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①g = genus
S= Sg?n { n = punctures / marked pts

punE.IE?-gEoise b = # of d- comps
✗
a

Pmodls) := Diff + (5,2s) /Diff
.
(Sps)

Teich (s) :={ II. §) / to :§→X} / no
~ :

g

✗ i

¥?¥= htpy
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Teich (s) E IRD

D= 6g - 6 + 3b +&

&¥J
= 35-3+23 length

+ 3g -3 + b twist

¥+35

0-01--08d-



④
Mod (s) acts : f. (X ,$) = (X , to of

-1)

The moduli space of Riemann surfaces

Mfs) := Teich (
s) /pmodcs)

is an orbifold classifying space

H*(Pmodls) ;Q)±H*(Mls) ;①)



④
Analogy w/ SLn① :

rational Tits building 0 (n ,Q)

abstract simplicial complex of flags
of non-trivial

, proper subspaces of ④
^

K- simplices ⇒ 1kt 1)
'

connected
'

spaces



P Harer

In oln.IQ) - Vlsn
-2

)
as

Solomon-

Tits (2) Stln) := H~n-zloln.IQ) ; 2)
Broaddus is cyclic as an SL (n >IQ) -module

AÑ④st(n) " " " Sun>2) -moduleRudolph

•

(b.)
E) n=3
Basis {b-i.bz ,bj} for ①

3 (bnb¥\• fbnbz)

(b⇐É•{bs)



Harvey 177 ④
Analogue for Mod (s) : the curve complex CCS)

K- simplices 5-7 Ckti) disjoint isotopy classes
of Scc's④

←

•
€4 ←i.

Note : Clssmb) ± C. ( Ssn +b)

④
'

curve system
'



⑦
Thm ( Harer '86)
-

clss.nl = Ism
n - 4 if g = 0

where m ={ 2g - 2 if GII , n = 0

2g - 3 + n if gdl , n -1-0

dim (Cbsn)) = 3g + n - 4



④
Birman Exact Sequence

forget
I→ñ→PMod (Ssn) → PModlsg.nl→ I

-
-

Analogue for CCS) ?
no problem

}Problem !

✗ (Sg,n) = sbcx of Cfsgm) spanned by
'

good
/
carves

Ap =
' bad

'
curves

✗ ( Ssn) → @ (Soon. .)



④
Prep (Harer) C (Ssn) = Ap * Xlsgn)

Proof in = Ap * ( (Sqn - ,)
B-Broaddus . Putman

i÷i¥



④
Prep (Harer)

C¥=Ap*XlS
=⑦*C(Soon . .) ←
___

Exercise : ✗ any simplicial complex

A- any discrete set

Y C- A- * ✗
,
and A. ✗ E Y sit .

Hae A
, Itsy (a)- X is ahtpyeq .

Then Y → A-* ✗ is a htpyeg.

✗ = Xlsgm)
,

A- = Ap



¥¥r
✗

Claim : lkc-csg.my (8)
2-&)is a htpyeq.

• to 2 is a simple Isom .

WI 2.* is surjection ((Sqn-1)



Fix K
,
simplicial structure

Consider 4 : 8¥→ ✗ (Ssn) .
or

Homotope ✗ s.t. XCSK) n a = ¢
- Enough to do this on vertices v. , . . . >Vr

of Sk
↳ rep by 8, , . . .

,
Sr

•⑦→•#•y → •-•→Dp
p

Sisrjtatcher



((s) is an infinite collection of vertices for

Se {So, ,Si}
- - -

C (Sos) = I s
'

dim Clsom) = n - 4
-

←

Do •
I

Exercise : CC

I >FI



Progress ! We have reduced the proof
of Harer's theorem to showing :

CCSg.co) = V for of 2
-

Consider first barycentric subdiv 2- (5) of (G)
b

÷÷¥¥o÷•É••"weight
cut

lay£9b,



a

?.%/¥•••? Zia := subcx of Z
spanned by vertices

↳f)%.be>
of weight I K

So
. . .

Zo = Z

Z
,
(above)=⇐•É••b,c>

f. Ya.be>
£2 = •

{a ,b ,c)
land



Choose ve 2-off , , with representative
SCC C

.

C cut S along C
,

get so

lkz.lv)=C(Sc) ±C(Sg- i.e)
9htpyeg.to Spheres of dim

2$- 1) - 3 + 2 = 2g-3

now
'add ' v * lkz.lv) → dim 2g-2



T_hm (Harer)

2btn-3g-ov-PModlsg.br#4s-5-9d2sn--b--04g+2btn-4gdl
,
ntbdt

ntb-4 g- 0

htpydim-CS.gs?)-- { 2g -2 g >_ I >
n=b=0

- 2g -

3tntbg-lyni-bs-ld.im/Teic-hlSgb.n))--6g-6+3b+2n



✗ = Xd a KIG , 1) w/ 2×-1-01

its universal cover

Poincaré duality :

HK (X ;ZG)EHa-k(Xmoddx ;2G)
-

± Hak (I. 2K ;2)
É Ha - k- i (2K ; 2)

←

G a duality gpofd.im#
⇒ tII=HI⑤tk±v



When k=v
, get !

HTX ;2G)± Ha
-v - ,

⑦
a- 2-

JÑ has vanishing integral homology in all dim

exceptm=d
/ TT

htpydimdimte.ch/s)vcdMod(s)
cts)

← a•


