Twist coefficients for the periodic orbit of period 2 of the
billiard map

1. Derivatives of the billiard map (s, u) = (s1, u1) = (S2, Up)

Functions for the map from point A to point B
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Clear[rado, radl, tau, si, ul];

(xset up the radius functionx)

rado[@, t_, ra_, ra2_,rad_,rb_, rb2_, rb4a_] :=rado[eo, t, ra, ra2, ra4, rb, rb2, rb4] = ra;
Derivative[1, 0, 0, 0, 0, 0, 9, O] [rad@] [0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_] :=0;
Derivative[2, 0, 0, 0, 0, 0, 0, O] [rad@] [0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_] :=ra2;
Derivative[3, 0, 0, 0, 0, 0, 9, O] [rad@] [0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_] :=0;
Derivative[4, 0, 0, 0, 0, 0, 0, O] [rad@] [0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_] :=ra4;
radl[0@, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_] :=radl[e, t, ra, ra2, ra4, rb, rb2, rb4] =rb;
Derivative[1, 0, 0, 0, 0, 0, 0, 0] [radl1] [0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_] :=0;

Derivative[2, 0, 0, 0, 0, 0, ©, O] [rad1] [0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4a_] :=rb2;
Derivative[3, 0, 0, 0, 0, 0, @, @] [rad1] [0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_] :=0;
Derivative[4, 0, 0, 0, 0, 0, 0, O] [rad1] [0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4a_] :=rb4;

(xset up the orbit length function and the billiard mapx)
tau[@,0,t ,ra_,ra2_,ra4d_,rb_, rb2_, rb4a_j :=tau[e, 0, t, ra, ra2, ras, rb, rb2, rba] = t;
ul[fe,o,t ,ra_,ra2_,rad_,rb_, rb2_, rb4_] :=ulfe, o, t, ra, ra2, ra4, rb, rb2, rb4] = 0;
sl[0, 0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_] :=s1f[o, 0, t, ra, ra2, ra4, rb, rb2, rb4] = 0;
Derivative[1, 0, 0, 0, 0, 0, 9, 0, @] [s1][s_,u_, t _, ra_, ra2_,ra4_, rb_, rb2_, rba_j :
tauf[s, u, t, ra, ra2, ra4, rb, rb2, rb4] / (rada[s, t, ra, ra2, ra4, rb, rb2, rb4] *
Sqrt[1-ul[s, u, t, ra, ra2, ra4, rb, rb2, r'b4]"2]) -
Sqrt[l-u~2] .
Sqrt[1-ulls, u, t, ra, ra2, ra4, rb, rb2, rb4]*2] ’
Derivative[o, 1, 0, 0, 0, 0, 0, 0, 0] [s1][s_,u_,t ,ra_,ra2_,rad_,rb_, rb2_, rb4a_] :
tau[s, u, t, ra, ra2, ra4, rb, rb2, rb4] .
Sqrt[1-u”2] *Sqrt[1-ul[s, u, t, ra, ra2, ra4, rb, rb2, rb4] 2] ’
Derivative[1, 0, 0, 0, 0, 0, 0, 0, 0] [ul][s_,u_,t ,ra_,ra2_,rad_,rb_, rb2_, rb4a_7] :
taul[s, u, t, ra, ra2, ra4, rb, rb2, rba] / (rade[s, t, ra, ra2, ra4, rb, rb2, rb4j *
radl[sl[s, u, t, ra, ra2, ra4, rb, rb2, rbaj, t, ra, ra2, ra4, rb, rb2, rb4]) -
Sqrt[l-u”2] /radl[sl[s, u, t, ra, ra2, ra4, rb, rb2, rb4j, t, ra, ra2, ra4, rb, rb2, rb4] -
Sqrt[1-ulls, u, t, ra, ra2, ra4, rb, rb2, rb4]*2] .
radoe[s, t, ra, ra2, ra4, rb, rb2, rb4]
Derivative[o, 1, 0,0, 0, 0, 0, 0, 0] [ul][s_,u_,t ,ra_,ra2_,rad_,rb_, rb2_, rb4a_] :
tau[s, u, t, ra, ra2, ra4, rb, rb2, rb4] /
(r‘adl[sl[s, u, t, ra, ra2, ra4, rb, rb2, rbaj, t, ra, ra2, ra4, rb, rb2, rbaj x
Sqrt[1- U"2]) B Sgrt[1-ul[s, u, t, ra, ra2, ra4, rb, rb2, rb4a] ~2] ;
sqrt[1-u~2]
Derivative[1, 0, 0, 0, 0, 0, 0, 0, O] [tau][s_,u_, t_, ra_, ra2_,rad_, rb_, rb2_, rb4_] :
u-ulf[s, u, t, ra, ra2, ra4, rb, rb2, rba] *

taul[s, u, t, ra, ra2, ra4, rb, rb2, rb4] / (rade[s, t, ra, ra2, ra4, rb, rb2, rb4] x

Sqrt[1-ull[s, u, t, ra, ra2, ra4, rb, rb2, rba]~2]) -
Sqrt[l1-u~2] .
Sqrt[1l-ul[s, u, t, ra, ra2, ras, rb, rb2, rb4]~2] ’
Derivative([o, 1, 0, 0, 0, 0, 0, 0, O] [tau][s_,u_,t_,ra_, ra2_,rad_, rb_, rb2_, rb4_] :
-ulfls, u, t, ra, ra2, ra4, rb, rb2, rb4] =
tau[s, u, t, ra, ra2, ra4, rb, rb2, rb4]

Sqrt[1-u”2] *Sqrt[1-ul[s, u, t, ra, ra2, ra4, rb, rb2, rb4a] 2] ’
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Functions for the map from point B to point A

Clear[taul, s2, u2];
taul[@,0,t ,ra_,ra2_,rad_,rb_,rb2_, rba_j :=
taulf[o, o, t, ra, ra2, ra4, rb, rb2, rb4] =t;
u2[e, 0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_] :=u2[0, 0, t, ra, ra2, ra4, rb, rb2, rb4]
s2[0, 0, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_] :=s2[0, 0, t, ra, ra2, ra4, rb, rb2, rb4]
Derivative[1, 0, 0, 0, 0, 0, 0, O, @] [s2][s_,u_, t_, ra_, ra2_,ra4_, rb_, rb2_, rba_j :
taulfls, u, t, ra, ra2, ra4, rb, rb2, rb4] / (radl[s, t, ra, ra2, ra4, rb, rb2, rb4] x
Sqrt[1-u2]s, u, t, ra, ra2, ra4, rb, rb2, r‘b4]"2]) -
Sqrt[l1-u~2] .
Sqrt[1-u2(s, u, t, ra, ra2, ra4, rb, rb2, rb4]~2] ’
Derivative[o, 1, 0, 0, 0, 0, 0, 0, 0] [s2][s_,u_, t ,ra_,ra2_,rad_,rb_, rb2_, rb4a_] :
taul(s, u, t, ra, ra2, ra4, rb, rb2, rb4]

Sqrt[1-u”2] *Sqrt[1-u2[s, u, t, ra, ra2, ra4, rb, rb2, rb4] 2] ’
Derivative[1, 0, 0, 0, 0, 0, 0, 0, @] [u2][s_,u_,t ,ra_,ra2_,rad_,rb_, rb2_, rb4a_j]:
taulf[s, u, t, ra, ra2, ra4, rb, rb2, rb4] / (radl[s, t, ra, ra2, ra4, rb, rb2, rb4] *
rado[s2[s, u, t, ra, ra2, ra4, rb, rb2, rb4j, t, ra, ra2, ra4, rb, rb2, rb4]) -
Sqrt[l-u”2] /radO[sZ[s, u, t, ra, ra2, ra4, rb, rb2, rb4j, t, ra, ra2, ra4, rb, rb2,
Sqrt[1-u2(s, u, t, ra, ra2, ra4, rb, rb2, rb4]~2] .
radl[s, t, ra, ra2, ra4, rb, rb2, rb4]
Derivative[o, 1, 0, 0, 0, 0, 0, 0, O] [u2][s_,u_, t ,ra_,ra2_,rad_,rb_, rb2_, rb4a_7] :
taulls, u, t, ra, ra2, ra4, rb, rb2, rba] /
(rade[s2[s, u, t, ra, ra2, ra4, rb, rb2, rba], t, ra, ra2, rad, rb, rb2, rba] «
Sqrt[1-u2[s, u, t, ra, ra2, ra4, rb, rb2, rba] 2]
Sqrt[l-u~2] ’
Derivative[1, 0, 0, 0, 0, 0, 0, 0, O] [taul][s_,u_, t_, ra_, ra2_, rad_, rb_, rb2_, rb4_]
u-u2fs, u, t, ra, ra2, ra4, rb, rb2, rb4j =

Sqrt[1-u~2]) -

taulls, u, t, ra, ra2, ra4, rb, rb2, rb4] / (radl[s, t, ra, ra2, ra4, rb, rb2, rb4] *

Sqrt[l1-u2[s, u, t, ra, ra2, ra4, rb, rb2, rba]~2]) -
Sqrt[l1-u~2]

sqrt[1l-u2]s, u, t, ra, ra2, ra4, rb, rb2, rb4]~2] ’
Derivative[o, 1, 0, 0, 0, 0, 0, 0, O] [taul][s_,u_,t_, ra_, ra2_, rad_, rb_, rb2_, rb4_]
-u2[s, u, t, ra, ra2, ra4, rb, rb2, rb4] =
taul[s, u, t, ra, ra2, ra4, rb, rb2, rb4]

Sqrt[1-u”2] *Sqrt[1-u2[s, u, t, ra, ra2, ra4, rb, rb2, rb4a] 2] ’

:0;
:e;

rba]
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Evaluate along the orbit from A to B and then back to A

n-1= (*v={t,ra,ra2,rad,rb,rb2,rb4}x)
Clear[t, ra, ra2, ra4, rb, rb2, rbaj;
tlv__1:=t[v] =Vv[[1]];
ra[v__] :=ra[v] =Vv[[2]];
ra2[v__] :=ra2[v] =Vv[[3]];
rad[v__] :=rad[v] =Vv[[4]];
rb[v__] :=rb[v] =V[[5]];
rb2[v__] :=rb2[v] =Vv[[6]];
rba[v__]1 :=rb4[v] =Vv[[7]];

Clear [scomp, ucomp, eta, lambda];
(*j-th derivative of s and k-th derivative of u at the periodic point Ox)
scomp[j_, k_, v__] :=scomp[j, k, v] =
(D[sZ[sl[svariable, uvariable, t[v], ra[v], ra2[v], rad[v], rb[v], rb2[v], rb4[v]],
ul[svariable, uvariable, t[v], ra[v], ra2[v], rad[v], rb[v], rb2[v], rb4[v]],
t[v], ra[v], ra2[v], ra4d[v], rb[v], rb2[v], rb4[v]],
{svariable, j}, {uvariable, k}] /. svariable -» 0) /. uvariable - 0;
ucomp[j_, k_, v__] :=ucomp[j, k, v] =
(D[u2[sl[svar‘iab1e, uvariable, t[v], ra[v], ra2[v], ra4[v], rb[v], rb2[v], rb4[v]],
ul[svariable, uvariable, t[v], ra[v], ra2[v], rad[v], rb[v], rb2[v], rb4[v]],
t[v], ra[v], ra2[v], rad[v], rb[v], rb2[v], rb4[v]],
{svariable, j}, {uvariable, k}] /. svariable -» 0) /. uvariable - 0;
eta[v__] :=eta[v] = (-scomp[@, 1, v] /ucomp[1, @, v])~(1/4);
(»the preferred eigenvalue for the preferred eigenvectorsx)
lambda[v__] := lambda[v] = scomp[1, @, v] + I » Sqrt[-scomp[0, 1, v] »ucomp[1l, O, V]];
(*only consider the case t<ra and t<rbx)
(»the general case: If[scomp[0,1,v]<@,scomp[1,0,v]+IxSqrt[-scomp[@,1,Vv]*ucomp[1l,0,Vv]],
scomp[1,0,v]-IxSqrt[-scomp[O,1,v]xucomp[1,0,Vv]]]*)



twistAsym.nb | 5

2. Taylor expansion of the billiard map in the coordinate
system (x,y)=(s/n, nu)

Coefficients of x; = > aw X/ vk, y1=) byl y*
j j

Clear[alQ, a@l1, ble, bol, a30, a21, al2, a@3, b30, b21,
b12, be3, a50, a4l, a32, a23, al4, a05, b59, b4al, b32, b23, bi4, bo5];
alo[v__] :=alo@[v] = scomp[l, O, V];

a@1l[v__] :=a0l[v] = eta[v] " (-2) * scomp[0, 1, V];
a30[v__] :=a30[v] = eta[v]"2*scomp[3, 0, V] /6;
a21[v__] :=a21[v] = scomp[2, 1, v] /2;

al2[v__] :=al2[v] = eta[v] " (-2) + scomp[1, 2, v] /2;
a@3[v__] := a@3[v] = eta[v] ~ (-4) % scomp[@, 3, v] /6;
a50[v__] :=a50[v] = eta[v] *4 x scomp[5, 0, V] /5 1
a4l[v__] :=ad4l[v] = eta[v] "2 xscomp[4, 1, V] /24;
a32[v__] :=a32[v] = scomp[3, 2, v] /12;

a23[v__] :=a23[v] = eta[v]~(-2) #scomp[2, 3, v] /12;
al4[v__] :=al4[v] = eta[v] " (-4) »scomp[1, 4, V] /24;
a@5[v__] := a@5[v] = eta[v] " (-6) »scomp[@, 5, v] /5!;
ble[v__] :=bl@O[v] = eta[v] " (2) *ucomp[1, @, V];
bol[v__] :=bo1[Vv] = ucomp[0, 1, Vv];

b30[v__] :=b30[v] = eta[v] *4 xucomp[3, O, V] /6;
b21[v__] :=b21[v] = eta[v] "2 *ucomp[2, 1, v] /2;
b12[v__] :=b12[v] = ucomp[1, 2, v] /2;

b@3[v__] :=be3[v] = eta[v]~ (-2) »ucomp[@, 3, v] /6;
b50[v__] :=b50[Vv] = eta[v] *6 » ucomp[5, 0, V] /5!;
bal[v__] :=b4l[v] = eta[v]“4 +ucomp[4, 1, v] /24;
b32[v__] :=b32[v] = eta[v] "2 *ucomp[3, 2, v] /12;
b23[v__] :=b23[v] = ucomp[2, 3, v] /12;

bl4[v__] :=bl4[v] = eta[v] " (-2) »ucomp[1, 4, V] / 24;
b@5[v__] :=be5[v] = eta[v] " (-4) % ucomp[@, 5, v] /5!;

3. Coefficients of the coordinate transform
(06 Y) > ) = () P v5, > qux! y¥)

n-1= Clear[p30, p21, p12, p@3, q30, q21, q12, gq03,
p50, p4l, p32, p23, pl4, po5, q59, q41, q32, q23, ql14, q05];
p30[v__] :=p30[Vv] = - (2 scomp[1l, @, v] Sqrt[-scomp[@, 1, V] »ucomp[1l, O, Vv]] (a30[v] +
b21[v] - a12[v] - b@3[v]) - (scomp[1, @, V] "2 +scomp[@, 1, V] = ucomp[1, @, v])
(b3@[Vv] - a21[v] - b12[v] +a@3[V])) / (8sqrt[-scomp[@, 1, v] *ucomp[1, @, v]]) +
(sqrt[-scomp[@, 1, v] »ucomp[1, @, v]] (a3@[v] - b21[v] - a12[v] +b@3[v]) +
scomp[1, @, v] (b3@[v] +a21[v] -bl2[v] -a@3[v])) /
(32scomp[1, @, v] Sqrt[-scomp[@, 1, v] xucomp[1, @, v]] );
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p21[v__] :=p21[v] = 3 (Sqrt[-scomp[@, 1, v] = ucomp[1, @, v]] (b3@[V] +a21[v] -
b12[v] - a@3[v]) - scomp[1, @, v] (a3@[v] - b21[v] - al12[v] +be3[v])) /
(32 scomp[1, @, v] Sqrt[-scomp[@, 1, v] xucomp[1, @, v]]);
] := pl2[v] = -3 (2 scomp[1, @, v] Sqrt[-scomp[@, 1, v] * ucomp[1, 0, v]] (a30[v] +
b21[v] - a12[v] - b@3[v]) - (scomp[1, @, V] "2 +scomp[@, 1, V] » ucomp[1, @, v])
(b3@[v] - a21[v] - b12[v] +a@3[v])) / (8 Sqrt[-scomp[@, 1, v]  ucomp[1, @, v]]) -
3 (sqrt[-scomp[@, 1, v] »ucomp[1, @, v]] (a3@[v] - b21[v] - a12[v] + be3[v]) +
scomp[1, @, v] (b3@[v] +a21[v] - bi2[v] -a@3[v])) /
(32scomp[1, @, v] Sqrt[-scomp[@, 1, v] »ucomp[1, @, V1] );
pe3[v__] :=pe3[v] = (2scomp[1, @, v] Sqrt[-scomp[@, 1, v] »ucomp[1, @, v]] (b3@[V] -
a21[v] - b12[v] +a@3[v]) + (scomp[1, @, V] "2+ scomp[@, 1, V] » ucomp[1, @, v])
(a3@[v] +b21[v] -a12[v] -be3[v])) / (4Sqrt[-scomp[@, 1, v] + ucomp[1, @, v]]) -
(sart[-scomp[@, 1, v] xucomp[1, @, v]] (b3@[v] +a21[v] - b12[v] - a@3[Vv]) -
scomp[1, @, v] (a3@[v] - b21[v] - a12[v] +be3[v])) /
(32 scomp[1l, @, v] Sqrt[-scomp[@, 1, v] »ucomp[1l, @, V]] );
q30[v__] :=q30[v] = (2 scomp[1l, @, v] Sqrt[-scomp[@, 1, V] »ucomp[1l, @, Vv]] (b30[v] -
a21[v] - b12[v] +a@3[v]) + (scomp[1, @, V] ~2+scomp[@, 1, v] »ucomp[1, @, v])
(a3@[v] +b21[v] -a12[v] -b83[v])) / (4Sqrt[-scomp[@, 1, v] » ucomp[1, @, v]]) +
(sart[-scomp[@, 1, v] xucomp[1, @, v]] (b3@[v] +a21[v] - b12[v] - a@3[Vv]) -
scomp[1, @, v] (a3@[v] - b21[v] - al2[v] +be3[v])) /
(32 scomp[1, @, v] Sqrt[-scomp[@, 1, v] xucomp[1, @, v]] );
] :=q21[v] = 3 (2scomp[1, @, v] Sqrt[-scomp[@, 1, v] » ucomp[1, 8, v]] (a3@[v] +
b21[v] - a12[v] - b@3[v]) - (scomp[1, @, V] "2 +scomp[@, 1, V] = ucomp[1, @, v])
(b3@[Vv] - a21[v] - b12[v] +a@3[V])) / (8 Sqrt[-scomp[@, 1, v] *ucomp[1, @, v]]) -
3 (sqrt[-scomp[@, 1, v] »ucomp[1, @, v]] (a3@[v] - b21[v] - al2[v] +bO3[v]) +
scomp[1, @, v] (b3@[v] +a21[v] - b12[v] -a@3[v])) /
(32 scomp[1, @, v] Sqrt[-scomp[@, 1, v] xucomp[1, @, V1] );
ql2[v__] :=q12[v] = -3 (Sqrt[-scomp[@, 1, v] = ucomp[1, @, v]] (b3@[Vv] +a21[Vv] -
b12[v] - a@3[v]) - scomp[1, @, v] (a3@[v] - b21[v] - a12[v] +be3[v])) /
(32scomp[1, @, v] Sqrt[-scomp[@, 1, v] xucomp[1, @, V1] );
qe3[v__] :=q@3[v] = (2scomp[1, @, v] Sqrt[-scomp[@, 1, v] »ucomp[1, @, v]] (a3@[v] +
b21[v] - a12[v] - b@3[v]) - (scomp[1, @, V] "2+ scomp[@, 1, V] » ucomp[1, @, v])
(b3@[v] -a21[v] - b12[v] +a83[v])) / (8 Sqrt[-scomp[@, 1, v] + ucomp[1, @, v]]) +
(sqrt[-scomp[@, 1, v] »ucomp[1, @, v]] (a3@[v] - b21[v] - al2[v] + bo3[v]) +
scomp[1, @, v] (b3@[v] +a21[v] - b12[v] -a@3[v])) /
(32 scomp[1, @, v] Sqrt[-scomp[@, 1, v] »ucomp[1l, @, V]] );

pl2[v

q21[v

q23[v_
q14[v_
405 [v_

:=q23[v] =q21[v] »qO3[v] +2ql2[v] »ql2[v] +3qO3[Vv] »q21[V];
:=ql4[v] =2ql2[v] *qO3[v] +3qO3[Vv] *ql2[V];
:=qO5[v] =3qO3[v] *xqO3[V];

p50[v__] :=p50[Vv] = p21[v] *xq30[V];
p4l[v__] :=p4l[v] = p21[v] *q21[v] +2pl2[Vv] *q30[V];
p32[v__] :=p32[v] = p21[v] *ql2[v] +2p12[Vv] *q21[v] + 3 pO3[V] *Qq30[V];
p23[v__] :=p23[v] = p21[v] *qO3[Vv] +2pl12[Vv] *ql2[v] + 33 pO3[V] *q21[V];
pla[v__] :=pl4a[v] = 2pl2[v] *xqO3[Vv] + 3 pO3[V] * ql2[V];
poO5([v__] :=pO5[Vv] = 3pO3[Vv] *xqO3[Vv]; q50[v__] :=q50[Vv] = q21[v] »q30[V];
q4l[v__] :=q41[v] =q21[v] *xq21[v] +2ql2[v] *q30[V];
q32[v__] :=q32[v] =q21[v] *ql2[v] +2ql2[Vv] *q21[v] +3qO3[Vv] *q30[V];
-1
-1
_1
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4. Taylor expansion of the billiard map F? in terms of new
coordinate system (X,Y):

(X, Y) > (X, Y1) = ZAJk X Yk ZBJkXJ Yk)

n[-1= Clear [aa3@, aa2l, aal2, aa@3, bb30, bb21, bbl2, bbo3];
aa30[v__] := aa30[v] = a30[v] + b1o[v]3 pe3[v] +al@[v] blo[v]?pl2[v] +
ale[v]?ble[v] » p21[v] +ale[v]>p3@[v] - (al@[v] = p3@[v] +a@L[v] » q30[V]);
@a2l[v__] :=aa2l[v] = a21[v] +bo1[v]
(3ble[v]?pe3[v] +2al10[Vv] * blO[v] » p12[v] +al@[v]?p21[v]) +
ae1[v] (bl@[v]?pl12[v] +2al@[v] » bl@[v] » p21[v] +3al@[v]?p30[V]) -
(a1@[v] » p21[v] +a@l1[v] * q21[V]);
aal2[v__] := aal2[v] = al2[v] +bo1[v]? (3bl@[v] » p@3[Vv] +al@[v] » p12[v]) +
2a01[v] » be1l[v] (b1@[v] » p12[v] +al@[Vv]  p21[v]) +
a01[v]? (b1@[v] » p21[v] +3a1@[v] » p30[v]) - (al@[v] * p1l2[v] +a@l[v] » q12[V]);
aa@3[v__] := aa@3[v] = a@3[v] + bo1[v]3 po3[v] +a01[v] bol[v]2pl2[v] +
a@1[v]*be1[v] = p21[v] +a@1[v]>p3@[v] - (al@[v] = p@3[v] +a@Ll[v] » qO3[v]);
bb30[v__] :=bb30[v] = b30[v] +b10[v]>qO3[Vv] +al@[v] bl@[v]% q12[Vv] +
ale[v]®b1@[v] » q21[v] +al@[v]>q3@[v] - (b1O[V] * p3@[Vv] + bO1[V] » q30[V]);
bb21[v__] :=bb21[v] = b21[v] + bO1[V]
(3b1@[v]®qe3[v] +2a1@[Vv] * blo[v] » q12[v] +al@[v]?q21[V]) +
ael[v] (bl@[v]?ql2[v] +2al@[v] » bl@[v] » q21[v] + 3al@[v]®q30[V]) -
(b1@[Vv] » p21[v] +bO1[V] * q21[V]);
bb12[v__] :=bb12[v] = b12[v] +bO1[v]? (3b1@[V] » qO3[V] +al@[V] * q12[v]) +
2a01[v] * bel[v] (bl@[v] » q12[v] +al@[Vv] * q21[v]) +
ae1[v]? (b1@[v] » q21[v] +3al@[v] » q30[v]) - (bl@[Vv] * p1l2[v] +bO1[V] » q12[V]);
bbo3[v__] := bbo3[v] = b@3[v] +bO1[v]>qO3[v] +a@1[Vv] bO1[v]Zql2[Vv] +
a@1[v]?bo1[v] » q21[v] +a@1[v]>q3@[v] - (b1@[V] * p@3[v] +bO1[v] » qO3[v]);

m-}= Clear[aa5@, aad4l, aa32, aa23, aald, aaod5];
aa5@[v__] := aa50[v] = a50[v] + 3b10[v]?b30[v] ~ pO3[v] + blO[v]® pO5[v] +
(a3e[v] bl@[v]?+2al@[v] ~ble[v] «b30[v]) p12[v] +al@[v] blO[Vv]* pl4[V] +
(2a10[v] < a3@[v] ~ bl@[v] +al@[v]?b3@[v]) p21[v] +al@[v]*>blO[v]> p23[v] +
3a10[v]%a30[v] «p30[v] +al0[v]3b1o[v]?p32[v] +all[v]*blO[v] ~ p4l[Vv] +
ale[v]®p50[v] - (3aa3@[v] ~ p3@[v] +al@[v] « p50[Vv] +aa21[v] ~ q30[V] +a@L[v] ~ q50[Vv]);
aad4l[v__] := aa4l[v] = a4l[v] +ble[v]* (5bO1[v] « p@5[v] +a@l[v] « pl4[v]) +
2a10[v] b10[v]® (2b01[v] « pl4[v] +a@1[Vv] ~ p23[v]) +blO[v]?
(3b21[v] < p@3[v] +a21[v] «pl2[v] +3al@[v]* (b@1[v] « p23[v] +a@L[V] » p32[v])) +
2bi1o[v] (ale[v] b21[v] < pl2[v] +a@l1l[v] «b30O[Vv] <« pl2[Vv] +alO[v] ~a21[v] < p21[Vv] +
a@1[v] ~a3@[v] « p21[v] +be1[v] (3b3@[v] « p@3[V] +a3@[v] « p12[v] +al@[v]>p32[v]) +
2a01[v] a10[v]®pal[v]) +al@[v] (al@[v] «b21[v] < p21[v] +2a@1[v] ~ b3@[V] « p21[V] +
3a10[v] ~a2l[v] » p30[v] +6a01[v] xa30[v] » p30[v] + bo1l[v]
(2b3@[v] < p12[v] +2a30[v] « p21[v] +al1@[v]>pal[v]) + 5a01[v] al@[v]>p50[v]) -
(3 aa30[v] «p21[v] +2aa21[v] < p30[v] +al0O[v] < p4l[v] +aa2l[v] ©q21[v] +
2aal2[v] < q30[v] +a@1[v] «q4l[v]);
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aa32[v__] := aa32[v] = a32[v] +3bo1[v]2b3@[v] ~ pO3[v] +a30[v] bo1[v]Zpl2[v] +
2a10[v] «bO1[v] « b21[v] «pl2[v] +2a0@1[v] «bO1l[v] «b3@[V] « pl2[V] +
2a10[v] ~a21[v] «bO1l[v] «p21[v] +2a0@1[v] ~a30[v] «bO1l[v] «p21[Vv] +
alo[v]2bl2[v] « p21[v] +2a01[v] ~ald[v] « b21[v] » p21[v] +a@1[v]2b30[Vv] « p21[V] +
bie[v]® (10be1[v]? pe5[v] +4a01[v] ~ bO1l[v] « p1l4[v] +a@1[v]*p23[v]) +
3al10[v]%al2[v] ~p30[v] +6a@1l[v] ~ald[v] xa2l[v] « p30[V] +
3a01[v]%a30[v] »p30[v] +ald[v]3bol[v]?p32[V] +
bie[v]? (3b12[v] « p@3[v] +al2[v] « p12[v] + 6 al@[v] bO1[v]* pl4[v] +
6a01[v] ~ale[v] ~bo1[v] » p23[v] +3a01[v]?all[v] p32[v]) +
4201[v] a1@[v]>be1[v] « p4l[v] +ble[v] (3al0[v]®bOl[v]?p23[V] +
2be1[v] (3b21[v] «p@3[Vv] +a21[v] «pl2[v] +3a01[v] al@[v]*p32[v]) +
2 (a10[v] bl2[v] « pl12[v] +a@1[v] « b21[v] « p1l2[v] +al@[v] < al2[v] « p21[v] +
a@1[v] ~a21[v] « p21[v] +3a01[v]?al0[v]®pal[v])) +10a01[v]?al@[Vv]> p50[V] -
(3 aa30[v] < pl2[v] +2aa21[v] < p21[v] +aal2[v] ~p30O[Vv] +alO[v] < p32[Vv] +
aa2l[v] ©ql2[v] +2aal2[v] ©q21[v] +3aa@3[v] ©q30[Vv] +all[V] q32[v]);
aa23[v__] := aa23[v] = a23[v] + 6 bo1[v] » b1O[v] « bl2[v] « p@3[v] + 3bO1[v]Zb21[V] « pO3[V] +
10bo1[v]3b1O[v]2pO5[Vv] +a21[v] bo1[v]2 p12[v] +2al2[v] «bO1[v] » blO[v] « p12[V] +
a03[v] b1@[v]? p12[v] +2al@[v] « bo1[v] » bl2[v] » p12[Vv] +
2201[v] ©b1O[v] «bl2[v] «xpl2[v] +2a0@1[v] «bO1[v] « b21[v] « pl2[V] +
4a10[v] be1[v]3b1O[v] » pl4[v] + 6 ad1[v] bO1[v]? blO[v]? p1l4[v] +
2al10[v] ©al2[v] «bO1[v] « p21[v] +2a01[Vv] ©a21[v] «~bO1[Vv] « p21[Vv] +
2a03[v] ©ale[v] «blO[v] « p21[v] +2a01[v] ©al2[v] «blO[v] « p21[Vv] +
2a01[v] ~ale[v] «bl2[v] » p21[v] +a@1[v]?b21[v] « p21[Vv] +
be3[v] (3b1@[v]?pe3[v] +2al@[v] «bl@[v] « p12[Vv] +al@[v]*p21[v]) +
alo[v]2bo1[v]3p23[v] +6a01l[v] ~ald[v] bol[v]2blO[v] « p23[v] +
3a01[v]?bo1[v] blo[v]?p23[v] +3a0B3[v] al@[v]? p30[V] +
6a01l[v] ~ald[v] ~al2[v] » p30[v] +3a01[v]?a21[v] » p30[V] +
3a01[v] al0[v]2bo1[v]?p32[v] +6a0@1l[v]%al10[v] « bO1l[v] « blO[V] » p32[V] +
a01[v]3b1o[v]? p32[v] + 6a01[v]%ale[v]? bo1l[v] « p4l[v] +
4a301[v]3a10[v] ~bloO[v] » p4l[v] +10a01[v]3al@[v]? p50[V] -
(3 aa30[v] < pO3[v] +2aa21[v] < pl2[v] +aal2[v] « p21[v] +al@[v] < p23[Vv] +
aa2l[v] ©qO3[v] +2aal2[v] ©ql2[v] +3aa@3[v] ©q21[v] +a@l[V] q23[v]);
aal4[v__] := aal4[v] = al4[v] + bo1[v]* (5 blo[v] < pO5[Vv] +alo[Vv] p14[v]) +
2a01[v] bo1[v]® (2bl@[v] ~ p1l4[v] +al@[v] « p23[Vv]) + bo1[v]>
(3b12[v] « p@3[v] +al2[v] « p12[v] +3a01[v]? (b1O[V] « p23[v] +al@[v] « p32[v])) +
2b0o1[Vv] (3 bo3[v] «blO[v] « pO3[Vv] +al0O[v] < bO3[V] « pl2[V] +
a03[v] < blO[v] « pl12[v] +a@l1l[v] « bl2[v] « pl2[v] +a@3[Vv] ~al@[v] « p21[v] +
a@1[v] ~al2[v] « p21[v] +a@1[v]>blO[Vv] ~ p32[v] +2a01[v]>al@[v] « p4l[v]) +
aol[v] (2 a03[v] < blo[v] « p21[v] +a@1[v] « bl2[v] « p21[Vv] +
2be3[v] (b1@[v] » pl2[v] +al@[v] «p21[v]) + 6a@3[v] ~ al@[Vv] ~ p3@[V] +
3a01[v] ~al2[v] «p3@[v] +a01[v]>ble[v] < p4l[v] +5a01[v]*al@[v] « p5@[V]) -
(2 aa2l[v] < p@3[v] +aal2[v] < pl2[v] +al@[v] « pl4[v] +2aal2[v] «qO3[V] +
3aa@3[v] ~ ql2[v] +a@l[v] ~ ql4[v]);
aa@5[v__] :=aa@5[v] = a@5[v] + b01[v]5 po5([v] + a@l[v] bel[v]“ pla[v] +
a01[v]*>be1[v]®p23[v] +bo1[v]? (3be3[v] « p@3[v] +a@3[v] « p12[v] +a01[Vv]>p32[Vv]) +
ad1[v] «be1[v] (2b@3[v] « p12[v] +2a@3[V] ~ p21[v] +a0@1[v]>pal[v]) +
a01[v]? (be3[v] «p21[v] +3a@3[v] ~ p3@[Vv] +a01[v]>p50[V]) -
(aa12[v] < p@3[v] +al@[v] « p@5[v] + 3 aa@3[v] « q@3[v] +a@1[v] ~ q@5[v]);
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m-1= Clear [bb5@, bb4l, bb32, bb23, bbl4, bbo5] ;
bb50[v__] :=bb50[v] = b50[v] +3b1O0[v]2b30[Vv] « q@3[Vv] + b1O[Vv]® qO5[V] +
(a3e[v] b1@[v]?+2al@[v] ~ble[v] «b3@[Vv]) q12[Vv] +al@[v] blO[V]* ql4[V] +
(2a10[v] < a3@[v] ~bl@[v] +al@[v]?b3@[v]) q21[v] +al@[v]*>blO[v]>q23[v] +
3a10[v]%a30[v] ©q30[v] +al0[v]3b1O[v]%q32[v] +al0[v]*blO[v] « q41[V] +
alo[v]® q50[v] - (3 bb30[v] « p3@[v] + blO[Vv] « p50@[V] + bb21[Vv] ©q30[V] + bO1[V] q50[v]);
bb4l[v__] := bb4l[v] = b4l[v] +b1@[v]* (5bO1[V] «qO5[V] +a®1[V] ~ q1l4[v]) +
2a10[v] b1@[v]® (2b81[V] « q14[v] +a@1[V] ~ q23[Vv]) +blO[V]?
(3b21[v] < q@3[v] +a21[v] ~q12[v] +3al@[v]* (b@l[v] « q23[v] +a@1[v] ~ q32[v])) +
2bio[v] (ale[v] b21[v] < ql2[v] +a@l1l[v] «b30O[v] < ql2[v] +alO[v] < a2l[v] < q21[Vv] +
a@1[v] ~a3@e[v] ~ q21[v] +be1[v] (3b3@[v] ~ q@3[v] +a3@[v] « q1l2[v] +al@[v]>q32[Vv]) +
2a01[v] a1@[v]®q41[v]) +ale[v] (al@[v] « b21[v] ~q21[v] +2a@1[v] ~ b3@[V] ~ q21[V] +
3al0[v] ~a21[v] ©q30[v] +6a01[v] < a30[v] «q30[v] +bOl[v]
(2b3@[v] «q12[v] +2a3@[v] ~q21[v] +al@[v]>q4l[v]) +5a01[v] al@[v]>q50[V]) -
(3 bb3@[v] < p21[v] + 2bb21[v] <« p30@[Vv] + blO[V] » p4l[v] + bb21[Vv] ©q21[Vv] +
2bb12[v] ~ q3@[V] +bO1[V] ~ q41[V]);
bb32[v__] :=bb32[v] = b32[v] +3bO1[v]2b30[v] «q@3[v] +a30[v] bo1[v]%ql2[v] +
2a10[v] «bO1[v] «b21[v] ©ql2[v] +2a@1[v] «bO1l[v] «b3@[V] ©ql2[V] +
2al10[v] ©a21[v] «bO1l[v] ©q21[v] +2a0@1[v] ~a30[v] «bO1l[v] «q21[V] +
alo[v]?bl2[v] « q21[v] +2a01[v] ~ ald[v] « b21[v] » q21[v] +a@1[v]2b3@[Vv] « q21[V] +
bie[v]® (16be1[v]>qe5[v] +4a01[v] « bOl[v] ~ ql4[v] +a@1[v]*q23[V]) +
3al0[v]%al2[v] ©q30[Vv] +6a@1l[v] ~ald[v] ~a21[v] «q30[V] +
3a01[v]%a30[v] ©q30[v] +ald[v]3bol[v]?q32[Vv] +
ble[v]? (3bl2[v] ~ q@3[v] +al2[v] ~ q12[v] + 6 al@[v] bel[v]? ql4[V] +
6a01[v] ~ale[v] «bo1l[v] ~q23[v] +3a01[v]*>al@[v] «q32[V]) +
4201[v] a10[v]>be1[v] ~q41[v] +ble[v] (3al0[v]®>bol[v]*q23[V] +
2be1[v] (3b21[v] < q@3[v] +a21[v] ~q12[v] +3a@l[v] al@[v]*>q32[V]) +
2 (ale[v] bl2[v] ©ql2[v] +a0@1[v] «b21[v] ©ql2[v] +al@[v] < al2[v] ©q21[V] +
ae1[v] ~a21[v] ~q21[v] +3a0l[v]?al0[v]®q4l[v])) +10a01[v]*al0[v]> q50[V] -
(3 bb30[v] « pl2[v] + 2bb21[v] « p21[v] + bb12[v] « p3@[Vv] + blO[V] « p32[V] +
bb21[v] ©ql2[v] + 2bb12[Vv] ©q21[v] + 3bbO3[Vv] ©q30[V] +bO1[V] q32[v]);
bb23[v__] :=bb23[v] = b23[v] +6bO1[v] «b1O[v] «bl2[v] x q@3[v] + 3 bO1[v]Zb21[V] ~ qO3[V] +
10bo1[v]3b10[v]2qe5[v] +a21[v] bo1[v]?ql2[v] +2al2[v] « bO1[v] » blO[v] « q12[V] +
a03[v] b1o[v]2ql2[v] +2a10[v] ~ bO1[v] » b12[v] ~ q12[V] +
2a01[v] «blO[v] «bl2[v] ©ql2[v] +2a01[v] «bO1[Vv] «b21[V] ©ql2[V] +
4a10[v] bo1[v]3blO[v] ~ ql4[v] + 6a@1l[v] bO1[v]?blO[Vv]? ql4[V] +
2al19[v] ©al2[v] «bO1[Vv] ©q21[v] +2a01[v] < a21[v] «bO1l[Vv] ©q21[Vv] +
2a03[v] ©ale[v] «blO[v] v q21[v] +2a01[v] ©al2[v] «blO[v] ©q21[v] +
2a01[v] ~ale[v] ~bl2[v] ~q21[v] +a@1[v]?b21[v] ~q21[V] +
be3[v] (3b10[v]?qe3[v] +2al@[v] ~blo[v] ~q12[v] +al@[v]®q21[V]) +
al0[v]2bo1[v]3q23[v] +6a01l[v] ~alo[v] bel[v]?blO[v] « q23[Vv] +
3a01[v]2be1[v] b1o[v]?q23[v] + 3 a@3[v] al@[v]%q30[Vv] +
6a@1l[v] ~alo[v] ~al2[v] »q30[v] +3a01[v]%a21[v] ~q30[V] +
3a01[v] al@[v]2bo1[v]2q32[v] +6a0@1[v]2al10[v] « bO1[v] « blO[V] ~q32[V] +
ao1[v]®blo[v]%q32[v] +6a0@1l[v]?al10[v]?bo1l[v] «q4l[V] +
4a01[v]3alo[v] ~blo[v] ~q4l1[v] +10a0l[v]>al0[v]%q50[Vv] -
(3bb3@[Vv] « p@3[V] +2bb21[V] » p12[Vv] + bb12[V] » p21[v] +bl@[V] « p23[V] +
bb21[v] «q@3[v] + 2bb12[Vv] ©ql2[v] + 3bbO3[Vv] ©q21[Vv] +bO1[V] q23[v]);
bbl4[v__] := bbl4[v] = bl4[v] +b@1[v]* (5b10[v] ~ q@5[Vv] +al@[Vv] - ql4[v]) +
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2a01[v] bo1[v]® (2b10[v] « q14[v] +al@[v] «q23[Vv]) + bo1[v]?
(3b12[v] < q@3[v] +al2[v] ~q12[v] +3a@1[v]* (b1@[V] ~ q23[V] +al@[v] ~ q32[v])) +
2bo1[v] (3 bo3[v] «blO[v] ©qO3[Vv] +al@[v] «bO3[V] ©~ql2[V] +
a03[v] «blO[v] ©ql2[v] +a@1[v] < bl2[v] ©ql2[v] +a@3[Vv] ©alO[v] ©~q21[v] +
a@1[v] ~al2[v] « q21[v] +a@1[v]>bl@[v] ~ q32[v] +2a01[v]>al0[v] < q41[v]) +
aodl[v] (2 ad3[v] «blo[v] ©q21[v] +a@1l[Vv] «bl2[Vv] ©q21[V] +
2be3[v] (bl@[v] «q12[v] +al@[v] ~q21[v]) + 6a@3[Vv] ~al@[v] ~ q3@[V] +
3a01[v] ~al2[v] «q3@[v] +a01[v]>blo[v] < q41[v] +5a0@1[v]*al@[v] ~ q50[V]) -
(2 bb21[v] « p@3[v] + bbl2[v] « p1l2[v] + blO[Vv] « p1l4[Vv] + 2bb12[Vv] « qO3[V] +
3bbe3[v] « q12[v] +bO1[V] ~ ql4[Vv]);
bbo5[v__ ] :=bboO5[v] = b@5[v] + 3bO1[v]2bO3[v] « q@3[v] + bO1[v]® qO5[Vv] +
(a@3[v] bo1[v]?+2a01[v] ~bO1l[v] «bO3[Vv]) q12[Vv] +a@1[v] bO1[v]* ql4[V] +
(2a@1[v] < a@3[Vv] ~ bO1[v] +2a@1[Vv]?bO3[V]) q21[V] +a@1[v]*be1l[Vv]> q23[Vv] +
3a01[v]%a03[v] ©q30[v] +ad1[v]3bol[v]%q32[v] +a@1l[v]*bOl[v] « q41l[V] +
aod1[v]® q50[Vv] - (bb12[v] pO3[v] + blO[v] < pO5[v] + 3bbO3[v] ©qO3[V] + bO1[V] q95[v]);

5. Twist Coefficients

(»to find t; and t,, use the input of the form v={L,ra,ra,,ras,rb,rby,rbs},
where L is the the length, ra and rb are the radii of the two arcs at s=0, ,
ra, and rb, are the second-derivatives, and ra, and rb, are the four-derivativesx)

Clear[twistl, twist2];
twistl[v__] := twistl[v] = (al@[v] (3b3@[v] - a21[v] +bl2[v] -3a@3[Vv]) -
Sqrt[-a@1[v] »bl@[v]] (3a3@[v] +b21[v] +al2[v] +3be3[v])) /8;
twist2[v__] := twist2[v] = (al@[v] (-2aa41[v] - 2aa23[v] - 10 aa@5[v] +
10 bb50[v] + 2bb32[Vv] + 2 bb14[V] ) -Sqrt[-a0l1[v] *blO[v]]
(10 aa5@[v] +2aa32[v] + 2aal4[v] +2bb41l[v] +2bb23[v] + 18bbO5[v])) /32;



