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SETMNGTHE-SC.tt-

We are interested in

1784174
finite index
torsion free

eg . congruence subgroups
T acts freely and properly
discontinuously on

✗ = So☒Stuck
✗IT is * a smooth manifold

☒amodel for BT ,

but not compact !



lEBoRELtRREÉAFAN
Introduced in 1973

✗IT -7 XTT
* compact
* a smooth manifold with corner
* a model for BT . ¥-4

t
Idea :
Italia compactification A-I
*Extend action of T to I.

Appears :
☒ Algebraic K-theory (Borel,Quillen)
* Borel-Some duality



DVALlTYGPS (Bieri-Eckmann)
dueling module

Definition
G is a duality group ofdim . N

Wrt a right G-module D if
there is et HH6;D) such that

ten -) : HYG ;A)⇒ 1-1*16;D#-)

for all left 6-modules A and all KEK .

"

Poincare duality with
a twisting of the coefficients!



STEINBERGM-OD.VE

Let Sa denote the poet of
proper -1-0 subspaces in Ql .
The Tits building is the simplicial
complex tf IN

.(G) I
p-all in Tn corresponds to a fly
ofVo f- . . . E Vp f- Qm .

Kits : Tna Usn-2

Definition
The Steinberg module is the Slntk)

-

module Stn :=HI -Ith ; 2)



BoREtSERRET"

theorem (Borel-Serre '73)theorem (Borel-Serre 73)

Tisa duality group of
dim 111 There is a class ei-H://T.tn

such thatforaytmodnk Awrt
.
the Steinberg module Stn .

and
any
KEK

HHT;A) HyµdT;Stn☒A)
+1%3*1 Hintkltistn A)

for all A and all K
.

↳¥KdT= vcdslik - (1)
* HKYT.tt/n--lstn6A)r



PROOFOFBF.EE#tIpg?-EIAfI
theorem (Bieri-Eckmann#3)
a group of type FP.
If there is an N > 0 such that

446,2G) =/ free
abelian k=N

else

then G is a duality group of dim N
wrt

. D= HMG;IG .

T is of type FP (FL)
XTT A KIP, 1) finite
Existence of→ow-q#



PROOFOFBOREL-SER-REDVAUTYWehaveot-dr.mx= (1) +n-1 and

HIT; 21T¥ HIII )
14TH lEp×

PLD

EHd.it/T,2X)lEsofpairn--tTd.i.fdX)N--tTd-i-tTn)keXaix-
Maintechnical @Ia Tn
ingredient :

By the Solomon-Tits theorem,

Hilts☒ =/tree
abelian i -12)

else



PROOFOFBOREL-SER-REDVAUTYTheov-emlbien.ECkmann 73)
1- group of type FFV (1)

If there is an N that

1-14%217 =/ free
abelian k=N ✓

else✓

thenT is a duality group of dim N
wt

. D= HMT;IT) .

112

In.dk) = : Sta

Assuming ☒ ☐Tn 6)
A-

hurt 8--1-146,261! N '

' N



Construction PAR)

Par-EY.IN
Block upper triangular
F- 4B£☐⇒↳ (Ej!#-)

Geodesiation
For parabolic B consider Apf P
of diagonal matrices such that
each diagonal block is positive scalar.

Ap= 4¥ f 4) =P
Note : Ap E IR>koP" rankF-#blocks -1
Define : Ap→✗ left multiplication on

A- 80411841114 E(PnsoP



BOR-t-S-RRE-ORNERSSetepi-A.VE/Rd-kp
Then ✗ ☒☒✗ ep

partially compacting the orbits !
Ap A- 1B¥→ 1B¥ : Ip

Define ✗(P) Ttp*✗
1- Ip ✗ ep
☒ IRIE ✗ Rd

- Kp

( E ☒ ✗ euclidean)



CONSTRUCTIVEIT

For all Psa, weget compatible
embeddings
✗(a)→XP)

which respect the cornerstructure

✗(P) ⇐ 1K¥ ✗ Rd
- Kp

Ghiecornes

manifold
☒ = U ✗(P) with

p
corners

.



t-AMP-E.tk) ✗☒ 1125

Parkes : D=47£47
P B Or

Coenen :

✗(B) ☒ ÑBXEB ⇐ Rio ✗ 1123> o
✗(P) e-Ttpxep E 113,0×1124.
✗(a) e-A-axeaH-B.co/YRIo

✗(P)↳ ✗(B) c- HQ)

f¥%⇒%⇒÷¥#H×K
Ap-orbit AB- orbit Harlot



B0VNDARYC0MENB

Partition of F- UXCP) .

Identify ep-×¥by
component

ep→ Ip ✗ ep ☒ ✗(P) c-IT .

at origin 1K¥

Then☒ = ftp.eEI#eo--XG--SLn
and eI= Hep

Pf On

☒ "encodes" the poset of
proper parabolic subgroups .



PARABOUC.SU/36R0tPS--FLAGS
ft set of maximal parabolic subgroups .
theorem (Borel-Serre 73)
F-{e-afo-c.gs is a locally finite
cover of ☒ whose nerve is

* homotopy quiv.to OI .
* theTits building .

p
-cells in IN .

(F) 1 and Tn=/ Ntsnll

stingy. =/¢ fly÷:÷¥÷÷:÷÷i
# /in bijection



t-XAMPL-E.SE) DID⇒
P B

ODIglued together out of
via shirt

Miyata

glued together out of
viaslstkt

""

<eyed action on ol

•

(eyez)



B_0REtERRED_ATY

theorem (Borel-Serre 73)

Any finite index torsionfreeTESLntk)
is a duality group of

dim 111
wrt

.

the Steinberg module Stn .

In other words
,
there is a class

e-Half; Stn) such that

HIT;A)⇒ Hey -KIT; Stn A)

for anytmodnk A and all KER .



t-ARAKS
This is all done in greater generality :
* Virtual duality groups .

Slntkltomon in groupvs
.

A torsion in coefficient modules)
K 8- arithmetic groups ,
not just Slntk) .

642)(orientation module)
* Over number fields ,

not just a .



THEIND


