead of the
unknown function A; we introduce the unknown function ¢; : Te+" — Rd+2n
through the linear change of basis

Ajo = Mjp&jo - (4.10)

The change of basis matrix M, ¢ € Mgian d+2n(R) is constructed similarly to the
matrix My in (3.15), but by using the approximate value A; and the approximate
embedding K;. Namely, given an approximate invariant torus K; (which we treat
as a map K;: T — R4T21) | we define

Zjo

Zjo  Xjo

X0
= [Zj0 Xjo| = DKjp € Matan,d+n(R)

as in (3.6). If the matrix )};9)?3',9 is invertible (cf. Definition 4.3 below), define
Rjo = (X],X;0) "' € Myu(R) as in (3.7),

- = 0
Yjo:= JKjl(g) Xjo Rjo € Mapn(R) Yjo = { Vo ] € Mat2n,n(R)

as in (3.8) and (3.9), and the approximate change of basis matrix M, ¢ as in (3.15):
Zig X9 O

—J

M;o:=[DK;g Yjol =1[Zj0 Xjo Yjo) =
J J J J J J Zj,e Xj,e Yj,&

€ Mgt2n,d+2n(R) .
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Below we will need to invert the matrices M; ¢ in order to solve the linearized
equation, which motivates the following

Definition 4.3. The map K € W, is said to be a non-degenerate torus if the
matrices X, Xg € My, n(R) and Mg € Myy 2. a10n(R) defined above (and therefore,
the matriz Wy as in (3.33)) are invertible.

We will always assume that K; is a non-degenerate torus (this is a part of
Definition 4.7 below which is one of the assumptions in the Main Theorem).

As before, we think of the columns Z; ¢, X;94, and Yjg9, (0 =1,...,d, a =
1,...,n) of the matrices Z; 9, X; 9, and Yj g as vectors in T, 9)P. If Kj is close to
the true solution K, then these vectors still form a basis of Tk )P as in the true
case. By construction, the columns of Z; 4 and X4 span the tangent space to the
approximately invariant torus K; := K;(T?+"):

Span {{Z'797H}Z:1, {X‘veva}::l} = TK].(Q)K:J* . (4.11)

However, unlike the case of a true solution, K; is not invariant with respect to the
flow of V), and ker Q (g) is generally not a subspace of Tk (9)K;.

Making the substitution (4.10) in (4.9) and assuming that M ¢ is invertible, we
obtain the following equation for the new unknown function &; s:

M3 (DVa, 16,00 Mjo = 0uMj0) €0 = Do = —Mig (€50 + (5215 1,053 -

(4.12)
To rewrite the coefficient of ;¢ in (4.12) in a simple form, we want that
0 0 T
(DVAj,Kj(e) —0u)Mjo=M;e(Cjo+ Bjg) :=Mg 0 0 Sjo|+Bje
00 O
(4.13)

where Bj ¢ is “small,” i.e., vanishing if e; becomes identically zero (cf. (3.25)). For
the left-hand side, long and unenlightening calculations (cf. Section 3.3.2) yield

(DV)‘J"KJ(G) - (1,) M;jo = [Dejﬂ (DV>‘17KJ(9) - aw) Yjﬂ]

[ 0
= (DVijKj(e) - ad) DKo (DV)\j,Kj(e) _8W) { }79 ”
L Js
v, v, -
00 ¥ ] Y,
= Lw)[ o L@-(e) 70 b 0
= e,
T LIV LI 7 Eleo)
_0 0 =2Jk 00 {W]Kjw)Xj,eRj,o

Here we have set ﬁj,e =1y, — )~(j79R»,9)Z']—-':9 (R2 — R (cf. (3.21)),

T— T oy T— e
&le;l(0) := JK;(O) DJk;0) €50 Yio — JK;(e) [ a@e} Rje
(4.14)
> ([0e6]" ¥ ST [0
+Y0(| %8| Koo+ Ko |%82] ) Rio € Mann(R) |
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here | 252 | is the 2 trix with entries [22¢]" = 29 1.2
1 where | —%%| is the 2n X n matrix with entries | =% = gty 0= 1,...,2n,
2 a=1,...,n,and DJg,)ejo stands for the 2n x 2n matrix with entries

d+2n

. . ank
v § A A
(DJK](Q) €j79) B 8,@7*’4 €j70 s Z,k‘ = 1,...,27’1, s
A= K;(9)

3 For the entries of the matrix C g (4.13), we obtain (similarly to Section 3.3.3)

—1( %Y, > AV, sYm
Tio=Zjq ([Tiﬂ} Kj(e)Yj’e - 2%, "Y "H] 9[ o } Kj(e)Xj’GRj’e) ’
v, _
Sjo=— aJKJ(e)Zjeff [ oz }Kj(e)yj’g (4.15)
ST B e o~ oV 1vm o
+2 (]In - j:FQJKj(G)Zj,Ozjélj’g) YjTgHj,e [T;J}K(Q)Xj,gRjﬁ ,

4 where we have set Z; g :=Z, ¢ +Xj79i§T9jKj(g)Zj79 € Mgq(R) (cf. (3.30), (3.31)).
5 Summarizing, with the help of (4.13), (4.14), and (4.15), we rewrote (4.12) as

(Cio+ Bjo) &0 — 0ujo = —M;, (63 o+ [ 5 hj7Kj(9) €j> ) (4.16)
6 where Cj g is defined in (4.13) and (4.15), and Bj is a “small” matrix, given by
. — -1 . 0
Bj’g = Mj,e |:D€],9 |:5[6j](9) :” . (4.17)

7 4.3.2. Invertibility issues. We define the (d+2n) x (d+ 2n) matrices Q;¢ and Wj g
g in exactly the same way as Qg (3.32) and Wp (3.33) but with Xy, Yy, Zp, and Jx ()
o replaced by X0, Yj e, Zj 0, and Jx, 5 (0) respectively. Since the rank of the (2n x 2n)
10 matrix [X] 0 YJ g] is maximal and J, K;(0) is non-degenerate, (); ¢ is non-degenerate.
11 By a direct calculation we obtain (cf (3.34))

0 0 0
Qj0Mjp =Wio+Pio:=Wio+ | X020 X oJx,0X50 0 |, (418)
0 0 0

12 where the matrix P; ¢ is small (if K; were a true solution, P; g would be zero).

13 Lemma 4.4. Assume that the hypotheses of Lemma 4.2 hold. Then there ezists a
14 constant C' depending on d, n, o, p, ||DKj||p, IVl s, and |J|c1 g, , such that
15 for every 0 satisfying 0 < § < &, the following bound holds:

W Pl pm2s < Cy =20~ ey, - (4.19)

16 Proof. Recalling the bound (4.3) on the norm of the pull-back L; (4.2) of the
17 presymplectic form Q to the torus K; = K;(T?*"), we obtain

W, Pillp—25 < C P}l p-25
< CLIX] (JoKj) Zillp—26 + Co | X[ (T 0 Kj) Xjlp—2
< C|DK] (J o K;) DKl p—25 = C || L;| -2
<Oy T g,
18 O
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The approximate factorization (4.18) can be used to write the inverse matrix

M ;91 in a convenient form, and Lemma 4.4 yields some useful bounds:

Lemma 4.5. Assume that the hypotheses of Lemma 4.2 hold. Let 0 < 6 < § and
the error e; satisfy the bound

(o 1
CyTh o™ lesll, < 5 (4.20)

where C' is the same constant as in (4.19). Then the matriz M; g is invertible, and

M]TOI = thngj,O + M]E,:0 ) (421)
where the error term, Mfe, s given by
_ —1. _
MJ}?Q = _(]Id+2n + Wj,olpjﬁ) Wj,elpj,OWj,ele,G ) (4.22)
and satisfies the bound

[MF],_ps < C'y 6 Vel 5 (4.23)

here C' is a constant that depends on the same parameters as the constant C
in (4.19).

Proof. The expression (4.22) comes from (4.18), and (4.23) follows from (4.19). O

4.3.3. Bounds on the “small” parts. Recall that, in order to find an approximate
solution of the linearized equation (4.9), we changed the variable Ajg to ;¢ by
(4.10) to transform it to the form (4.12). Then we rewrote the coefficient of &; ¢ in
(4.12) as a sum of a “big” part, Cj ¢ (given by (4.13) and (4.15)), and a “small”
part, Bjg (4.17). In the Lemma below we give bounds on the “small” terms
in (4.12).

Lemma 4.6. Let K; € W, and the error e; be defined by (4.5). Let the pair
(A\j, K;) be non-degenerate (in the sense of Definition 4.7 below) for the family
{Va} of presymplectic analytic vector fields. If the error e; satisfies (4.20), then the
change of variables (4.10) transforms the linearized equation (4.9) to

(Cjo+ Bjo)&jo — 0ubjo = =My (ej.0 + Vi, k,00) €5)
- - P
= _Wjﬂl Qj.0 €50 — Wj,el Qj0 [%] X, K (0) g (4.24)

E E oV,
— M],H 6j79 — M,e [7A

3.0 L°aN ],\j,K]-(e) €j s

where Cj ¢ is defined by (4.13) and (4.15), Bjg by (4.17), MJE by (4.22). Further-

more,

I1Bill,—05 < C5 " el
E —1¢—(o+1 2
1MF €5, o5 < OV g1l (4.25)
ot (31 o)< 0500 ), o o

Proof. Equation (4.24) follows directly from (4.16) and (4.21), so we only need to
derive the bounds (4.25). Combining (4.17) and (4.21), we obtain

Bjg = (Wfole,a +MJI‘?9> {Dej’a [ éb[e?]@ H .
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From the definition (4.14) of &[e;](#) and the Cauchy bound (2.12),
16Tes1l, a5 < Crllesll, g+ 26~ llell,_y < C6~ ey
which, together with the bound (4.23) on M}, yields the first bound in (4.25):
-1 B
1Bl 2 < (177 @il o5 + 1ML, o) (103105 + 1€Te511,25)
< (1 + e 6 Desl ) v el s < Cv 7 el -

The remaining two bounds in (4.25) in are direct consequences of (4.23). O

p—387

4.3.4. Solving the simplified equation. To use the Newton method for finding &; g,
it is enough to solve (4.24) retaining only the “big” terms, i.e., ignoring all terms of
higher order with respect to |le;||. As we will show below (see (4.37)), the term ¢;
is of order of ||e;||. Lemma 4.6 allows us to keep only the leading terms in (4.24):

Ciojo — Ol = Wiy Qjnejo— Ajoe (4.26)

where we have set
oV

OA :|/\j,Kj(t9) .
Let us denote the first d components of §; ¢ by &7 4, the next n components by 7,

Aj)g = WJT; Qj.0 |: (427)

and the last n components by f;',,a- Using the specific form of C} ¢ (4.13), we rewrite
(4.26) in the form

) Tj0&5
Ou | o | =Wy Qioejo+Moe;+ | Sy | - (4.28)
5.0 0

Integrating both sides of (4.28) over T¢*" we obtain that (4.28) has a solution if
and only if the average over T?*" of its right-hand side is 0:
ave (Tj 5?')
avg (Wf1 Qj ej) +avg(Aj)e; + | avg (Sj f;') =0. (4.29)
0

Observe that the right-hand side of the last n equations of the system (4.28)
does not involve 5;', so that the last n equations of (4.28) have the form

0uElg= (W4 Qioejo+Ajoe;) (4.30)
where the superscript y stands for the last n components. The system (4.30) for

3’ o has a solution if and only if the last-hand side of (4.30) has zero average. To
satisfy this condition, we will require initially that ¢; satisfy the linear system

avg (W[l Qjej) +avg(Aj)e; =0, (4.31)

which in turn has a solution if and only if the matrix avg (A;) is invertible. In order
to guarantee that we can solve (4.31) for ¢;, we introduce the following

Definition 4.7. The pair (A, K) is said to be non-degenerate for a (d + 2n)-
parameter family of vector fields Vy if K € W, is a non-degenerate torus (recall
Definition 4.3) and the matriz A (as in (4.27)) has a non-singular average:

rank avg (A) =d+2n , avg (A) = / Agd@t ..ot (4.32)
Td+n
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We assume that the pair (\;, K;) is non-degenerate, and set ¢; to be equal to
the preliminary value

E?rehm = —{avg (Aj)}f1 avg (I/Vj_1 Qjej) , (4.33)
so that (4.31) is satisfied; sg?rehm satisfies the bound
€7 < v (e5) < Clles ], (134)

This choice of ¢; guarantees the existence of a solution &} of (4.30) which (thanks
to (4.34) and the Riissmann’s inequality (2.13)) satisfies the bound

1€ 115 < 71077 [Wit Qg5 + Agel™™™ |, < Cy 1o flegll, - (4:35)
Having found 53.' from solving (4.30), we redefine ¢; as
avg (7; &)
eji=—f{avg (M)} ' |ave (W' Qje) + | avg (S;€)) (4.36)
0

to satisfy the solvability condition (4.29) for (4.28). Note that the change from

E?rehm (4.33) to €; (4.36) does not affect the component ¢5. Thanks to (4.35), ¢;
satisfies

lejl < Cllesll,—s + €1 _5) SCY 167 llesll, - (4.37)
p

With the new value of ¢; from (4.36), we solve (4.28) to find &; which, according
to the Riissmann’s inequality (2.13) and the bound (4.37), satisfies

€illp—0s < CYH07(IW5 Q€5 + Aseill,_; + ClIEF],_) )
<Oy (llesll, + lesl #9716 llesll,) < Cv720727 gl -

We summarize our findings in the following lemma:

Lemma 4.8. Assume the hypotheses of Lemma /.6. Then there exist a parameter
e; and a function &; that solve the reduced linear equation (4.26) and satisfy the
bounds (4.37) and (4.38).

5. THE NEWTON METHOD

In this section we will collect the estimates for the jth step of the iterative scheme
and show that the Newton method generates a Cauchy sequence of approximate
solutions in a Banach space which converges to a true solution. We only give brief
sketches, referring the reader to [21, 3] for details.

Lemma 5.1. If the assumptions of Lemma 4.8 are satisfied and rj := | K; — K0||p, <
J
r, then there exist a function A; and a parameter €; € RI*27 such that
—25-2
1811, —as, < 772072 s,
—2¢— (2041
DA, a5, < €772, 27 s, (5.1)
-1
le5] < cj|ave (M) llesll,,
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where c; is a constant that depends on n,d,r,p,|Vy,lc> 5., ||DKj||pj ’ ”Rj“pf - and
[EL vy H Additionally, if

— —(20—1
rj+ 20, G legll,, <7 (5.2)
then
—4do—do 2
leseall,,,, < v ™07 lesll2, - (5.3)

Proof. The inequalities (5.1) follow from Lemmata 2.7 and 4.6, and (4.10).
To see that K11 € B, that is, K stays within the neighborhood where V is
holomorphically extended, we use (5.1) and (5.2):

[ 5+1 — Kol| =K +4; - KOHP j+1—20541
<K = Koll,, + 1141, —25,

ET D el

Pi+1=28;41

S?"j"‘Cj’}/ 2(5 <r.

To prove (5.3), recall from (4.8) that &; = Mj_lAj was found by solving (4.26),
so

DV, i;0) Djo = Ouldjo + 53 },\J,K @€ te

3.0 (Bj,o§j,e + Mjyejo + M {‘WA [\, ° Ki D
and each term on the right hand side is quadratically small from Lemma 4.6, hence

HDVAwK:‘ Aj = 0.4 + [8‘&] A K €I +eijj726 < Gy Bty HeJH

Finally, recalling the Taylor expansion (4.8) of e;41,9, we see that the remainder
term is on the order of ||Aj||ij_25j. Thus we get the estimate (5.3). O

The lemma below guarantees that, if the error is small and some invertibility
conditions are met at the jth step, then the invertibility holds at the (j+ 1)st step.

s, then:

Lemma 5.2. Assume the setup of Lemma 5.1. If cj'y’zé < 2,

(i) if XTX 1s invertible, then X]_HX +1 18 wnwvertible;
(i) sz is invertible, then Wj41 is invertible;
(1i1) if avg(A;) is invertible, then avg(A,11) is invertible.

Proof. Recalling that )?] is a part of the matrix DK, we obtain X p +1X 11 =
XJ-TX]' + P;, with P; : XTA —|—A X —|—A AJ e Where A] 7 € Moy, 2, (R) has
entries (ng)lk =0J(A j) /8 . The bounds (o.l) give an upper bound on the size
of P;. The matrix )Z']T)?J is invertible by assumption, I, + ()?]T;(J) _1Pj is invertible

by the Neumann series, so X;+1Xj+1 = )?;X'j (Hn + ()N(J—»'—)?j)fle) is invertible,
which completes the proof of (i). The proofs of (ii) and (iii) are similar. O

The lemma below shows how close the initial approximation has to be for the
Newton method to be iterated indefinitely and to converge to a true solution K,
and gives a bound on the difference between K, and the initial approximation Kj.
The proof can be found in [21, Lemma 13].
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Lemma 5.3. Let {c;};>0 be the sequence of constants from Lemmata 5.1 and 5.2.
For 0 < §p < min(po/12,1) define

5j = 502ij y Pj = pPj—1 — 66]'_1 s ry = ||KJ — KOHP]‘ y

Poo = 1m0 pj, Koo 1= lim;_,oo K. Then there exists a constant C > 0 depend-
ing on d, n, |Vilez 5, |Jolcr5,., [[DKoll,,, and [{avg(Ao)} 1| such that if leoll
satisfies the conditions

C2Yy746, % |leoll,,, < 3

10 _
C<1 + 2220—1)77250 2 leoll,,y <7

then the Newton method converges to a true solution (Moo, Koo). Furthermore,

20 _ _
1Ko = Kol py—s, < g7 €720 > lleoll, -
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