MSRI Summer School: Representation Stability Peter Patzt: Spectral sequences

Spectral sequences

Filtrations
Let (C,d) be a complex and --- C F,_1C C F,C C ... a filtration of complexes. Define

Al =FyCpyqNd " FyyCpiqo1 = {x € FyCpyiq | dv € Fy_yCpyq1}
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where d" is induced by d. (E",d") is a family of complexes and one checks that E;;rl is the homology at the

. -
position E7 .

Theorem 1 (Classical Convergence Theorem). If the filtration is bounded, i.e. F,C,, = Cy, for large enough
p and F,C,, =0 for small enough p (depending on n), then this spectral sequence converges to H,.(C')

E), = FyCpiq/Fp—1Cprq = Hpiq(O).
This means, that for fized (p,q) every Ey, stabilizes to some Epy and
E;Z = FpHp+q(C>/pral+q(C)a

where
FyHp1q(C) = im(Hp4q(FpC) = Hpyq(C)) = ker(Hp14(C) = Hpiq(C/F,C)).

Double complexes

Let (C,d",d") be a double complex, i.e. d’d" 4+ d"d® = 0, then the total complex T = Tot(C) is defined by
T, = @p tg=n Cpqand d =d’ + d". There are two filtrations on T that can be used to get spectral sequences.
The first is

TE,T, = @ Clap.

a+b=n
a<p

This yields the spectral sequence Iqu = Cpq- IEll,q = Hy(Cpy), d® = d’, and d' = d". We get the second
spectral sequence by flipping the role of p and g, i.e.
"FT,= @ Ca.

at+b=n
b<q

Then we get "' E) = Cyp. 'IE! = Hy(Clp), d° = d", and d' = d".
Note that if the double complex is bounded, both spectral sequences converge to the homology of the total
complex. (Although the EJ7 might very well be different.)



