
MATH 2924 Proof of Taylor’s Theorem Fall 2015

Notation: In =

∫ x

t=a

f (n)(t)
(x− t)n−1

(n− 1)!
dt

Elementary observations:

d

dt

[
−(x− t)n

n!

]
= − 1

n!
n(x− t)n−1(−1) = (x− t)n−1

(n− 1)!
(1)

In+1 =

∫ x

t=a

f (n+1)(t)
(x− t)n

n!
dt (2)

I1 =

∫ x

t=a

f (1)(t)
(x− t)0

0!
dt =

∫ x

t=a

f ′(t) dt = f(x)− f(a) by FTC (3)

Recursive relation between the In’s:

In =

∫ x

t=a

f (n)(t)
(x− t)n−1

(n− 1)!
dt

(1)
=

∫ x

t=a

f (n)(t) d

[
−(x− t)n

n!

]
(by parts)

= f (n)(t)

[
−(x− t)n

n!

]∣∣∣∣x
t=a

−
∫ x

t=a

[
−(x− t)n

n!

]
d
[
f (n)(t)

]
= f (n)(x)

[
−(x− x)n

n!

]
− f (n)(a)

[
−(x− a)n

n!

]
−
∫ x

t=a

f (n+1)(t)

[
−(x− t)n

n!

]
dt

= 0 +
f (n)(a)

n!
(x− a)n +

∫ x

t=a

f (n+1)(t)
(x− t)n

n!
dt

(2)
=
f (n)(a)

n!
(x− a)n + In+1 ,

therefore

In =
f (n)(a)

n!
(x− a)n + In+1 (4)
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Proof of Taylor’s Theorem:

f(x)− f(a) (3)
= I1

(4)
=
f ′(a)

1!
(x− a)1 + I2

(4)
=
f ′(a)

1!
(x− a)1 + f ′′(a)

2!
(x− a)2 + I3

(4)
=
f ′(a)

1!
(x− a)1 + f ′′(a)

2!
(x− a)2 + f ′′′(a)

3!
(x− a)3 + I4

(4)
= · · ·

(4)
=

n∑
k=1

f (k)(a)

k!
(x− a)k + In+1

(2)
=

n∑
k=1

f (k)(a)

k!
(x− a)k +

∫ x

t=a

f (n+1)(t)
(x− t)n

n!
dt ,

therefore

f(x) =
n∑
k=0

f (k)(a)

k!
(x− a)k +

∫ x

t=a

f (n+1)(t)
(x− t)n

n!
dt =: Tn(x) +Rn(x)

Upper bound on the remainder Rn(x):

|Rn(x)| =
∣∣∣∣∫ x

t=a

f (n+1)(t)
(x− t)n

n!
dt

∣∣∣∣
=

∫ x

t=a

∣∣f (n+1)(t)
∣∣ ∣∣∣∣(x− t)nn!

∣∣∣∣ dt
≤ max

ξ between a and x

∣∣f (n+1)(ξ)
∣∣ ∫ x

t=a

∣∣∣∣(x− t)nn!

∣∣∣∣ dt
= max

ξ between a and x

∣∣f (n+1)(ξ)
∣∣ ∣∣∣∣(x− t)n+1

n!(n+ 1)

∣∣∣∣x
t=a

= max
ξ between a and x

∣∣f (n+1)(ξ)
∣∣ |x− a|n+1

(n+ 1)!
,

therefore

|Rn(x)| ≤
M

(n+ 1)!
|x− a|n+1 , where M = max

ξ between a and x

∣∣f (n+1)(ξ)
∣∣
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