MATH 3423 Homework 6 Due Mon, 10/17/16

Problem 1. Let f: R — R be a real-valued function, and

F(k) = \/127 /_OO f(x)e ™ dx

be its Fourier transform.

(a) Show that F(—k) = F(k)* for any k € R (where the star stands for complex conjugation).
Hint: Note that, for any =z € R, f(x) € R, therefore f(z)* = f(x). You can start like that:

~

F(k)* = [\/127 /_Z flx)e ke d:cr = \/12?/: f@) (em* ) dz = - -

(b) Based on your result from part (a), what can you say about F(0)?

Problem 2. Let a be a positive real number, and the function f : R — R be defined by
flz)=e e,

~ 2 leY
F(k)_\/;kQ—i—a? ’

as well as some property of Fourier transform (specify which property!) to show that the Fourier
transform of the function

Use without proof that

—afz|

g(xz) = xe

~ 2 2aik
Gk)=—\— 557 -
) \/; (k2 + a2)2
Problem 3. Use the fact that the Fourier transform of the function f(z) = e™1*! is
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F(k):\/;H—k:?

/°°dy_7r
o Aty 1°

Problem 4. Consider the following initial value problem for the function wu(z,t):

is

and Parseval’s Theorem to show that

10u Ou
;a—%, $€R, t>0,
u(z,0) = f(z) ,

where v is a positive real constant.



(a) Let the Fourier transform with respect to x of u(x,t) be

. 1 00 .
U(k,t) = Ner / u(z,t) e dx

and its inverse be

1 [~ .
u(:c,t):m/ Uk, t) e dk .

Formulate an initial value problem for the function U (k,t) of the form

oU

(k) =7 EeR, t>0
(%(,) , eR, t>0,
U(k,0)=7.

(b) Find the solution U(k, ) of the initial value problem formulated in part (a).

(c) Use some of the properties of the Fourier transform (state explicitly which property you have
used!) to show that the solution of the initial value problem is

u(z,t) = f(x+ot) .
Problem 5. The so-called error function is defined as

2 z
erf(z) := 7 /0 o ¢ d¢ , zeR.

(a) Suppose that you want to write an initial-value problem for a first-order ordinary equations
whose solution is erf(t); look for initial-value problem of the form

dy

-2 — (¢ t>0
I f(ty), >
y(0) =yo -

Find the explicit form of the function f(¢,y) and the numerical value of the constant yy. Show
your calculations and state explicitly what results you use in your derivation.

Hint: What is the derivative of erf(¢)? (Use the Fundamental Theorem of Calculus.)

(b) Is erf(¢) an even or an odd function (or neither)? Prove your claim.

Hint: Note that the integrand, e, in the definition of erf(¢) is an even function. Draw the
graph of any even function and think how the value of the definite integral of this function
from 0 to —z is related to the value of the definite integral of this function from 0 to z; this
will make the answer of my question totally obvious.

oo

(c) If you know that / ¢ € d¢ = /7, find the limits Em erf(z) and li_>m erf(z).
oo Z——00 Z—00



(d) In this part of the problem you only have to answer the question asked in the last sentence!

In class we showed that the solution of the initial value problem for the heat equation on R,
ug(z,t) = o uge(x,t) reR, t>0,

1
u(z,0) = g(x) W

(where g(z) is a function satisfying lim f(z) = 0), is given by

|z|—o00

1o
u(m,t)—m/OOG(k)e

with G = F {g}. We came to this expression by showing that the Fourier transform of the
function u(x,t) (with respect to the spatial variable z) is

2k2

telka: dk ,

U(k,t) = G(k)e Kt . (2)

Let us define the function

1 22 /(402
T(x,t):\/me /(4a%t) (3)

The Fourier transform of r(x,t) with respect to the spatial variable is

~ 1 22
R(k,1) = —=e -

This allows us to write the above expression for U (k,t) as
U(k,t) = V21 G(k) R(k,t) .
Recall that the Convolution Theorem (equation (17) on page 851) says that
Fl{gxr}=V2rGR .

Comparing this with (2), we see that the solution u(x,t) of the initial value problem (1)
is a convolution of the initial condition g and the function r(x,t) given by (3) (again, the
convolution is only over the spatial variable):

U=gx*r,

i.e.,

> 1 > —(z— o
w(z, t) = / o)l = 1) dy = ——— / gly) e~ @2/ g

(see equation (7) on page 857).

Write down the explicit form of the solution u(z,t) for g(x) = H(x), where H is the Heaviside
function; express your expression for u(z,t) in terms of the error function.



Information that will be provided in the exam

Definition of direct and inverse Fourier transform:

= [ e, = [ e e

Definition of convolution:

(f*g)(x)zjoo f(y)g(x—y)dyz/oo f(z— ) g(y)dy -

Properties of Fourier transform:
e E(k) = F{f(x —a)},  F{e f(@)} = F(k —a);
FLM (@) = (ik)" B (k) FO (k) = (=i)" Fla" f(a)} ;
F{fxg}=v2rF(k)G(k) .

Some useful Fourier transforms:

f(x) F(k)
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Formula for differentiating an integral whose limits and integrand depend on the parameter a:

P(a) ()
L™ Pe,a)de = Fp(a),0) ¢/(a) - F($(a),0) #(a) + /¢ OF (v ayde .
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