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We consider the restriction of a differential operator (DO) D acting on the sections
C> (&) of a vector bundle £ with base B, in the language of jet bundles. When the
base of £ is restricted to a submanifold U C B, all information about derivatives in
directions that are not tangent to U is lost. To restrict D to a DO D¢ acting on sections
C> (&) of the restricted bundle 5 = i*¢ (with i : U < B the natural embedding), one
must choose an auxiliary DO M and express the derivatives non-tangent to U from the
kernel of M. This is equivalent to choosing a splitting of certain short exact sequence
of jet bundles. A property of M called formal integrability is crucial for restriction’s
self-consistency. We give an explicit example illustrating what can go wrong if M is not
formally integrable.

As an important application of this methodology, we consider the dimensional reduc-
tion of DOs invariant with respect to the action of a connected Lie group G. The splitting
relation comes from the Lie derivative of the action, which is formally integrable. The
reduction of the action of another group is also considered.

Keywords: Differential operator; restriction to a submanifold; invariant field; invariant
differential operator.

1. Introduction

In this paper we consider the geometric description of the process of restric-
tion of a differential operator (DO) to a submanifold, and some of its applica-
tions. The essence of the problem can be understood from the following elemen-

tary example. Consider R? with Cartesian coordinates (z!,22,23) and let e;, i =

3
1,2,3, be the corresponding unit vectors. Let A : R® — R3 = ZAi(xl,xQ,xB) €;
i=1

be a smooth vector field on R3. We can restrict the domain of A to the sub-
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manifold {23 = 0}, thus obtaining a mapping A : R? — R3 deﬁned by
3
~ O0A!
Azt 2?) = A(z!, 22, 0) Al(z', 22,0) e;. Can we compute div A =
(a,02) = A - e b Z -
at {z = 0} by using only the restricted field A? Clearly not, because in the process
of restricting A to A we lost all the information about the dependence of A on

3
23, hence we cannot compute —. Therefore, if we wanted to compute div A at

N ox3
{x® = 0} from A, we would need some auxiliary information.
The auxiliary information needed in the above example can come from some

additional requirements on A. For example, if each component A* of A satisfies

LOA! 28Ai A -
—TA' = , =1,2 1
xal—i- 8m2+8x3 ™ 0, i 2,3, (1)
. . , 0A° 3
then we can use this condition for i = 3 to express pre at {#° =0} as
x

0A? 0A3 L 0A°
83(96 x2,0) = 161(:5 ,x?) — QxW(x L22) + w Azt 2?)
This allows us to obtain divA at {z3 = 0} in terms of A and its z! and 2

derivatives only, as

oAl 9A?
ﬁ(ﬂilﬂﬂ) + w(l‘l’ﬁ)
A3 A3
1gl(x %) — 2z g—Q(:c 2?) + T A3 (2, 2?) .
Therefore, for vector fields A satisfying the relation (1), we can define the restric-
tion, div, of the DO div to {z% = 0} by

div A(x!,2%,0) =

div A (7", 7?) :=div A(z', 2%,0)
DAY _ A2 _ _ 0A3 _,0A3 .
—ﬁ(x)d'@(x)—i’? 8~1()_2z8 (X) + A% (x) ,

where X := (2!,72%) := (a!,2?) are the coordinates “internal” for the manifold

{x® = 0}.
If instead of (1) we imposed the auxiliary condition
QA A! DA

21 2 3
ozt T 922 i ox3

then the restriction of the third component of (2) to {#3 = 0} does not contain
3

the derivative gig needed to compute div A. The moral of this observation is that
not every condit%on on A can be used as an auxiliary condition to compute the
restricted DO.

There are many questions that one can ask at this point. If several derivatives

are needed in order to compute the restricted DO, can one impose several auxiliary

—A'=0, i=123, (2)
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conditions? If several auxiliary conditions are needed, are they compatible? Can
different auxiliary conditions lead to the same restricted DO? Can we obtain higher-
order partial derivatives by differentiating the auxiliary condition(s) several times?

The answers to these questions are by no means straightforward. In particu-
lar, the answer to the last question is positive only if the DO from the auxiliary
condition (like condition (1) in the example above) is formally integrable — a sub-
tle concept discussed in Sect. 2.3 below. The dangers of using DOs that are not
formally integrable is illustrated in Example 5 in Sect. 3.3.3.

The process of restriction of DOs to a submanifold is intimately related with
the process of reduction of DOs that are invariant with respect to the action of a
Lie group. Here we will sketch the basic ideas (we treat this in detail in Sect. 4).
Let € and n be smooth vector bundles over the same base B, and G be a Lie group
acting on ¢ and 7 through vector bundle morphisms, with the same action of G on
the common base B. This naturally induces an action of G on the sections C'* (&)
and C*°(n) of the bundles & and 7. Let C*(£)% and C*°(n)“ stand for the sets of
the sections of £ and n that are invariant with respect to this action (for brevity,
we call these sections G-invariant). If some natural conditions on the actions of G
on ¢ and 7 are satisfied, one can construct the reduced bundles €& and n® — vector
bundles over B/G such that the set C°°(£%) of all sections of £ is in a bijective
correspondence with the set C* (€)% of all G-invariant sections of ¢ (and similarly
for n).

Let D : C*(§) — C*°(n) be an order-k DO from £ to n. The actions of G on
C>(¢) and C*°(n) induce naturally an action of G on the set Diff;(&,7) of such
DOs. Each G-invariant DO D maps C* (€)% to C*(n)¢ and, hence, determines a
reduced DO D¢ : C>®(¢9) — C>(n“) between the sections of the reduced bundles.

The base of the reduced bundles is the set of orbits, B/G, of the action of G
on the common base B of £ and 7. Since B/G is an abstractly defined object, it
is preferable to work with some concrete realization of it. For such realization one
can choose a collection of local submanifolds U, (« € &) of B that are transverse
to the orbits of G in B. * The reduced DO DY is a collection of DOs (one for
each index « € &) each of which is obtained as a restriction of the invariant DO D
(acting on invariant sections) to the submanifold U,. To perform this restriction, we
need an auxiliary condition (like (1)) that allows us to express all derivatives that
were “lost” in the restriction of the invariant section to Ul,. Fortunately, in the case
of invariant DOs, there is a natural DO which plays the role of the auxiliary relation
(1) in the example above — this is the Lie derivative of the action of G. Intuitively,
this is so because we can use the G-invariance of the section restricted to ﬁa in
order to extend it to an open neighborhood of (7&, and then compute all desired

#Here “transverse” means the following: let Us C B be one such local submanifold, let b be a point
of Uq, and let Oy be the G-orbit of the point b (i.e., O = {tg(b) : g € G}, wheret: G x B — B
is the action of G on B); then “transversality” means that the tangent space T} B is a direct sum
of the tangent spaces TUq and T, Op.
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derivatives of the extended section. In Sect. 4.3.5 we prove that the Lie derivative
is a formally integrable DO, which guarantees that the procedure of dimensional
reduction of an invariant DO is self-consistent.

The natural setting for considering DOs on vector bundles is the formalism of
jet bundles. A section of the kth jet bundle of the vector bundle £ is a coordinate-
free notion for the kth Taylor polynomial of a section of £. In this language, a DO
is interpreted as a purely algebraic object — the total symbol of the DO — which is
a fiber-preserving mapping between jet bundles.

In the paper [1] we developed a geometric methodology for dimensional reduc-
tion of sections that are invariant with respect to the action of a connected (but not
necessarily compact) Lie group G. In the present paper we apply the algorithm for
restriction of DOs to a submanifold to the case of an invariant DO D. We obtain a
systematic procedure for constructing the reduced DO D%; our algorithm involves
only computing derivatives and solving a linear system of algebraic equations.

The algorithm for computing the reduced DO D¢ elucidates the geometric struc-
tures arising naturally in the process of reduction. These issues are important, for
example, in Kaluza-Klein theories and in model building with a desired symmetry
in elementary particle physics. An example of this approach is our construction [2]
of DOs on Minkowski space that are invariant with respect to the (nonlinear) action
of the conformal group, starting from the (linear) action of the orthogonal group
on a bigger space.

The plan of the paper is the following. In Sect. 2 we introduce the jet bundle
language for description of DOs, paying special attention to the concept of formal
integrability (Sections 2.3 and 2.4). Sect. 3 is devoted to the problem of restriction
of a DO to a submanifold. In Sect. 4 we develop an algorithm for reduction of an
invariant DO, and resolve all related theoretical issues. We illustrate the concepts
with several simple examples.

2. Differential operators on vector bundles

Here we introduce the coordinate-free definition of differential operators, follow-
ing [3, Chapter IV].

2.1. Jet bundles

Let £ = (E,m, B) and 7 be finite-dimensional K-vector bundles over the real finite-
dimensional manifold B; the standard fiber &, := 7=1(b) of £ over b € B is a vector
space over the field K = R or C. As usual, C°°(B) stands for the ring of all smooth
K-valued functions on B, and C*°(§) denotes the set of all smooth sections of £
(which is a module over C*°(B)). Throughout the paper it is always assumed that
the manifolds, vector bundles, functions and sections of bundles are smooth (C).

Let I(B) be the ideal of the ring C°°(B) consisting of all functions f € C*°(B)
that vanish at the point b € B:

I,(B) = {f € C=(B) : f(b)=0}C C™(B).
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Let IF(B) stand for the ideal of the ring C°°(B) consisting of all functions on B
that can be represented as a product of k functions from I,(B).

Let ZF(B) stand for the subspace of C>(£) consisting of all sections of £ that
can be represented as products of a function from Il’fH(B) and a section of ¢:

Zf(f) ={YelC>®¢ :¢=f K, where f EIlerl(B)7 keC™(&)}.

Clearly, all partial derivatives of ¢ € ZF(¢) (with respect to the coordinates in the
base B) up to order k vanish at b.

For each b € B define J*(€), := C°°(£)/ZF (€), and let J*(1), be the image of
1) under the canonical projection C> (&) — J*(&)p : ¥+ J*(¢)p. The k-jet J*(3)
of the section 1 € C(€) is defined by J*(¢)(b) := J*(1), for any b € B. The
k-jet J*(1), is the coordinate-free concept for the section (“the field”) v and its
derivatives up to order k at b.

Let J*(¢) stand for the disjoint union [],. 5 J*(£), endowed with the natural
vector bundle structure. In more detail, this means the following. Let (z#,2%) be
local coordinates in &, where p = 1,...,n (with n = dimB), a = 1,...,rank &
(rank & is the dimension of the standard fiber of §). They generate local coordinates
in the jet bundle J*(¢),

(xu’za’zzwzzmw"'vzgl---uk) ? { . (3)

a=1,...,dim¢,
so that the coordinates of J*(v))(b) are

(FOB) =) =

o ; m(b) . (4)
The transition functions gluing J*(¢) come from the standard formulae for trans-
formation of partial derivatives under a change of variables. From the definition,
JO(¢) = £ The number of partial derivatives of order i of each component ¥ is
equal to ("Jrf*l)
repetition allowed, out of n distinct objects. The dimension of the fibers of the
vector bundle J*(¢) is, therefore,

, which is the number of unordered selections of ¢ objects, with

k )
rankJ’%f)—Z(n—'_;_l) rank £ = (n—]:k> rank £ . (5)

i=0
For integers k and [ satisfying k& > 1 > 0, let
LR = ) (6)

stand for the natural projections (“cutting oft” all derivatives of order [ +1,...,k).
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2.2. Differential operators and their symbols
2.2.1. Notations and natural isomorphisms

We start by introducing some useful notations. Let F be a subfield of the field K
(where K = R or C), and B be a real finite dimensional manifold. Let v be an
F-vector bundle over B, and ¢ be a K-vector bundle over B.

A vector bundle morphism F' from v to ¢ over the identity in B is a mapping
from v to ¢ whose restriction F[,, to a fiber v, is an F-linear mapping from -,
to ¢p. Denote by Hom (v, () the set of all such morphisms; Hom (v, ¢) is naturally
endowed with a structure of a K-vector space. In Sections 2-3 — before we consider
the action of a Lie group on the vector bundles — all vector bundle morphisms (and,
more generally, all fiber-preserving mappings) are over the identity in B.

Let L(7,¢) be the K-vector bundle over B whose fiber L(v,(), over b € B
consists of all F-linear mappings from v, to (. Let L (v, () stand for the K-vector
bundle over B with L*(v, (), equal to the set of all k-linear (with respect to F)
mappings from 7, to (;. Denote by L¥ (v, ¢) the subbundle of L* (v, ¢) with L*(v, ()
defined as the set of all symmetric k-linear (with respect to F) mappings from ~;
to Cb-

Each fiber-preserving mapping F : v — ¢ over the identity in B (in particular,
each vector bundle morphism F € Hom (v, ()) induces a mapping F, between the
sections of v and ¢ defined by

F,:C®() =2 C®():¢— Fup:=Fou. (7)

Let v* stand for the vector bundle dual to 7, i.e., each fiber (v*); is the dual
to the F-vector space 5. Denote by C(v* & () the set of all F-linear mappings
from v* to ¢ over the identity in B; clearly, C*°(v* ® () is a K-vector space. If
F € Hom (v,(), the mapping F, from (7) can be considered as an element of
C*(v* ® (), and we obtain that the three K-vector bundles introduced above are
naturally isomorphic:

Hom (7,¢) = C*(y" @ ¢) = C™(L(7,()) - (8)

2.2.2. A differential operator and its total symbol

Let £ and n be K-vector bundles over a common base B. A differential operator
(DO) of order k from £ to n is a mapping D : C*®(§) — C°°(n) such that, for
any b € B, if 91 € C®(£) and 1o € C(£), then J*(¢p1)(b) = J*(1p2)(b) implies
D(41)(b) = D(12)(b). In other words, D (b) depends only on the values of ¢ and
its derivatives up to order k at the point b. The set of all DOs of order k£ from &
to i will be denoted by Diff(£,n). A DO D € Diffx(£,n) can be identified with a
fiber-preserving mapping D from J k(€) to n over the identity in B: in the notations

of (7),
D=D,J". 9)
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The mapping D is called the total symbol of the DO D.

A DO D € Diffg(§,n) is said to be linear if it is a K-linear mapping. Let
LDiffy (&, n) stand for the subset of Diff,(¢,7) that consists of all linear DOs. It is
clear from the definition that J* € LDiffy (¢, J’“(E)l. A linear DO D € LDiff(¢,7n)

can be identified with a vector bundle morphism D € Hom (J*(¢),n) through (9).
Using (8), we can write the following natural isomorphisms:

LDiffy(¢,7) 2 Hom (J*(€), 1) = C%(J*(€)" @n) = C=(L(J*(€),n)) .  (10)

2.3. Prolongation of a DO and formal integrability

One can differentiate simultaneously both sides of a differential equation D1 = ¢.
In a coordinate-free language, the result of differentiating of a DO is called its
prolongation. We will define this concept only for linear DOs (which is the only
case that we will use in this paper).

Let D = D,J* € LDiffx(£, ) be a lincar DO, and D € Hom (J*(£),n) be its
total symbol. The I-th prolongation of D is a linear DO P!(D) € LDiff;, (&, J'(n))
is such that the following diagram commutes:

—

PY(D),

Ce(J*H(€)) C(J'(n))
ch+l} % w]l (11)
C>(€) P > (n)

—_~—

The total symbol, P{(D) € Hom (J**!(£), J'(n)), of PY(D) is the only linear fiber-

preserving mapping such that P'(D) = P!(D), J**! (in the notations of (7)).
For D € LDiff, (&, n), we set

—_~—

RM! .= ker PY(D) , (12)

which in general is a family of linear subspaces of the vector bundle J¥*+(¢).
A linear DO D € LDiff, (&, n) is said to be formally integrable if for each | > 0
the following conditions are satisfied:

(a) (“regularity”, “constancy of rank”) R*! is a vector subbundle of J&*!(¢);
(b) (“existence of formal solutions”) the natural projection mF+i+1Fk+l
RFIH1 5 RFUis an epimorphism (i.e., a surjective linear mapping).

For a formally integrable DO D € LDiffy(¢,7), the subbundle R0 C J*(¢) is
called its equation.

Remark 1. Clearly, if a DO is formally integrable, all its prolongations are also
formally integrable DOs.

The formal integrability is crucially important for the dimensional reduction of
invariant DOs considered in Sect. 4. Condition (b) from the definition of formal
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integrability deserves some discussion. Let D € LDiff(£,n) and v € C*(§). By
differentiating the equation D1 = 0, we obtain the equation P'(D)y = 0 of order
(k +1). In general, it may happen that the equation P'(D)y = 0 contains some
condition only on derivatives of order < (k+ [ — 1) that was not contained in the
prolongation P!=!(D)y = 0. If this is the case, then one can never be sure that all
the conditions on the partial derivatives of some order are obtained by any finite
number of prolongations. Condition (b) of the definition of formal integrability
guarantees that this cannot happen for a formally integrable DO. The example
below clarifies this important point.

Example 2. Here is an example of a DO that is not formally integrable, suggested
in the classic work of Janet [4, pp. 76-77] and discussed in [5, Introduction] and
[6, pp. 97-98]. Let ¢ and n be globally trivial vector bundles over the manifold
B = {(a',22,2%) : 22 > 1} C R?® with standard fibers R and R?, respectively.
(The condition 22 > 1 is not essential for this example, but it will be convenient in
the example in Sect. 3.3.3, where the results of this example are used.) Let the DO

. 811 - :L‘2(933
M € LDiff3(€,n) be defined as M := 5
22

732 0 B2 — R?Y is an epimorphism, i.e., that the equation P*(M)(¢)) = 0 does
not impose any additional conditions on the first and second derivatives that were
not present in the equation M1t = 0. The second prolongation, however, contains
the condition Os331) = 0, which was not present in R%>! — to see this, differentiate
the first component of M1 = 0 twice with respect to z2, then note that the second

) . Then one can easily check that

component of My = 0 (i.e., the equation 9a2t) = 0) implies that d1122¢) = 0 and
022331 = 0. In formal language, this means that the projection 743 : R?2? — R?!
is not an epimorphism. The differential equation My = 0 is not difficult to solve
explicitly, and its solution can be shown to be contain only 12 arbitrary constants,
namely,

W(at, 22, 2%) = anz! [(xl)sz + ($3)2] 2 + as [3@1)2%2 + (x3)2] 23
+ agz'a®a® + aya’ [(2')?2® 4 3(2°)?]
+as [(2")?2% + (2°)?] + ez’ 2 + arz'2® + aga®a2?
+ OLgIl + a10z2 + a11x3 + a2 .
This happens because there are infinitely many conditions that the higher prolon-
gations of M1 = 0 imply on the lower-order derivatives (like the condition on 9112t

given above), which results in a general solution depending only on a finite number
of parameters instead of depending on arbitrary functions.

2.4. Involutivity and formal integrability

A collection of vector fields on a manifold can be considered as a linear first or-
der DO acting on the smooth scalar-valued functions defined on the manifold. It
turns out that this DO is formally integrable exactly when the collection of vector
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fields is involutive. Since involutivity is a well-known property, below we give some
motivating examples and state and prove a theorem clarifying this relation. The
result is not needed for understanding the rest of the paper and is included here
only to clarify the complicated concept of formal integrability of DOs. It is inter-
esting to note, however, that Theorem 3 below is a particular case of Theorem 14
in Sect. 4.3.5 which establishes the formal integrability of the Lie derivative (66)
of an action of a Lie group G on a vector bundle (because the fundamental vector
fields (68) of the action G on B are in involution — see Remark 16).

We start with two motivating examples. Let £ and n be globally trivial vector
bundles over the manifold B = {(x!,22,23) : 2! > 0} C R® with standard fibers

X
R and R?, respectively. Let X and Y be vector fields on B, and M := <Y> €

LDiff; (£, n). Consider the following two cases:

o If X =0, and Y = 2'0; + 03 + 05, then one can easily check that the
general solution of the equation M1y = 0 (i.e., of the system d1¢ = 0,
(2101 + 09+ 03) = 0) is Y(at, 22, 23) = g(2? —23), where g is an arbitrary
differentiable function of one variable. Note that in this case [X,Y] =X €
span {X,Y}.

o If X = 0, Y = 0y + x'03, then the general solution of M1 = 0 is
Y(xt, 22, 23) = const. Note that in this case [X,Y] = 05 ¢ span {X,Y}.

The reason for the fact that in the latter case the general solution had smaller
amount of “arbitrariness” (only one arbitrary constant instead of one arbitrary
function of one variable) is due to the fact that the collection of vector fields {X, Y}
was not involutive. The involutivity of a set of vector fields is closely related to the
formal integrability of the DO these vector fields define. We address this connection
in the theorem below.

Theorem 3. Let B be a real n-dimensional manifold, and (z*) be some local co-
ordinates. Let ¢ = (B x K, 7, B), n = (B x K% 71, B) be vector bundles over B,
where K is some field. Let X, (a=1,...,d) be vector fields on B that are linearly
independent at each point, and the DO D € LDiff1(&,7n) be defined as

X1(b)" 0,9 (b)
D(4)(b) = 5 , el (13)
Xa(b)" 0,1 (b)

Then D is formally integrable if and only if the collection of wvector fields
{Xa}2_, is involutive.

Proof. The local coordinates (z*, z) in £ and (z*, w®) in ) generate local jet bundle
coordinates (z*, 2, z,) in J'(€), (2#, 2, 2, z) in J?(E), and (z#, w®, w) in J'(n)
(recall (3)). Let b = («*) € B be an arbitrary point.
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The total symbols of D and its first prolongation are respectively

D:JYE) = (2t 2,2,) = (@, 0" with w® = X,(b)"2, ,

and

PLD) : (€)= T )+ (0, 2 2 20) > (2, 0 )
with w* = X, (b)#z,, wl = 0,Xq(b)"z, + Xa(0)" 2. Let ng’l be the fiber over
b € B of RF! C JFH(¢) (defined in (12)), and w*+bk o Je+(£) — J*(€) be the
canonical projections (6). In these notations,

(", z,2,) € R;’O —= X, (b)Fz,=0 (14)
Xo(b)Hz, =0
(@, 2,2, 2p0) € R;’l — ()", (15)
0y, Xa(b)# 2, + Xa(b)H 20, =0

(it is understood that the conditions in the right-hand side hold for all a = 1,...,d
andv=1,...,n).

Multiplying 0, X,(b)*z, + Xa(b)*2zu, = 0 by X (b)”, and 0, X.(b)"z, +
X (b)#2z,, = 0 by Xq(b)” yields the system

Xc(0)" 0, Xa(b)! 2, + Xo(0)" Xa(b) 2, =0

Xa(0)" 0, Xc (D)2, + Xa(b)" X (b)H 2, =0 .
Subtracting the first equation from the second, we obtain (X, X.](b)*z, = 0,
where [X,, X ] (b)* is the pth component of the commutator of X, and X, at b.
This implies that

(¢, 2,2,) € T (RyT) =

{Xa(b)“zu =0 16)

[Xo, X] (D)2, =0 Ve=1,...,d

Assume that the DO D (13) is formally integrable. Then 72! : RUI — RO
is an epimorphism, so from (14) and (16) we obtain that X,(b)"*z, = 0 implies
[Xa, Xc] (b)#2, =0 for any ¢ =1,...,d. Since this holds for every point b € B, the
formal integrability of D implies the involutivity of the collection of vector fields
{Xa}gzl'

Conversely, assume that { X, }%_; is involutive. Then, by the Frobenius Theorem
(see, e.g., [6, Sect. 2.4]), it is possible to choose local coordinates (z*) in B such
that

0 0
sSpan {le"' ,Xd} = span {W,,axn} .
In these coordinates, the equation Dy = 0 where D is defined in (13) is equivalent
to the system
o _ o _ oy _

axn_d+1—0, 8$n—d+270’ o 3mn*0’
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hence the equations determining R become

R = {25 =0} ;

RV = {z3=0, 25, =0} ;

RY? = {23=0, 253,=0, 25,, =0};

RS = {#23=0, 25,=0, 25,, =0, 25,,, =0} ;

etc.; here u, v, p, ... take values from 1 to d, while 3 = n —d + 1,...,n. This
makes it obvious that all projections w!+2!+1 . RLIFHL » RLI | = 0,1,2,... are
epimorphisms, i.e., D is formally integrable. O

The interested reader can find more about the relation between involutivity and
formal integrability in [6, Ch. 4] and [7, Chapters IX and X].

3. Restriction of a DO to a submanifold

Let € and n be vector bundles over the manifold B. Let C' C B be a submanifold of
B and i : C < B be the natural embedding. We will denote by ¢ or, equivalently,
by &]¢, the bundle i*¢ induced by i. In other words, {o = £]c= (E', 7', C') where
E':=771(C), 7 is the restriction of 7 to E’, and the fiber (). = (7/) () of &6
over a point ¢ € C is the same as £. = 7 1(c).

In this section we will discuss the problems that occur in attempting to restrict
a DO D € Diff(¢,n) to a DO D¢ = Dl¢€ Diffy(€c,nc) (in general, k' may not
be equal to k). These problems are central in the process of dimensional reduction
of invariant DOs which is considered in Sect. 4, so below we consider them in detail.

In what follows we adopt the following definition. We say that two linear sub-

spaces, L1 and Lo, of the the linear space L are transversal and write L = L1 & Lo
if

e they are complementary in the sense of linear algebra, i.e., each v € L can
be decomposed as v = vy + vo with v; € Ly, vg € Lo;
e they intersect trivially: Ly N Ly = {0}.

We say that two submanifolds B; and Bs of the manifold B intersect transversely
at b € BN By if T,B = Ty, B1 & Ty B>. We say that two subbundles & and & of the
vector bundle ¢ are transversal and write £ = & @ & if & = (£1)p D (&2)p for each
b in the base of .

3.1. Set-up and notations

Let U be a submanifold of the common base B of § and n, and &5 = {[5 and g
be the corresponding restrictions. If D € Diff(&,n), then in general the natural
embedding ¢ : U < B does not provide us with enough information in order to
construct a restricted DO Dg. Indeed, let dim U = n, and assume that the local
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coordinates (z!,...,2™) in B are adapted to U in the sense that
U={z"t"=...=2" =0} ; (17)
in these coordinates, the natural embedding i : U< Bis given by
i((z',...,2")) = (z',...,2",0,...,0) .

We will call (z1,...,2") internal for U and (2™,... z") external for U coordi-
nates. Let ¢ € C*°(&) and

Vi = plgi=1poi e CF(&y) (18)

be the restriction of its domain to U. After we restrict the domain of 1 to (7, we
lose all information about the dependence of i on the external for U coordinates,
hence D(wﬁ) cannot be computed if D contains partial derivatives with respect to
the external coordinates.

Because of the bijective correspondence (9) between the DOs from Diffy (€, n)
and their total symbols, we will concentrate to the problem of restricting the domain
of a jet of a section 1 € C°(&). Taking the jet of a section does not “commute” with
restricting the domain of the section. If we first find the k-jet J*(¢)) of the section
P € C(€), and then restrict J*(1) to U, we obtain JE(W) g = TH(W) 5= J* () od,
which is a section of J*(¢);. For any b € U, J¥(¥)5(b) (which is the same as

1

J*(1)(b)) contains derivatives with respect to all coordinates x!,..., 2™, namely

(@50 s,y = O™ (0) {

part a=1,...,rank &

(in the notations introduced in (4)).

On the other hand, if we first restrict ¢ to U and after that compute the kth
jet of the restriction 17 (18), the result, J§(¢5)7 is a section of Jg(fﬁ). Here
we introduced the notations Jg(ﬁﬁ) and Jg € LDiff (&5, J*(£5)), which simply
mean that we work with the sections of the restricted bundle {5 (as in (18)). For

any b € U, Jg(i/)ﬁ)(b) contains only derivatives with respect to the internal for U

coordinates z!,...,z™:

(TEW D). = Oy () { T (19)

a=1,...,rank¢ .
The dimensions of the fibers of J*(£); and Jg(fﬁ) are

n+k

rank J*(&)5 = < s

> rank  , rank Jg(fﬁ) = (ﬁ —I: k) rank§ . (20)

Denote by j* : J*(&)5 — Jg(ﬁg) the natural projection given by “cutting off”

all non-internal for U derivatives, i.e., derivatives containing at least one external
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for U partial derivative. In a coordinate-free language, for any b € U , the map 7"
is given by

(T W) 1) = TE W) 0) (21)
As usual, let
JE= (G5 ORI ) = CFUE ) T W)g = JEwg)  (22)

be the map between the sections that is induced by j* (as in (7)).

3.2. Internal for U DOs and their restriction to U

There is a situation in which the restriction of a DO D € Diff (£, 7) to Uis naturally
and uniquely determined by the embedding 7 : U — B. This happens when, for an
arbitrary ¢ € C*°(€), the section Dy € C'*°(n) evaluated at the points of U (which,
in formal notation, is (Dv)[z= (D) oi) contains only differentiations with respect
to internal for U coordinates. In this case the DO D is said to be internal (for U ).

Let D = D,J* € Diff(¢,7) be internal for U, and b € U. Then (Dv)(b) does
not contain any non-internal for U derivatives, i.e., derivatives (Jk(w)ﬁ(b»;wm =
Opy--p; (D) for which at least one of the indices 1, . . ., p; exceeds n. Clearly, in this
case (D) (b) can be expressed only in terms of the coordinates (Jg(wﬁ)(b))zpm
of the k-jet Jg(wﬁ)(b) of the restricted section 17 (see (19)). Therefore, for an

internal for U DO D, we can define the restricted to U DO Dg € Diffg ({5, n5) as
follows: given a section p € C*°({5), we can think of it as a restriction ¢ =1 o
of a section ¢ € C*°(§) to U, and then set

(Dgp)(b) = (Dy)(b) ,  bel. (23)

Since D is internal for U, (Dt)(b) does not contain non-internal for U derivatives,
so that the arbitrariness in the choice of ¢ € C°°(£) such that ¢ = p is immaterial.
Since differentiation is a local operation, the section ¥ does not need to be defined
on B, but only on an open subset of B that contains U. Clearly, if D is internal for
17, then the order of the restricted to U DO Dz is the same as the order of D.

In terms of the map j* from (21), for an internal for U DO D we can naturally
define the total symbol 55 of the restricted DO Dy by

Dl = Dgoj* | (24)

where D[5: J*(€)5 — ng is the restriction of the total symbol D : J*(€) — n of D
to the submanifold U. In other words, D is defined so that the diagram

-k

Co(JH(©)g) —=— C™(JE(&))
(5Fﬁ)*l — (25)
(
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be commutative.

To show that the definitions (23) and (24) are consistent for an internal for U
DO D € Diffi(¢, ), we derive (23) from the definition (21), (22) of the map j* and
the definition (24) of fD;: if p € C°({) and ¢ € C™(§) is such that p = v, then

Dgp = (Dg),JE(vg) = (D), i (J*()g)
= (Dg o "), (J*W)g) = (DIg), (J*(¥)p) (26)
= (D, J* W) = (DY) -

3.3. Restriction of a non-internal DO
3.3.1. Natural geometric objects in the problem

To restrict to U a DO that is not internal for (7, one needs information that does
not come from the natural embedding i : U — B. A natural geometric object that
plays a crucial role is the subbundle I(% of Jk(f)ﬁ consisting of the k-jets of all

vanishing on U sections of &, i.e., whose fiber over an arbitrary point b € U is

(I2)y = {T* (W) () : ¥ € OF(&) s.t. poi=0} C (J*(E)z)s - (27)
Let
1 < ) (25)
stand for the natural embedding; for brevity, we write I l’i] instead of ik(lg).

Let (x',...,2™) and (2™ ... 2™) be respectively the internal and the external
for U local coordinates in B (recall (17)). For the partial derivatives of a section
of &, we recall the terminology used in Sect. 3.1 and 3.2: internal derivatives are
those that contain only differentiations with respect to the internal coordinates;
all other derivatives are non-internal; by definition, the zeroth derivative (i.e., the
section itself) is internal. In jet bundle coordinates (3) in J*(£), the internal jet
bundle coordinates in Jk(f)ﬁ are ¢ and those zj; ..., for which py < Ty ooy g <10,
.u; for which at least one of the u’s is strictly
greater than 7. According to (20), the number of internal coordinates in J*(£); is
(ﬁ:k) rank &, while number of the non-internal ones is [(":k) - (ﬁ}:k)] rank &.

To simplify the notations, we temporarily write “int” for the set of all internal
coordinates in J* (§)g, and “non-int” for the set of all non-internal ones. Then I g
consists of those elements of J*(¢) 7 all internal jet bundle coordinates of which

while the non-internal ones are zzl,,

are zero, while the non-internal ones are arbitrary; symbolically this can be written
as I[E] = {(int = 0,non-int)}. The natural projection j* eq:jk-explicit-expression
maps the element (int, non-int) € J*(£)5 to (int) € Jg(fﬁ), preserving the values
of all the internal jet bundle coordinates (i.e., j* simply “cuts off” all non-internal
coordinates). Obviously, j* o i* = 0, so that we obtain the following short exact
sequence:

0 — {(int = 0, non-int)} N {(int, non-int)} ]—k> {(int)} — 0. (29)
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In coordinate-free notations, the short exact sequence (29) can be written as the
horizontal short exact sequence in the diagram

B’ o qkie 7 ke
0 IE T PO T T — 0.

mﬁl - (30)

Dy
o
in which we have also shown the maps from (24), as well as the maps II¥ and ©*
which will be discussed below.

3.3.2. Geometry of the restriction of a non-internal DO

In the geometric language introduced abolze, the gist of the problem of restricting
a DO D € Diffx(¢,n) to a submanifold U of the base B is that while J*(&)5 is
isomorphic to the direct sum Ig @ Jg(fﬁ), the bundle Jg(@;) is not naturally

embedded in Jk(f)ﬁ. One way to define the total symbol b; of the restricted DO
Dg is to choose a splitting of the short exact sequence in (30), i.e., a vector bundle
morphism ¥* € Hom (Jg(fﬁ), J*(€)5) over the identity in U that satisfies

-k k _
FFosF =Tdy(e,) - (31)

Equivalently, we can choose a vector bundle morphism IT* € Hom (J* (&), I [’%) over
the identity in U such that

I o i* = I . ker IT* = S*(JE(&5)) - (32)

Then the total symbol of D is given by

Dg = Dl ok, (33)
as shown in the diagram (30).

Conditions (31) and (32) imposed on X* and IT¥ guarantee that if the DO D is
internal for U, then Dg defined by (33) is the same as its natural restriction to U
(discussed in Sect. 3.2).

We required that the maps X*¥ and II* be vector bundle morphisms for two
reasons. Firstly, this is the case that occurs in dimensional reduction of invariant
DOs considered in Sect. 4. Furthermore, if they are morphisms, the restriction Dy
of a linear DO D will be linear as well. In Remark 7 we consider briefly the more
general case when YF is a nonlinear fiber-preserving map.

Conditions (31) and (32) imply that the maps ¥* and IT* are completely defined
by Ek(Jg(gﬁ)L which is a subbundle of J*(¢); transversal to I(% in J*(&)5:

THEOg = If © X*(JE (&) - (34)

Let us take an arbitrary point b € U and consider in practical terms the meaning
of the splitting J* (&), = (Ig)b ® Ek(Jg(&}))b of the fiber of J*(¢) over b. In the
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notations “int” and “non-int” introduced above, (Ig)b = {(int = 0,non-int)} (recall
the short exact sequence (29)). According to (20), the dimensions of the subspaces
in the splitting are

. n+k n+k .
dlm(Ig)b = [( L ) — < % )] rank & = #{non-int} ,
n+k
dim 3 (JE (&), = (”;‘ > rank € = #{int} .

To define a subspace Zk(.]g(fﬁ))b of dimension #{int} in the linear space J*(¢&); of
dimension dim J*(¢), = #{non-int} +#{int}, we can write a system of #{non-int}
independent linear equations with (#{non-int} + #{int}) unknowns. To make this
explicit, we denote by Zz, for Z = 1,...,#{int}, the set of all internal for U
coordintes in J*(&)y, and by Zy, for N' = #{int} + 1,...,#{int} + #{non-int},
the set of all non-internal coordinates in J*(£). In coordinates (Zz, Zx7), the maps
¥* and II* have the form

P10 (irz) - () Candrez) - @

The matrix M(b) is of size #{non-int} x #{int}. This makes it clear that the set of
all splittings of the horizontal short exact sequence in (30) is an affine space with
a linear group Hom (Jg(fﬁ), I[’«})

The process of restriction of a DO D € Diff;(£,n) to a submanifold U of the
base B is illustrated well by the diagram (36).
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The triangle in the upper left corner of (36) represents the relation (9) between the
DO D and its total symbol D. The dashed arrows with label| 5 are the restrictions of
the domains of the sections of &, J*(¢), and 7 to U, as in (18). The triangle involv-
ing C*(&5), C=(JE(¢p)), and O (1) represents the relation Dy = (Dg), JE
between the desired restricted DO Dg and its total symbol 55 Note that the
vertical arrows between the five rightmost objects in the diagram (36) come from
the horizontal short exact sequence in (30). The triangle involving C°°(J*(£)5),
COO(Jg(fﬁ)), and C* () clarifies the role of the splitting ©* in the construction
of the restricted DO Dy — namely,

Dy = (Dg),Jg = (Dlg) ¥t g - (37)

3.3.3. Defining the splitting of (30) through an auxiliary DO

Thanks to (31), (32), the splitting of the horizontal short exact sequence in (30)
is defined completely by specifying a subbundle of J* (§)g transversal to I [’% (re-
call (34)). Such a subbundle can sometimes be defined through an auxiliary linear
DO M € LDiffi(¢,n). If ]T]Fﬁe Hom (J*(§)5,mg) is the restriction to U of the

total symbol of M, then it may turn out that its kernel, ker (M[ﬁ) C Jk ), isa

subbundle transversal to Ig in J*(£)5. In this case we can set
Zk(J[%(fﬁ)) = ker IT¥ := ker(MFﬁ) . (38)

In the light of the discussion before (36), equation (38) means that we can
express all non-internal jet bundle coordinates in terms of the internal jet bundle
coordinates from the equation (M))(b) = 0, where b is an arbitrary point in U.
Having expressed all non-internal derivatives of ¥ through the internal derivatives
of ¢, we substitute them in (Dv)[7, and the result is D715z — an expression that
contains only internal for U derivatives of the restricted section Yy € C®(&p).
From Dgvg we can read off the desired restricted DO Dg € Diffg ({5, n5)-

To define the splitting (34), one can sometimes use a linear DO of order lower
that k. Let m < k, and M € LDiff,,(£,n). Then the (kK — m)th prolongation
Pk=m(M) of M is a DO of order k, and one can hope that the restriction to U of

its total symbol P+~ (M) can be used to define E’“(Jg(fﬁ)), similarly to (38):
SF(JE(¢5)) = ker IT¥ := ker [(Pk—m(M)) rﬁ] . (39)

While, in principle, it is possible to use an auxiliary linear DO M to define the
splitting as in (38) or (39), finding such a DO may not be easy for several reasons.

e First of all, on what ground will one use certain DO M and not another one?
In general, one can use some DO M if this would guarantee that certain
properties are preserved. A fundamental example of this is the process of
dimensional reduction of a DO invariant with respect to the action of a Lie
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group, in which case the needed auxiliary DO is the Lie derivative — see
Sect. 4.

e A second problem is how to choose M so that the right-hand side of (38) or
(39) indeed defines a subspace E"'(Jg (§7)) transversal to I[E] in J*(&)5 as
in (34). Taking care of this transversality requirement is highly non-trivial.
For an example of finding such an auxiliary DO see Sect. 6 of our paper [2].

e Last but not least, the auxiliary DO must be formally integrable — other-
wise, unexpected complications may occur, as illustrated in the Example 5
below.

Example 4. This is a simple example of restriction of a DO; we will use this
example to discuss other issues in Examples 12 and 17.

Let £ =n = (E,m,B) := (R% x R, m,R2) be the trivial line bundles over the
upper half-plane R? := {(z',2?) : ' € R,z* > 0}, and ﬂ((ml,xQ),z) = (zt, 2?).
Let D € Diff5(£,n) be the Laplacian: D = 011 + 022. The goal here is to restrict
D to the straight line U := {22 = 1} C R% ; we parameterize this line by the first
coordinate of its points, considering U as a copy of R: i : U< R? : 7 — (7,1).
The restriction to U of a section ¢ € C*(£) is given by Yy € C™(&5), where
VY5(T) ==Y oig(x) = (Z,1). We choose the auxiliary DO M € LDiff»(£, ) to be
defined by M1 := 210,19 4+ 220210 — 21); in Example 12 it will become clear that M
is formally integrable. We will use the first prolongation of M as a splitting relation.
The first prolongation of M is

2019 + 2% — 20 =0,
'Oy + 1701 — O =0, (40)
2 0199 + 22 0001h — Dot = 0 .
Expressing 921, 0121, and 0529 from this system, and setting (1, 22) = (7,1), we
obtain the splitting relations on U:
Dotp(,1) = —x 019 (7, 1) + 2¢(7, 1) ,
O2(7,1) = =2 0nyp(z, 1) + (T, 1) ,
Dooth(T, 1) = T2 On1ep(T, 1) — 2T 019(T, 1) + 24(7, 1) .
For the restricted to U Laplacian acting on Y5(T) = ¥(7,1), we obtain
(Do) (@) = (1+7°) YE (@) — 2 ¢5(T) +295(@) - (41)

Example 5. This example shows the dangers of using an auxiliary DO M that
is not formally integrable. We use the same notations as in Example 2 for B,

L 611 - .132(933 . L a233 .
& m, and M = ( Ono ) € LDiffy(¢,n). Let D := ( 0 ) € Diffs(¢,n),
U= {2® = 1} C B. Assume that we want to restrict D to U by using a splitting of
the horizontal short exact sequence in (30) that comes from M as an auxiliary DO.
The kernel of the first prolongation P*(M) restricted to U — in other words, the
solution of the equation P'(M)(1)[z= 0 - contains the equations 011 —220331) = 0
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and 0110% — 2203310 — 033190 = 0, from which we can express the non-internal
derivative in D as
Dasst) = (D12t — Dugh) = = Dh1zth — —— O |
22 2 (22)2

Therefore, if one uses ker P1(M) as 23(J% (§7)) in (38) to define the splitting, then

1 1
~ —0112 — 73720
the restriction of the DO D to U is Dy = (Iz e 0(12)2 11). If g (at,2?) =

(at, 22, 1) is the restricted to U section, then it is easy to show that the general
solution 1 of the restricted equation

1 ) 1 1,2

(D) (atra?) = (xzam%w )= vl e >> (%)
is Y (at,2?) = hy(a!)a® + x'ha(2®) + ha(x?), where hy, ho, and hg are arbitrary
smooth functions of one variable. o

We can, however, treat D as a 4th-order DO and use 24(J%(§[7)) = ker P?2(M) C
J 4(5)5 to define the splitting, i.e., to express the non-internal derivatives in D from
the equation P2(M)(v) 7= 0. As we showed in the example in Sect. 2.3, the second
prolongation of the equation M1 = 0 contains the condition 03310 = 0; clearly,
this condition remains unchanged after restricting it to U. Therefore the restricted

DO for this choice of splitting becomes Dy = (8

of the reduced equation Dﬁwﬁ(xl, x?) = 0 consists of all smooth functions of two
variables.

), so that the general solution

Remark 6. We note that, even if the auxiliary DO M provides a splitting of the
horizontal short exact sequence in the diagram (30) and is formally integrable, the
order of the restricted DO Dy may be greater than the order of the original DO D.
For a concrete example of this phenomenon we refer the reader to [2, Sect. 6].

Remark 7.

One can define the total symbol b\/ﬁ of the restricted DO Dy by choosing a
nonlinear fiber-preserving mapping % : J[E](gﬁ) — J¥(&) over the identity in U
satisfying j*FoX* = IdJk(EU), and defining the total symbol of Dy by Bli] = 5[(7 oxk
(cf. (37)). As before, the condition imposed on %* guarantees that for an internal
for U DO its restriction is the same as its natural restriction to U.

4. Dimensional reduction of invariant DOs

If a Lie group G acts on a vector bundle ¢ through vector bundle morphisms, one
can naturally define an action of G on the sections C*°(§) of £&. We say that a
section 1 € C*°(€) is G-invariant if it does not change under this action. Clearly,
G-invariance is a restrictive condition, so that the set C>°(£)¢ of all G-invariant
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sections is smaller than C*°(¢). To avoid the redundancy in using C°°(¢) when
working only with G-invariant sections, one can construct a reduced vector bundle
¢% such that C>°(£%) is in bijective correspondence with C>(£)%. Let ¢ and 1 be
two vector bundles over the same base B, and let the group G act on both of them,
with the same action on B. Then one can consider the DOs from C*(€) to C*°(n),
and define an action of G on the set Diff(£,n) of order-k DOs. Similarly to the case
of invariant sections, from each invariant DO D € Diff; (&£, 1) one can construct a
reduced DO D¢ € Diff (¢9,n%).

In this section we study this construction in detail. In Sect. 4.1 and 4.2 we
develope the geometric language, following [1, Sect. 2] (where the reader can find
many more details). In Sect. 4.3 we define the action of a Lie group on DOs and give
coordinate realizations of the reduced DOs, in which we use the methodology for
restriction of a DO to a submanifold developed in Sect. 3. We describe the algorithm
for reduction of DOs and give it a detailed theoretical justification. Finally, in
Sect. 4.4 we consider G-reduction of a DO D that is invariant with respect to the
action of two Lie groups, G and K. In this case the G-reduced DO D¢ inherits
some residual invariance with respect to the reduced action of K that comes from
the original action of K on D.

4.1. Group actions; reducible G-vector bundles

Let G be a connected (possibly non-compact) Lie group that acts from the left
on the vector bundle £ = (F,w, B) by vector bundle morphisms. If 7 := (¢,T) is
the action of G on &, wheret : G x B — B and T : G X E — E are respectively
the actions of G on the base B and on the total space F, then this means that
moTly, =tsom for all g € G, and that T}, : & — &, () is a linear isomorphism for
any be B and g € G.

The action 7 of G on ¢ induces a natural action of G on the sections C'*° (&)

of &
gW) =Tyopott, geG, peC(). (42)
A section 1) € C%(€) is said to be G-invariant (or G-equivariant) if g(y)) = 1, i.e.,
W(ty(b)) = Ty((b)) forallge GandbeB. (43)

Let C*°(£)¢ stand for the set of all G-invariant sections of &.
We impose two natural conditions on the action 7 (as in [1, Sect. 2.2]). The
first one concerns the action of G on the base B of the bundle &.

Condition A. All orbits of the action t : G Xx B — B are of the same type, and
these orbits form a locally trivial G-bundle (B, p, B/G), where p : B — B/G 'is the
natural projection.

Remark 8. Several remarks are in order.
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e The manifold B/G does not have a canonical realization, so that one of
our tasks below will be to give a concrete realization of it.

e The Slice Theorem [8, Sect. 4.4] guarantees that Condition A is satisfied
whenever G is compact.

e According to the Principal Orbits Theorem [8, Theorem 4.27], if G is com-
pact and B/G is connected, then there exists a maximum orbit type, G/H,
in B (where H is a closed subgroup of G) such that the union of all orbits
of type G/H (called principal orbits) is open and dense in B.

o For a detailed discussion of Condition A see [1, Sect. 2.2.1].

Condition B from [1, Sect. 2.2.2] is a technically complicated requirement on
the action T" of G on the total E space of £. Instead of stating it in full generality,
we formulate a simplified condition which is enough for our purposes. To state this
simplified condition (called Condition B’ below), we give the following definitions.

For b € B, let G, := {g € G : t4(b) = b} C G stand for the stationary (or
isotropy) group of b with respect to the action ¢ of G on B. Clearly, T': Gy X & — &
is a linear representation of the stationary group Gy in the linear space &;,. Define
the stationary subspace of &, (with respect to the representation T' of Gj) as

st ={ue&  Ty(u)=u YgeGr} C& . (44)

Condition B'. The family of vector spaces st&, C & form a smooth vector sub-
bundle of £ which we denote by st& and call the stationary subbundle of £ (with
respect to the action T = (t,T) of G on &).

The stationary subbundles are sometimes called kinematic bundles [9,10].
We say that the vector bundle & with action 7 of G on it is a reducible G-vector
bundle if the action T of G on & satisfies Conditions A and B'.

4.2. Reduced vector bundles

Let £ be a reducible G-vector bundle, i.e., the action T = (¢,T') satisfies Conditions
A and B’. Here we will construct the reduced vector bundle €& such that there is a
natural bijective correspondence

0:C®(E%) = C®()C (45)

between all sections of ¢ and all G-invariant sections of &. Moreover, the con-
struction will make it clear that 6 is a homomorphism from the C*°(B/G)-module
C>®(£9) to the C*°(B)%-module C>= (&)Y (cf. [1, Remark 2.10]).

We start by constructing a concrete realization of the set B/G of all orbits of
the action ¢ of G on B; B/G is the base of the reduced bundle £%. Let {ﬁa}aed be
a collection of submanifolds of B that intersect transversely the orbits of the action
t of G on B (recall the definition of transverse intersection from the beginning of
Sect. 3). We require that each G-orbit in B intersects at least one ﬁa, and that the
intersection occurs at a single point. In Figure 1 the orbits of the action ¢ of G on
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B are drawn with dashed lines, and two transverse to them submanifolds, ZNIQ and
Ug, are shown with solid lines. Let U, g C U, be the set of those points b € U, for

Fig. 1. On the construction of a coordinate realization of the base B/G of £C.

which the orbit through b, O := {t4(b) : g € G}, intersects the submanifold Us:
Usp:={beU,: OyNUsz £0} C U, ; (46)

the submanifolds ﬁa, g and U, 8,0 C U, s are drawn with thick solid lines. The natural
mappings (73’0( — ﬁa,g that take any b € (73’0( to the point O, N U, € ﬁa’ﬁ
“glue” the manifold B/G from the collection {ﬁa}ae - The advantage of using
this construction is that the abstract manifold B/G is realized locally as a concrete
submanifold (7,1 of B.

To construct the total space of the reduced bundle £, first note that if 1) €
C> (€)Y is a G-invariant section of &, then (43) and (44) imply that the value 1 (b)
belongs to the stationary subspace st&,: if g € Gy, then t,(b) = b, hence (43)
becomes 1(b) = T,(1)(b)). Therefore, we can consider C°°(£)% locally as a subset of
C>=(st&). For any a € <7, we define the local realization &, of €& as the restriction
of (the base of) st £ to the submanifold Uy:

o= stf[ﬁa . (47)

To “glue” EG from its local coordinate realizations {£, }ocor, we define the restric-
tion

o, 1= garf]aﬁ (: Stéfﬁaﬁ) (48)

of &4 to Uap (46). For each o, € o with U, g # 0, one can define a natural
isomorphism ¢ag : {g,a — £a,p as follows: let b € Ugqa, and g € G be such that
ty(b) € Uqa,g, then for e € (£3,0)p = (st &)y,

bap(e) :=Ty(e) € Cap ; (49)
for more details, see [1, Eqns. (2.19)—(2.24)].
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Now we can write the correspondence 6 from (45) explicitly. A section ¢¢ €
C>(£%) of the reduced vector bundle ¢¢ is realized as a collection {4 }aecey Of
sections 1, € C*(,) satisfying the compatibility conditions

o = dap 03 whenever (7&’5 #0. (50)

The G-invariant section ¢ = 0(¢%) € C*(£)% can be constructed by extending
the values of the coordinate realizations v, from U, to B by G-invariance; the
compatibility conditions (50) guarantee the consistency of this procedure. Explic-
itly, ¥(b) for an arbitrary b € B is constructed as follows. Let a € & be such an
index that the orbit O of ¢ through b has a non-empty intersection with U’a; let
Oy MUy = {ba}. Let g € G be such that tg(bo) = b, then

»(b) =Ty oo oty (b) = Ty o pa(ba) - (51)

One can show that (b) does not depend of the arbitrariness in the choices of «
and g.

Conversely, a G-invariant section ¢ € C°°(£)¢ naturally belongs to C°°(st €)%
and, hence, determines uniquely sections 1, € C*°(£,) by restriction of the domain
of ¥ to lj'a:

Vo i=Ylg, € C¥(stelp,) = CF(%) . a€s. (52)

The family {1q }ace thus constructed satisfies the compatibility conditions (50)
and, therefore, determines a section ¢ = §71(z)) € C>(£%).

4.3. Invariant DOs and their reduction
4.3.1. Lie group action on a DO; invariant DO; reduced DO

Let £ and n be reducible G-vector bundles over B with the same action ¢ of G on
the common base B, and let 7¢ = (t,7¢) and 7" = (¢,7") be the actions of G on
the corresponding bundles. The actions of g € G on C*°(§) and C*°(n),

G C%(€) = C®() i F(¥) = TSonpot;

- (53)
g":C®(n) = C®(n) : x = g"(x) == TJoxot,",
define an action of g on Diff (£, 7n):
g : Diffy(&, 1) — Diff(¢,m) : D+ g(D) := g"o Do (¢°)"" . (54)
We say that a DO D € Diff;(¢,n) is G-invariant if g(D) = D, i.e.,
g"oD=Dog", forall g € G . (55)

Let Diff;,(&,7)¢ stand for the set of all G-invariant order-k DOs from ¢ to 7.
If ¢ € C(€)% is a G-invariant section of £ and D € Diff(¢,7), then D is a
G-invariant section of 7 — indeed, (55) yields g"7(D) = D(g%(¢))) = D). Let

05 C(E%) = C=()°,  0m:C™(n%) = ()¢ (56)
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be the two bijections (45) for & and 7, respectively. Then each G-invariant DO
D € Diff(&,1)¢ maps C= (€)Y to C>(n)¢ and, therefore, generates a reduced DO

DY = (M toDob* : C(Y) - C®(n%) (57)
between the sections of the reduced bundles £& and 7.

Remark 9. If 1) € C®(£)€, then ¢ € C®(st €)Y (see the text before (47)). Thus,
the above reasoning implies that D € Diff;(&,7)¢
DO in Diff(st &, st n)<.

can be naturally considered as a

4.3.2. Coordinate realizations of the reduced DO

To describe explicitly the reduced DO D¢ € Diff,(¢%,7%), we use the coordinate
realizations, {€4}acw and {Na }acw, of the reduced bundles ¢& and n“ constructed
as in Sect. 4.2.

Namely, we choose a family {ﬁa}ae;z{ of submanifolds of B transversal to the
orbits of the action ¢ of G on B; we use the same family for ¢ and for n“. The
coordinate realizations &, = st{fﬁa and 1, = stn[ﬁa are constructed as in (47).
The transition isomorphisms qbiﬁ €80 = g and Ol 1 Nga = Nap (recall (48)
and (49)) glue the reduced bundles ¢ and n“ from their coordinate realizations
{6} acr and {1 }acwr- A section & € O (£9) is realized as a collection {1 }ac o
of sections ¥, € C®(&,); the corresponding G-invariant section 1 = 65(1)¢) €
C> (€)% is given by (51).

Now we describe the coordinate realization of the reduced DO D¢ €
Diff (¢, 1n%) corresponding to a G-invariant DO D € Diff(¢,1)¢. Since v €
C*(€9) is realized as a family of sections of &, = st [ , the reduced DO DY can
be defined as a family {Dg }acor of DOs

D, € Diffy(§a,na) = Diffe(st{l5 ,stnlg ) - (58)
Since the coordinate realization 1, of ¥¢ € C~°°(§G) is the restriction (52) of the
G-invariant section 1) = 6¢ (%) € C=(£)% to U, C B, we set

Dotpo := (Dd)) rﬁa € COO(%) : (59)

It is easy to check that this family {Dg}aecwr is compatible with the transition
isomorphisms gi)i 5 and o P (recall (50)) — namely, for a pair of indices « and 3 such

that [7,1”3 # (), the following compatibility property holds:

Dotho = @150 Dg(¢5, 0 ) for each 1, € C(&,) (60)

Since an invariant DO D € Diffx(£,7)¢ can be considered as a DO in
Diff, (st €, 5t )¢ (recall Remark 9), the construction of the coordinate realizations
D,, (58) of the reduced DO D¢ is closely related to the restriction of D to the
submanifolds [7,1 of the base B — a process discussed in Sect. 3. According to the
discussion there, to define the restriction D, of D to [7,1, we have to choose a split-
ting ¥¥ of short exact sequences of jet bundles for each a € &7 (recall (30)—(33)).
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Moreover, because of (60), the family of splittings {2 },¢» must satisfy appropri-
ate compatibility conditions. In the reduction of invariant DOs, the family {28} ,¢ s
comes naturally for a simple reason: if we know the value of a G-invariant section
P € C®(€)C at (7,1, we can reconstruct the values of ¢ in an open neighborhood
of U, and find all derivatives of 1, and then express the non-internal derivatives
in terms on the internal ones, thus obtaining the desired splitting ¥¥. It is easy
to show that the coordinate realizations {Dg}acs of DY coming from {XF}, c.,
satisfies the compatibility conditions (60).

The implementation of the algorithm just described, however, is hampered by
practical difficulties. Extending a section of £, = st & [ﬁa to a neighborhood of U,
in B is generally a difficult procedure that involves solving systems of nonlinear
equations. To avoid the need of doing this, below we reformulate the problem of
dimensional reduction of an invariant DO in the geometric language developed in
Sect. 3, and in the following sections we develop the algorithm in detail and deal
with issues related to its consistency.

We start by defining objects like the ones introduced in Sect. 3.3, but replacing
U by (70“ and £ and n by their stationary subbundles. Let i, : U, = B be the
natural embedding, I} be the subbundle of J*(st &) with fiber over b € U, given
by

(I8)y = { T @)(b) : ¢ € OF(st€) st Yoia =0} C (J¥(st&)g Do (61)

(cf. (27)). Let f; : Ij — J*(st&)g_ and j§ : J*(st&)g — JE (st&ly ) = JE (&)
be respectively the natural embedding and the natural p;ojection as ina(28)
and (21); as before, we will write I* instead of i¥ (I¥). Here we used the nota-
tion J[EJ' introduced in Sect. 3.1 that reminds us that this is the k-jet of a vector

bundle with base U, (recall equation (19) and the text preceding it). Consider the
invariant DO D as an element of Diff,(st&,stn)C, and let D : J*(st&) — sty
be its total symbol. Let D, € Diffy(£4,na) be the restriction of D to 6(,, and
l/)va : JR(€,) — no be its total symbol, so that D, = (m)* Jg . Then the diagram
(30) becomes ’

if, ik
0 —— Ig = J*(st&)g, —= J; (€a) — 0.
2 [e3

ﬁrﬁal N (62)
Dg

The total symbol 13; of the cogdinaNte realization D, of the reduced DO D€ is
then given as the composition D, = D[f]a oXk asin (33).

The G-invariance of the DO D naturally determings a vector bundle morphism
¥ € Hom (Jga (), TR (st 'S)ﬁa) (over the identity in U, ) that splits the horizontal
short exact sequence in (62), i.e., such that j* o X% = Id (¢.) (cf (31)). As

Ua

explained in the beginning of Sect. 3.3.2, this condition guarantees that ¥ provides
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a representation of J* (st ). as a direct sum,
TE(st€)g, = Lo © Ba (5 (&) (63)

(recall (34)), and that X% is completely defined by its image, E’;(J{% (€a)). To

describe the explicit construction of ¥ (J£ (£a)) (which will be done in Sect. 4.3.4),
we will need the concept of Lie derivatives which we define below.

4.3.3. Lie derivatives

Assume that the action 7 = (¢,T) of G on ¢ is such that £ is a reducible G-vector
bundle. Let « = (2*) stand for some local coordinates in the base B; we will often
identify a point b € B with its coordinates x. Assume that a basis (e,(x)) has
been chosen in each fiber &, = 7~ !(z), and let z = (2%) be the coordinates in the
fibers in this basis. If the action 7 preserves the fibers of £, then its general form
is Tg(z, 2%) = (tg(x)", Ty(x,2)*) for g € G. If, in addition, the action is through
vector bundle morphisms (i.e., if T' is linear in the fibers), then the general form of

T is
To(at,2%) = (ty(x), Ty(x)*c2%) ,  g€q. (64)

By assumption, we consider only actions 7 of the form (64).
In the local coordinates (z*,z%), the action (42) of G on the sections of £ has
the form

g(W)*(b) = Tyt (b))% v°(t, (b)),  g€G, veC®(E). (65

Let g be the Lie algebra of G with generators );, g* be its dual, and e** (with
s in an open interval in R containing 0) be the local 1-parameter subgroup of G
generated by A € g. Let g*® £ be a vector bundle whose sections are of the form
A ®1), where A € g* is an element of g* independent on the point in the base, and
€ C(&). In other words, for any b € B, (A®)(b) = A®@1(b) takes an element
A € g and produces (A, A) ¥(b) € & (where (-,-) is the natural pairing between g*
and g). To emphasize this peculiarity of g*® ¢, for the space of its sections we will
use the notation g*® C°°(€) instead of C*°(g*® &).

The Lie derivative of T is the DO L € LDiff; (€, g*® &) defined by

d

= &e%) €C™(E), ©Yel™E, Xreg (66)

s=0

(L) (A) :

(where we used the notation (42)). In local coordinates, if b = (z*), and A; is a
generator of g, then

(L'(/))()\z)a(b) = % [Texp(s)\i) (texp(fs)\i)(b))a ch (texp(fs/\i)(b))]

=1 = X;(b)" 0,0 (b) + Zi(b)%e v° (D) -

s=0 (67)
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Here X; = X;#0,, € C*°(7(B)) (where 7(B) is the tangent bundle of B) with

d
Xi(b)'u = Etexp(ski)(b)ﬂ (68)
S s=0
are the fundamental vector fields of the action ¢ of G on B, and
a d a
Zi(b) c = %Texp(s)\,-,) (texp(—squ)(b)) c o (69)
s=

Remark 10. The stationary subbundle st C £ (recall (42) and Condition B') is
invariant under the action of (G, so the Lie derivative can also be considered as a
DO in LDiff (st &, g* ® st ).

4.3.4. Lie derivatives and natural splittings XX : the algorithm

To formalize the idea of obtaining the splittings ¥ — and, hence, the coordi-
nate realizations D, of the reduced DO D% — we employ the Lie derivative
L € LDiff1(&, g*® &) of the action 7 of G on £. According to Remark 10, we
can consider L as an element of LDiff; (st £, g*® st ), as we will do here.

Let L = L,J' € LDiff1(st¢, g* ® st&) be the Lie derivative, and L €
Hom (J1(st€), g* ® st€) be its total symbol. The (k — 1)st prolongation of L is
a linear order-k DO

—_—~

PF=Y(L) = (Pk-1(L)), J* € LDiff (st &, g*® J* (st €))
with total symbol P*~1(L) € Hom (J*(st§), g*®@ J* (st £)). Here we again use
the notation g* ® J*~1(st¢) instead of J*~!(g* ® st &) because the element of g*
does not depend on the point in the base — for the same reason we introduced the
notation g*® C*° (&) instead of C*°(g*® &) in Sect. 4.3.3.

We introduce a special notation for the subbundle ker P*~1(L) C .J k(st &) with
base restricted to U,:

—_—~

Rl := (ker P*=1(L)) 5 C J*(st &)z - (70)
We define the splitting ¥* by setting
(71)

(63

ShIE () = RE .

Below we give the algorithm for dimensional reduction of an invariant DO that
implements the choice (71), before proceeding with its theoretical justification in
Sect. 4.3.5. Let 1 € C>®(st&)¥, and assume that we work in local coordinates
adapted to U, (17).

Algorithm for dimensional reduction of a G-invariant DO D ¢ Diff, (¢, 7)¢:
Step 1 Let Ay, ..., Adim g be a basis of g. Write down the system
Ly(N) =0, i=1,...,dimG . (72)
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Step 2 Find the (k— 1)st prolongation of (72), i.e., compute all partial derivatives
of each of the equations in (72) up to order (k — 1), thus obtaining the

system
Lip(N;) =0,
O Lp(XN) =0, 1< <n (=dimB),
O LX) =0, 1<p <ps<n, (73)
Oy VX)) =0, 1<y <pp <o <y <n;
here i takes values 1,...,dim G.

Step 3 Restrict all the equations from (73) to the submanifold U,. From the re-
stricted equations express all non-internal for (NJa partial derivatives of 1
in terms of the internal for U, partial derivatives.

Step 4 Substitute all non-internal partial derivatives in the DO D with the expres-
sions obtained for them in Step 3, thus obtaining the coordinate realization
D,, € Diffy (&0, M) (59).

Step 5 Repeat steps 3 and 4 for any a € &/ to obtain the coordinate realization
{D4}aewr of the reduced DO DY € Diff,(£%,n%) (57).

Remark 11. Note that the above algorithm for computing D& involves only ele-
mentary operations — computing derivatives and solving a system of linear algebraic
equations. Moreover, the results in Sect. 4.3.5 guarantee that the linear system has
constant rank and allows us to express all non-internal derivatives in a unique way.

Example 12. This example is a continuation of Example 4 and uses the same

notations. Let the group G := R, be the multiplicative group of positive real
numbers acting on £ and 7 as follows:
7;5((301,962)72) = 7;7((581,1'2)72) = ((gz', 92°), 9%2) . (74)
The action of Ry on C*®(§) is
g W) (', 2%) = g* (g2t g7 Na?) (75)

and similarly for g : C*°(n) — C*°(n). In other words, a R -invariant section ¢ €
C>°(&)®+ is a function on R% satisfying the homogeneity property ¢(gz!, gz?) =
g% (z,y) for all g > 0. The orbits of Ry in R3 are rays through the origin, so as a
realization of B/G = R3 /R, we choose the the manifold U defined in Example 4
which intersects each orbit at one point transversely. Since the stationary group
of the action (74) is trivial, the reduced bundle is simply ¢ with base restricted
to U: ba = sty = & I € C>(&)®+ is Ry-invariant section of ¢, then the
corresponding reduced section y®+ = (0¢)71(y)) € C(£R+) (recall (56)) is simply
the restriction to U:

PR (@) = ((05) 7' (1) (@) = ¥(3, 1) . (76)
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Conversely, if 9®+ € C>(¢R®+) is a section of the reduced bundle, then the corre-

sponding R -invariant section of & can be computed from the action (75) to be
1
vt ) = () ) = () ()
The Lie derivative of the action (75) of Ry on C*°(¢) is

d d
el 13 ) 3317332 -
3| SO = 3]

It turns out that this Lie derivative is equal (up to an overall minus sign) to the

[92 77[}(971561,9713:2)] = —z'01 — 22000 + 20 .

operator M from Example 4, hence M is formally integrable (which was mentioned
there without proof). Reusing the calculations from Example 4 (recall (40)), we
obtain the same expression for the R -reduced Laplacian D®+ as the restricted
DO Dy in (41): for ®+ € C>(£%+),
(DF+ ) (@) = (1+7°) (7)) — 22(0™)(Z) + 207 (T) - (78)
Because of the simplicity of this example, one can obtain directly the general
form of the set of R -invariant functions — the vanishing of the Lie derivative results
in the quasilinear first-order PDE —210,7 — 22029 + 29 = 0 with general solution
P(zt, 2?) = (22)? \If(i—;), where W is an arbitrary smooth function of one variable,
and the corresponding reduced section is 1%+ (Z) = ¥(7,1) = ¥(z). Applying the
Laplacian D to ¥(xt, 22) gives us

olora(5)] - (5) v() - e(5) rae(5)

which, after setting (z!,22) = (, 1), gives the expression (78) for DF+.

4.3.5. Lie derivatives and natural splittings XX : theoretical justification

Now we turn to the theoretical issues that remain to be resolved. We need to prove
that the subbundle R (70) is indeed transversal to I* in J* (st §)ﬁa — this is the
content of Theorem 13 below. This transversality allows us to choose the image of
¥* to be equal to RE (71), which provides us with a splitting (63) of the short exact
sequence in (62). In the course of the proof we also show that the Lie derivative is
a formally integrable DO (Theorem 14 below).

We start by introducing some notations. Let b € U, be an arbitrary point
in the base U, of the coordinate realization £, of €&, Let dim Uy = n; clearly,

dimG — dim Gy = n —n. Let (z#) = (2,...,2") be local coordinates in B in a
neighborhood of b that are adapted to the submanifold U, (recall (17)). Split the
indices p = 1,...,n into two groups:

u:(ﬁ,ﬁ)7 ﬁ::(l""7ﬁ)7 u::(ﬁ+17"'7n)7

so that # are coordinates in U,, and

Uy ={at =0} :={a"' =0,...,2" =0} . (79)
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Similarly, split the indices i = 1,...,dim G into two groups:
i=(i,1) , i:=(1,...,dimGy), i:=(dimG,+1,...,dimG)

in such a way that the elements A\; € g from the basis of g span the Lie algebra

of Gyp:  span  {);} = Lie(Gp). Clearly, u and i represent the same number of
i=1,...,dim Gy -
indices.

Let X; = X;# 9, € C(7(B)) and Z; be the objects defined in (68) and (69).
In the new notations, the fields X; can be split into two groups: X; = (X3, X;), and
their components,

Xi=Xi" 0+ X409, ,  Xi=X;" 0z +X;"0,

can be arranged in a block matrix form:

X-F X-H
() = (Xfﬁ X) . (80)
(79)

Because of the special choices of local coordinates

holds:
(K () = (Xi(b)u Xi(b)#> _ (0 0 ) | 1)

and basis of g, the following

Xi(0)F X;(b)~
The square matrix (X;%(b)) has full rank:
rank (X; (b)) =n —n (82)
(which, by continuity, implies that rank (Xl- ﬁ) = n —n in an open neighborhood
of b). Note that U, was not chosen in any special way (in particular, different
points from U, may have different stationary subgroups), so that the vanishing of
the components of X; as in (81) occurs only at the point b.

For brevity, do not write explicitly the values that the indices take; the notation
for an index indicates the range of its values as follows: p=1,....n; p=1,...,n;
p=n+1...,ni=1,...,dimG;i=1,...,dimGy; i = dimGy + 1,...,dimG.
We denote by (RL), the fiber over b € U, of RL, C J!(st g (70), forl=1,... k.
We omit the coordinates (z#) of the base point from the notations of the jet bundle

coordinates (3), and the index o from RY,.
According to (67), an element (2%, z%) € J'(€), belongs to R} exactly when

=Xi(b)Fzy + Zi(b)%2° =0 . (83)

Because of (81), these equations can be rewritten as
Z;(b)%z° =0, (84)
—Xi(b)E 2y + Zi(b)"2 =0 . (85)

The equations (84) mean that if (2, 2%) € R}, then (2*) must belong to the sta-
tionary subbundle st &,; clearly,

rank st £ = rank £ — (the number of independent equations in (84)) .
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Since by (82) the matrix (X;(b)“) is invertible, from (85) we can express all non-
internal first derivatives zj; as functions of z. Therefore the dimension of R} is
equal to the sum of rankst ¢ and the number of the internal derivatives 25 of the

fields from st &:
dim R} = (1 +n) rankst ¢ .
Note that this is equal to rank Jrlja (o) = (ﬁ'lH) rank st £ (recall (20)).
An element (2%, 2%, 2% ) € J%(€)p belongs to R? if, in addition to (84) and (85),

Vo “up
the following equations hold:
=0, X;(b)!' 2y + 0, Z7(b) 2" + Z;(b)ez; = 0, (86)
=0, X ()2} — Xi(b)Ezyy, + 0, Zi(b) 2" + Z;i(b) %z, = 0 (87)

(obtained by differentiating (83) with respect to x” and using (81)). Note that
in (86) zj;, do not appear, while (87) contains all non-internal second derivatives

z;i, (and no internal second derivatives). The invertibility of the matrix (X;(b)1)

(82) guarantees that all non-internal second derivatives zj;, can be expressed in
terms of lower-order derivatives. From this we conclude that (dim R? —dim R}) is no

greater than the number of internal second derivatives 2%5, ie., dim Rg —dim R} <

(ﬁ+§_1) rank st £ (see the text preceding (5)).
An element (2%, 28, 26, 2% ) € J*(€), belongs to R} when it satisfies (84), (85),

b) H,7 H,p7
(86), (87), and
—0pe Xi (b)) — 0,X;(0)! 21, — 05 Xi(b)" 2,
+0p0 Z;(0) 2" + 0, Z;(b) 2y + 05 Z3(b) ez, + Z3(b) e2py = 0, (88)
0o Xi (D)2 — 0,X;(b) 25ty — 0o X;(b)" 20, — X;(b)E2

Ho wp T cupo
+052Zi(b)%2° + 0,Z;(b)%25 + &,Zi(b)“cz; + Zi(b)“cz;fc, =0. (89)

Again, (88) does not contain any highest-order derivatives, while (89) contains all

non-internal highest-order derivatives z; ,, (and no other highest-order derivatives).

a
upo
to (82), we obtain dim R — dim R} < (ﬁ+§71) rankst§.

Continuing in this manner, we find dim Ré—dim Rlb_l < ("ilil) rank st £, which,

together with (5), yields

Since all non-internal highest-order derivatives z% . can be expressed from (89) due

: n+l
dim R} < ( ; ) rank st £ = rank J(lja (&a) - (90)
On the other hand, if ¢ € C™(€)%, then its l-jet at b, J'(¢),, belongs to R}
because L(1)) = 0 and, therefore, P/=1(L)(3)) = 0:
{J'@)y : € C=()°YC Ry forany beU, . (91)

The bijective correspondence 6 : C>(£%) — C>°(£)¢ (45) implies a bijective corre-
spondence

{JH ) : pe O} — {J' W)y - b € C®()Y,  belU,  (92)
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~ the function ¢ € C>(£)Y corresponding to p € C°°(£Y) is the extension of p to a
neighborhood of U,, by the action of G. Therefore the dimension of R} is no smaller
than the dimension of the two linear spaces in (92), i.e.,

dim R}, > rank J}, (€) = (” ;L l) rankst € . (93)

From the opposite inequalities (90) and (93) it is clear that R} and the two linear
spaces in (92) have the same dimension. This fact together with (91) also imply
that

R, = {J')y : p € C()FY C J¥(st )y, beU,.

This allows us to define the map X : J[%a (€a) = J*(st &)y in a way that satisfies
all required properties, namely

Sh(JE (p)e) = TF(W)y € RE C J¥(st)s (94)

where 1 is the extension of p by G-invariance.
We summarize the above reasoning in the following two theorems.

Theorem 13. The subbundle RE (70) is transversal to I¥ (61) in Jk(stf)ﬁa :
JF (st g, = I¥ @ RE. Therefore (71) defines a morphism XX (94) splitting the
horizontal short exact sequence in (62).

Theorem 14. Under the assumptions for existence of reduced bundles, the Lie
deriative L € LDiff1 (€, g*® &) (and its restriction L € LDiff;(st§, g*® st&)) is
formally integrable.

The morphisms ¥¥ determine the total symbols of the coordinate representa-
tions Dy (58) of the reduced DO DY (57) as in (33): Do = Dl oX§ : JE (§a) —
Na-

Remark 15. It is clear that the order of D¢ cannot exceed the order of the original
DO D. This is in contrast with the process of restricting a DO to a submanifold by
using an auxiliary DO, as explained in Remark 6.

Remark 16. As noted in the beginning of Sect. 2.4, Theorem 14 is a far-reaching
generalization of Theorem 3. Clearly, when £ is the trivial bundle B x R — B and
G acts trivially on the fibers, the formal integrability of the Lie derivative follows
directly from the involutivity of the fundamental vector fields of the action t of G
on B.

4.4. Dimensional reduction of group action and invariant DOs

If there are additional geometric structures in the vector bundles that are compati-
ble with the action of the group G, they induce analogous structures in the reduced
bundles. An important example of this is the reduction of a group action and the
preservation of this action in the process of reduction. Namely, if another group K
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acts on the G-reducible bundles ¢ and 7, and the actions of G and K commute,
then after the G-reduction, the group K still acts on the sections of ¢ and 7%,
and these actions can naturally be computed from the original actions of K. The
situation is similar for a DO D that is invariant with respect to the actions of both
G and K — after the reduction, the reduced DO D¢ is invariant with respect to
the reduced action of K on ¢ and n“. In [1, Sect. 2.5] we treated this problem for
invariant sections; below we discuss it briefly for invariant DOs.

Let G and K be connected Lie groups acting through vector bundle morphisms
on the vector bundles £ and 7 over the same base B. For ¢ € G and k € K we
denote these actions by T = (t,,T5), Tj1 = (tg, T7), FS = (fu, FS), ' = (fa, Y
note that the actions of 7¢ and 7" on B are the same (namely, t), similarly for F¢
and F. Let the actions of G and K commute:

TEoF =FpoTs, TloFl=FloT?  forallgeG,keK. (95)
These actions induce actions of G and K on C*(&£) and C*°(n) as in (53) and
S C®(€) = CF() s kS (Y) == Fi oo fih,
1 O%(n) = CF(n) : x = k(x) = Floxo fi!

We define the G-reduced actions, F&¢ = (fG F& G) and FY, through the
actions on the coordinate realizations {£,}ace and {ns}ace of SG and nG Let
ke K,be Ua, and o € (€,)p = st&,. If we use some local coordinates Z in U as
coordinates in base of the reduced bundle, then b = zUa( Z), where i U, < Bis

(96)

the natural embedding. Generally, f (b) does not belong to Uy, so let g(k,T) € G
be such that ¢, 3) o fr(b) € Uy, and define the G-reduced action of K on £¢ by

FE (@) = tyz) o froig (T) € U ,
Fy%(o) *Tg(kx)OF (0) € (€a)se@) ;
similarly for the G-reduced action of K on 7. It is easy to show that the non-

uniqueness in the choice of g(k,Z) is immaterial. The action k%% of K on the
reduced section & € C>(¢9) is then given by

KG9 @) = FEC oo (f7)Hig, (@) - (98)
Note that in the right-hand side of this expression the value of F&¢ must be
evaluated at the point (f)™1(Z) = (tyu) © fk)_l(iﬁa (Z)) (as is done in (106) in
Example 17 below).

It can be easily checked that concrete expression (98) for the action k¢ can be
expressed in a more abstract way in terms of the bijection 6¢ (56) as

KOG C™(ES) = C(E9) 1% s BSG(9Y) 1= (65) T okt ooy (99)

(97)

similarly for k7C.
We define the actions of G and K on Diff; (¢, n) as in (54) and

k : Diff;(¢,n) — Diff(¢,n) : D — k(D) := k"o Do (k*)~! . (100)
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Let D € Diff;(&,7n) be simultaneous G- and K-invariant. Then, thanks to the com-
mutativity (95), the reduced DO D¢ € Diff;(¢%, %) will be invariant with respect
to the reduced action

k€ : Diff,(¢9,n%) — Diff, (€9, 1)

G G G G G G\—1 (101)
: DY — k9 (DY) := k"% o DY o (k&)1 .

Example 17. This example is a continuation of Examples 4 and 12 and uses the
notations introduced there. Consider the local action of K = SOg(2) on the base
B = Ri of the base of the vector bundles ¢ and 7, and let the actions F¢ and F7”
be given by

Fé((xl,xQ),z) =F)((z",2%),2) = (fula', 2?),2) , (102)
where fj (2!, 22) is the rotation by k radians (for small enough k):
fe(zt, 2?) = (z' cosk — x? sink, 2" sink + 2 cos k) . (103)

Since the action of SO¢(2) on the fibers of & is trivial, the action of SO¢(2) on
C=(¢) is

k(W) (at,2?) = Fp oo (fi) ' (2!, 2?)

104
= 1p(xt cosk + 2?sink, —zt sink + 2° cos k) | (104)

s0 C(£)5%(2) consists of all functions whose value depends only on the distance
to the origin in R%. The explicit calculation of the action (100) of SOy(2) on the
Laplacian D,

k(D)()(z',2?) = k" o D o (k) o 4p(a?, 2?)
= Fo [D((F;) " ovpo fi)] o fi ' (@', 2%) = [D(¥ o fi)] (£ ' (a,2?))

— (22 _2 1 eos 2 1 2
= [(8(3;1)2 + a(yz)z)w(y cosk +y?sink, —y'sink +y CObk)]’(yl,y2)=f;1(x1,x2)

= (st + ot )U(et,0) = Do, a2)

confirms the well-known fact that the Laplacian is rotationally invariant.

It is easy to check that the actions 7¢ and F¢ of R, and SOy (2) on ¢ commute;
the same holds for 77 and F". This implies that the actions of Ry and SOy(2) on
the sections (recall (53) and (96)) commute as well. Therefore, after R, -reduction,
the sections of £€®+ and n®+ will be invariant with respect to the reduced actions of
S0p(2). To compute the reduced actions, we parameterize U by € R by iz (7) =
(z,1). Following the recipe above, for a given k € SO¢(2), we find an element of
g(k,z) € Ry such that ty ) o fx(ip(T)) € U. In this particular example g(k,Z) =
(ZTsink + cosk)™1, so (74), (102), and (103) give the following expression for the
reduced action &+ of SOy(2) on U:

R, Tcosk —sink

)= 1
k(@) Tsink + cosk (105)
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By (97) and (98), the reduced action of SOg(2) on C>=(£R+) is
KSR (F)(@) = B 0 o ()7 (@)
— ~\2 Ry ([ fRey—1
= 9(k9) ’y:<f§*)—l(%> V(@)

1
(ysink + cos k)?

r,( Tcosk+sink (106)
=1 @) —xsink + cosk
Zcosk +sink )

 (—Fsink k)2 ot [ ———
(=T sink + cosk)“ ¢ <_xsink—|-COSk

We use this expression and the explicit form (78) of D®+ to calculate

DR[(E5 )7 (R4 (7)

d? d Zcosk —sink
= |(1+3%) = — 27— +2| |(@sink E)yZoRe 2222 20
(1+32 )de xd%+ ] [(zsm +oosk)"y (%sink—#cosk)}
_ 1+ 72 ( R+)// Tcosk —sink
(Tsink + cosk)? Tsink + cosk
2fcos2k+(:?2—l)sin2k( R+)/ Tcosk —sink QR+ Tcosk —sink
(Zsink 4 cos k)2 Zsink + cosk Tsink +cosk )

Finally, (101), (102), (105), and the above calculation yield the following expression
for the action of SOy(2) on the reduced operator D®+:

(K5 (DR4) (5] (@) = [(K7%+ 0 DR+ o (B5F+) 7o (¢F*4)] (@)
= {DR (KR W)} o (@)
= the right-hand side of the previous equation with # replaced by (f*+), ()

d? d
_ ~2 ~ Ry (> _ PRy Ry~
=|(1+7z )@—2x£+2 Y (T) = DYyt ()
Not surprisingly, the SO (2)-invariant Laplace operator D resulted in a reduced
operator DR+ that is invariant with respect to the reduced action of SOg(2).

Remark 18. Dimensional reduction can be used to construct DOs invariant with
respect to a complicated group action. We have employed this idea in [2] to construct
DOs invariant with respect to the (nonlinear) action of the connected component of
the conformal group Cp(1,3) on Minkowski space R*3. The idea, due to Dirac [11],
is that Cy(1,3) is locally isomorphic to the orthogonal group O(2,4) in R?4. It is
easy to construct Og(2,4)-invariant DOs acting on fields defined on R?*. The action
on R?# of the multiplicative group R* of nonzero real numbers commutes with the
action of Oy(2,4). Starting with Maxwell’s equations on R?*#, which are naturally
Op(2, 4)- and R*-invariant, we reduce them to Op(2, 4)® -invariant equations on the
projectization RP® of R%*. Minkowski space R is realized as the projectivized
light cone QP® in R%**. The R*-reduction is standard, while the restriction to QP®
is related to restriction of DOs, discussed in Sect. 3. Using these techniques, we
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were able to reproduce in a systematic way many results derived previously in the
literature. In [2] the reader can find many details (invariant subbundles, reduced
gauge transformations, “universal” splitting relations for this construction, etc.)
illustrating many of the issues discussed in the present paper. For some recent
developments see, e.g., [12,13].
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