1. Using the results from twistAsymmetry to obtain the
explicit expressions of the coefficients

xi= ) apxl Yk, yi= ) byxd ¥

n/-= Clear[val@, va@l, vble, vbel, va3o, va2l, val2, vae3, vb30, vb2l, vbi2,
vbo3, va59, va4l, va32, va23, val4, vaes, vb50, vb4al, vb32, vb23, vbl4, vbo5];
(*Taylor expansion in terms of (x,y)=(s/n, nu)*)
vale[L_, R_, S_] :=val@[L, R, S] =R™*S™* ((R-L) (S-L)-L (R+S-L));
va@l[L_, R_, S_] :=va@l[L, R, S] = -2R*sLY2 (R-L)¥2 (5-L)¥? (R+S-L)"?%;
vb1@[L_, R_, S_] := vb1@[L, R, S] = 2R*S*LY2 (R-L)¥2 (s-L)¥? (R+S-L)"?;
vbol[L_, R_, S_] :=vb@1l[L, R, S] =R*S™* ((R-L) (S-L)-L (R+S-L));
(»third order derivatives x)
va3e[L_, R_,R2_,S_, S2_] :=
1
va3e[L, R, R2, S, 52] =R*LY2 (s-L)¥? (R-L)"2 (R+S-L)""? (— 2
R5 S3
(4L6+3R3S (R+S)2—12L5 (2R+S) +L?>R (68RS*>+125>+R*>S (99 -R2S) +R* (39-3552)) +
L* (60RS+125?+R* (57-552)) +LR* (-36R*S-115>+RS? (-38+R2S) +

R® (-9+552)) +L° (-114R*S - 48RS* -4 5% +R® ('67+3552)))]/65

- 2(4L°+R>S? (R+S) -

va2l[L_, R_, R2_, S_, S2_] :=va2lJ[L, R, R2, S, S2] = [

R* S3

4L° (5R+3S) -LR*S (8R*+16RS+75S%) +L*R (44R*S +44RS?+10S> +R® (9-552)) +

L* (50RS+125?+R* (37-552)) +2L> (-37R*S-20RS*>-25* +R® (-15+ssz))))/z;
val2[L_, R_, R2_, S_, S2_] :=val2[L, R, R2, S, S2] =R *L %2 (s-L)™"? (R-1L)*2

(R+s-L)"%« (—

2L (4L5—4R252 (R+s) -4 (4R+3s) +LRS (13R2+25RS+852) +
R3S3

L3 (40RS+12$2+R2 (21-552)) + L2 (-42st-32Rsz-4s3+R3 (-9+ssz))))/z;
va@3[L_, R_, R2_, S_, S2_] :=va@3[L, R, R2, S, S2] =RZ?L™* (S- L)‘1 (R-1L)
(R+S-L) * (

2125 (9R*+12RS+25?) + L3 (30RS +125% + R? (9-552)))]/6;

- 32L (4L5-3R253-12L4 (R+s) +6LRS? (2R+s) -
R2S

vb3e[L_, R_, R2_, S_, S2_] :=vb30[L, R, R2, S, S2] =R*L (S-L) (R-L)™* (R+S- L)‘1 *

(- 2(4L6R2—12L5R2 (R+s) +R2 (5R25+53+Rs2 (4+st) +R3 (3+ssz)) -
RSsB

LR(s3+4Rs2 (2+st) +2R25(9+2R25) +4R3 (3+ssz)) +

2L2R(s2 (2+3R25) +RS (9+8st) +3R? (3+st+ssz)) -

213 (2R3R2+2R253+3Rs(1+4kzs) + 2 R? (3+6R2$+SSZ)) +

L4 (12R2R2+12R252+R(3+30RZS+SSZ)))]/6;

vb21[L_, R_, R2_, S_, S2_] :=vb21[L, R, R2, S, S2] =RLY? (S-L)¥? (R-L)"*2 (R+S-L) "2
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(—R4532(4L6R2+R25(R+S)2—4L5R2 (2R+3S) +L?R (45 (1+R2S) +RS (13+5R2S) +
3R? (3+ssz)) —LR(8RZS+S3+RSZ (6+st) +R3 (3+ssz)) + L2 (4R2R2+12R252+

R(3+20R25+55S2)) -L> (4R25*+2RS (3+8R2S) +R? (9+8RZS+3552))))/2;

1
vb12[L_, R_, R2_, S_, S2_] := vb12[L, R, R2, S, S2] = |- ——2 (4L°R2+R?>S? (R+S) -
R3s3
4L°R2 (R+3S)-LRS(2R2+4RS+SZ)+L2R(8RS+252 (2+R2$)+R2 (3+ssz))-
213 (2R253+RS(3+4R25)+R2 (3+ssz))+L4 (12R2$2+R(3+10R25+SSZ))))/2;
vbe3[L_, R_, R2_, S_, S2_] := vb@3[L, R, R2, S, S2] =R™* L2 (s-L)*/2

1
(R-L)Y2 (R+S-L)Y? % [-——21L? (4L*R2-12L>R2S5+ 3RS (R+S) +
R2 S3
L?> (12R2S*+R (3+5S2)) -L (6RS+4R2S>+R? (3+552)))}/6;
(»fifth order derivativesx)
va50[L_,R ,R2 ,R4 ,S ,S2 ,S4 ] :=
va5e[L, R, R2, R4, S, S2, S4] =R*L (S-L) (R-L)™* (R+s-L)‘1*

. 52 (-16L1° (-9+4RR2) +801L° (5R2R2-95+2R(-9+2R25)) -
R°S

15R*S (R+S) (-22R*S-7S>+RS* (-22+R2S) +R® (-7+552)) +80L’ (18R*R2 -
185>+ 8RS* (-18 +R2S) +4R> (-51+13R2S +5S2) +R?S (-318 + 40R2S +5S2)) -
401® (26 R*R2-365?+2RS (-81+8R2S) +R? (-159 +45R25+S552)) +LR*
(-601S° +2RS* (-1643 + 55R2S) - 6 R*S> (1160 - 41R2 S + R2>S?) + 30R*S (-83+9552) +
R®S? (-6060 + 120R2S + R4 S> + 160 S S2) +R> (-345+945S2-65%S2? +5>54) ) +
LR (1320S° + RS* (9331 - 240R2S) + 20R*S® (1191 - 46 R2S) + 6 R*> S? (4615 -
150 R2 S + R2*S* - 85552) -R*S (-14670 + R4S> + 1170552 - 10R2S (-21+552)) -
5R® (-561+118552-65252%+5>54)) +10L>R* (-140S> + 28 RS* (-48 +R2S) +
12R*S? (-369 + 14R2S) + 2R>S? (-3235+137R2S + 38552) - 2R*S
(2130 -1185S2+R2S (-69+552)) +R®> (-1017 + 16 R2S + 158 SS2 - 6 52 52% + 5> 54) ) -
5L*R (16 R°R2-1445S° + 8RS* (-264 + 5R2S) + 8R*S> (-1185 + 47R2S) +
R®S? (-17847 + 960 R2S + 119552) +R*S (-14685 + 523552 - 2R2S (-417 +SS2)) +
2R® (-2157 + 116 R2S + 234552 - 6 S* S22 + S> S4) ) -
L® (1120R°R2-7205* + 160 RS> (-63 + 2R2S) + 40R*>S* (-989 + 70R2S + S S2) + 40 R>
S (-1428 + 163R2S + 145S2) + R* (-26865 + 5640 R2 S + 1894 S S2 - 6 5> S22 + 5> S4) ) +
L> (464 R°R2 - 144 S> + 32RS* (-135+ 2R2S) + 120R*S® (-247 + 18R2S) +
40R>S? (-1902 + 125R2S + 65 S2) + 30 R*S (-2685 + 232R2S + 555 52) +

R® (-29469 + 3360 R2 S + 2070 S S2 - 30 5? 52% + 5 §° s4))))/1ze;

va4l[L_,R_,R2_,R4_,S_, S2_, S4_] :=vadl[L, R, R2, R4, S, S2, S4] =
RLY2 (s-L)Y2 (R-L) ™2 (R+S-L) "%«

_ 1 2 (16L1° (-9+4RR2) -161L° (21R2R2—455+R (—81+20R25)) +R%S? (-132R25-
RE S5

415® +RS? (-128 +R2S) +R* (-45+55S2)) + LR*S (3295* + 2R?S? (1118 - 15R2S) +
2RS? (727 -14R2S) +R* (306 - 385S2) -8R>*S (-177+5552)) +8L® (88R*R2 -
180S*+RS (-729 + 80 R2S) +R* (-633 + 189R25+5552)) -8L7 (92R*R2-1805S> + 16R
S? (-81+5R2S) +2R*S (-1266 + 168 R2S +5552) + R® (-1407 + 352R2S +35552) ) +
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L>R® (-896S° + 8R*S> (-1379 + 32R2S) + RS* (-5323 + 100 R2S) + 12R*S (-297 +29552) +
4R>S? (-2457 +32R2S +54552) +R® (-345+945S2-652522 +5%54)) -
4L*R* (-2785°+2RS* (-1153 +22R2S) + 2R*S? (-3203 + 96 R2 S) +
3R*S? (-2535+70R2S +375S52) +R*S (-3822+26655S2+R2S (55-552)) +
R® (-615+124552- 652527 +5>54)) -2L° (40R°R2-725° + 8RS* (-243 + 4R2S) +
12R*S? (-983 + 42R2S) + 8R>S? (-3280 + 209 R2S + 13552) +R*S
(-23427 + 1756 R2S + 609 S S2) + 2R (-3465 + 288 R2S + 314552 - 652527 + S>54) ) +
L® (384R°R2-7205* + 16 RS* (-567 + 20R2S) + 8R*S? (-3937 + 294R2S + 5552) +
8R>S (-4926 + 550 R2S + 615 S2) + R* (15609 + 2576 R2S + 814 S S2 - 6 5> S22 + S>S4) ) +
L*R (-648S° + 168 RS* (-50 + R2S) + 16 R* S* (-2041 + 77R2S) +

5R®S? (-10375 + 468 R2S + 87 5S2) - 4R*S (8655-3915S2+R2S (-345+552)) +
2R® (—3855+100R2$+542$SZ—1852522+3S3S4))))/24;

va32[L_,R_,R2_,R4 ,S ,S2 ,S4 ] :=va32[L, R, R2, R4, S, S2, S4] = (R7 e 2 (—16 L
(-9+4RR2) +12R®S? (R+S)2+16L9 (17R*R2-45S + 4R (-18+5R2S)) +L*R*>S (5805% +
R*S? (4394 - 41R2S) +RS? (2783 -32R2S) +R* (507 - 61552) +2R>S (1341 -345S2)) +
2LR*S? (-282R*S-825> +RS? (-271+2R2S) +R? (-93+2552)) +16L7 (19R*R2-90S> +
8RS? (-72+5R2S) +3R* (-153+36R2S +5552) +R*>S (-978 + 136 R2S + 5552) ) -
8L°% (54R*R2-180S*+ 8RS (-81+10R2S) +R* (-489 + 153R25+5552)) +
L>R* (-860S° +4RS* (-1504 + 25R2S) +2R*S* (-6789 + 140R2S) +4R*S (-1059 + 95552) +
2R*S? (-6168 + 77R2S + 114552) +R® (-345+945S2- 657522 +5>S4)) +L*R (576 S° +
4R*S? (5333-183R2S) +4RS* (1623 -34R2S) - 4R>S? (-6891+230R2S + 75552) +
R*S (14055-8335S2+R2S (-277+5S2)) -3R> (-705+ 134552 - 65>52% +S>54) ) -
L® (80R°R2-7205* + 64 RS> (-126 + 5R2S) + 4R*S* (-6083 + 476 R2S + 105 S2) +
4R>S (-6432+673R2S +104552) +R* (-8265 + 18664R2S + 574552 - 6 5> S2> + S>S4) ) +
L®> (-1445°+64RS* (-54 +R2S) + 12R*S? (-1519 + 68 R2 S) +

4R3S? (—8570+507R2$+44552) +2R*S (—12435+716R2$+425552) +
R® (-5595+240R25+682552-1852522+3S3S4)))]/12;

va23[L_, R_, R2_, R4_, S_, S2_, S4_] :=va23[L, R, R2, R4, S, S2, S4] =R L2 (s- L)‘“2
(R-L)Y2 (R+S-L)"?4 |-

R §5
275%) -16L° (13R?R2-45S5 +R (-63 +20R2S)) +3L*R>S* (-480R*S - 1225° +
RS? (-449+2R2S) +2R? (-75+2552)) +8L® (28R*R2-180S* +RS (-567 + 80 R2S) +
R? (-363+117R2S+5552)) +4L>R*S (1625* + 6RS> (155-2R2S) - 2R*S?
(-807 +8R2S) -6R>S (-167 +4S5S2) -3R* (-59+7552)) -8L7 (16R*R2-180S> +
16RS? (-63+5R2S) +2R*S (-726 + 164 R2S + 5552) +R® (-555+112R2S +25552) ) +
L*R (-504S> + 8RS* (-606 + 13R2S) + 2R*S> (-6519 + 184R2S) + 6R*S (-751+61SS2) +
R®S? (-12939 + 230 R2S + 191552) +R® (-345+94552- 652527 + 5> 54) ) -
21° (-725°+8RS* (-189+4R2S) +12R*S> (-565 + 26 R2S) + 2R*>S? (-5205 + 260 R2 S +
36552) +3R*S (-1929 + 62R2S+91552) +R> (-885+ 154552 - 657522 +S>54) ) +
L® (-7205*+ 16 RS® (-441+20R2S) + 8R*S? (-2259+ 182R25+5552) +8R>S

(-1947 + 174R2S + 435 52) +R* (—3825+280R25+374552—652522+S3S4))))/12;

vala[L ,R_,R2_,R4_,S ,S2 ,S4 ] :=vald[L, R, R2, R4, S, S2, S4] =

2 (16L1° (-9+4RR2) -3R°S* (R+s) +3LR*S3 (30R2+58RS+
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B} 1
R2L? (s-1) (R-L) (R+sS-L) % —EZL (16 L° (-9+4RR2) +48R*S* (R+S) -

12LR*S® (29R* +53RS +20S?) -16L® (9R?R2-45S5 +R (-54 + 20R2S) ) - 16 L®
(-90S*+8RS? (-54+5R2S) +10R? (-15+2R2S+SS2) +R?>S (-510+72R2S +5552)) +
8L’ (10R*R2-180S”+2RS (-243+40R2S) +R* (-255+81R25+5552)) -
4L*R*S* (-675R*S-120S>+4RS? (-138 +R2S) +R? (-216 +7552) ) +
L>RS (-4325%*+24RS? (-145+3R2S) + 16 R*S* (-459 + 8R2S) +R* (-909 + 107 S S2) +
R®S (-5061+1095S2)) +L* (1445° - 32RS* (-81+2R2S) - 48R*S> (-200 + 9R2S) +
18R*S (243-175S2) -16R>S? (-714 +23R25+7552) +R® (345-94552 + 6 5% S2” -
$*s4)) +L° (-7205* + 32RS? (-189 + 10R2S) + 8R*S? (-1590 + 126 R2S + 55 52) +

16R>S (-528+31R25+17ssz) +R* (—1425+214SSZ-6$2522+S3S4))))/24;
va@5[L_,R ,R2 ,R4 ,S ,S2 ,S4 ] :=va@5[L, R, R2, R4, S, S2, S4] =
R3L32 (s-L)%2 (R-L)%2 (R+S-L)>?« |-

2L (16L9 (—9+4RR2) +45R*S° -
R4 S5

45LR>S* (7R+4S) +120L?R*S> (8R*+11RS+35%) -80L°% (RR2-9S+R (-9+4R2S)) -

401° (-365>+16RS* (-9+R2S) +3R* (-9+552) +2R?S (-66+8R2S+552)) +

40L7 (-365*+RS (-81+16R2S) +R*> (-33+9R2S+552)) +

5L°RS* (-756R*S-725>+8RS? (-60+R2S) +R*> (-291+11552)) -2L*S (-725%+60R?
s? (-53+2R2S) +8RS? (-135+4R2S) +20R*>S (-135+2552) +R* (-555+65552)) +

L> (-7205* + 80RS> (-63 +4R2S) + 40R*S? (-207 + 14R2S + S S2) +

40R3S (-96+sssz) +R* (—345+94SSZ—652522+S3S4))))/120;
vb50[L ,R ,R2 ,R4 ,S ,S2 ,S4 ] :=vb50[L, R, R2, R4, S, S2, S4] =
RPLY2 (s-L)¥2 R-1L)"*2 (R+S-L) > |-

e 2 (16 (4R2-6RR2%+R*R4) - 80 L°
(R*R4+4R2S +RR2 (7-6R2S) +R?> (-6R2* +R4S)) -40L’ (4R°R4 + 16 R2S> - 8RR2S?
(-14+3R2S) - 8R* (3R2*-2R4S) +R® (101R2-96R2*S + 16 R4 S? -5R2552) + 2R?S
(162R2 - 48R2*S + 2R4S? -R2552)) +40 L% (4R*R4+ 16 R2S*+3RR2S (21-8R2S) +
R® (-24R2? +9R4S) +R* (51R2-54R2*S +4R4S* -R2552)) + L*R® (S* (29 + 320R25S) -
40RS> (-9-38R2S +4R2%S?) +2R>S (450 - 60 R2>S* + 23R4 S> - 150552 +
10R2S (63-5552)) +2R*S? (1120R2S - 163 R2%S% + 5 (99 + 2R45*-3552)) -5R*
(-45-4R4S*+78552+185%52” + 8R2S (-6+5S2) -35%54)) +20L>R* (-22R25° +
2RS® (-3-81R25+7R2*S?) +R*S? (-33-366R2S + 56 R22S? - 2R4 S + S S2) - 2R®
(R4s*+R2 (5-552)) +R*S (-45+52R2*S* - 8R4 S>+ 15552 +R2S (-325+11552)) +
R* (-15+12R2%S*>-8R4S>+ 26552+ 6552 +4R2S (-28+3552) -S>54)) +R* (-S° +
RS* (29 +5R2S) + 6R*S® (20 + R2S - R2*S?) + R®*S? (165 + R4S -5552) - 30R*S (-3 +
$S2) +R® (15-26552-652522+5>54)) - LR® (-S> +2RS* (29 +50R2S) + 2R S>
(180 + 143R2S - 23R2?S?) + 2R*S? (330 + 120 R2S - 18 R2S? + 3R4S* - 105 52) + 2R*
S (3 (75+R4S>-25552) -10R2S (-3+552)) +6R® (15-26552-65252% +5>54)) +
L® (80 R°R4 + 320 R2S* - 80RR2S> (-49 + 6R2S) - 89 R> (6R2? -7R4S) + 40 R* S?
(-84R2%>S +2R4S? +R2 (317-552)) -40R* (84R2*S - 25R4 5% + 2R2 (-59+5552)) +
R® (15 - 6040 R2> S* + 560 R4 S> - 26 S S2 - 6 5> S2° - 40R2S (-352+9552) +S>54)) -
21° (8R7R4 +32R2S° + 24 RR2S* (35-2R2S) - 24R® (2R2*-5R4S) +
R* (4740R2S> - 720R2*S* + 8R4 S®) +5R*>S (9 - 468 R2*S? + 24 R4 S> -3552 -
8R2S (-233+2552)) -4R> (180 R2%S -95R4S* + R2 (-408 + 505 S2) ) +
R* (45 - 2320R2?S? + 380 R4 S* - 78552 - 1852522 - 80 R2S (-87 +45S52) +35>54) ) +
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5L4R(8R6R4S+56R255—48RRZS4 (-14+st) +R2S? (33+2304R25-360R2252+
8R4s3-ssz) +2R3S (45-320R2252+28R4s3-15552+2R25 (755-13552)) -
8 R’ (6R225—7R4SZ+R2 (-31+sssz)) +R* (45-344R2252+199R4s3-

78552 -185252% - 8R2S (-195 + 145 S2) +3s3s4))))/1za;

vb4al[L ,R_,R2_,R4_,S ,S2 ,S4 ] :=vbal[L, R, R2, R4, S, S2, S4] =

RL (S-L) (R-L)* (R+S—L)'1* 2 (16L (-4R2+6RR2”-R’R4) + 16 L°

R8 §5
(4R°R4 +20R2S +RR2 (31-30R2S) +R? (-24R2*+5R4S)) +R*S (R+S) (-30R*S+S° +
RS? (-14+R2S) +R* (-15+552)) -8L® (12R*R4 + 80R2S*-3RR2S (-93+40R2S) +
R® (-72R2? + 36 R4S) +R®> (193R2-216 R2>S +20R4S*>-5R2552)) +16 L7 (4R°R4 +
40R2S>+4RR2S* (62-15R2S) - 24R* (R2* -R4S) +R*S (386 R2 - 192R2?S + 10 R4 S -
5R25S2) -2R® (-78R2+72R2%S - 16 R4S? + 5R2552)) - LZR® (S* (29 + 184R2S) +
4RS® (71+162R2S - 14R2%S?) + 2R*S? (315+322R2S - 27R2%S? +4R4S> -9552) +
3R*S (150 +62R2S + 3R4S> - 42552 - 6 R25?S2) +5R* (15-26552- 652527 +S>54)) +
LR® (-S°+2RS* (21+19R2S) +2R*S? (104 + 35R2S - 3R2*S?) + 2R*S (75-175S2) +
R®S? (300 + 32R2S +R4S>-8552) +R®> (15-26552-65>522+5%54) ) -
L® (16 R®R4 + 320R2S* + 16 RR2S® (217 - 30 R2S) - 32R® (3R2% - 7R4S) + 8 R*S* (-336 R2?
S+10R4S?+R2 (1199 -5552) ) - 8R* (168 R2>S - 75R4 S* + R2 (-278 +30552) ) +
R® (15 - 3616 R2> S* + 448 R4 S> - 26 SS2 - 6 5* S2° - 48R2S (-181+6552) +S>54) ) +
L> (48R°R4S +64R2S> - 48RR2S* (-31+2R2S) + 8R*S> (895R2 - 144 R2%S + 2 R4 S?) +
2R*S (45-1392R2*S* + 96 R4S> - 15552 + 32R2S (179 -2552)) -
16R> (18 R2>S - 19R4S* +5R2 (-13+25S2)) +
R* (75 - 1840 R2> S + 456 R4 S* - 130 S S2 - 30 5> S2° - 384R2S (-17 +552) +55°54) ) +
21°R? (164R2S° + 4RS> (15 +242R2S - 20 R2% S?) + 2R?S? (135 + 825R2S - 104 R2>S* + 6 R4
$*-45S2) +2R>S (-48R2%S?+2 (75+8R4S>-23552) -7R2S (-71+35S52)) +
R* (75+16R4S> - 130552 -305° 52> -8R2S (-22+3552) +55°54)) +
L*R (-248R2S° + 32RR25* (-79+ 6R2S) + R*S? (-165 - 7016 R2 S + 1056 R2> S? -
32R45%+5552) +8R> (-7R4S?+5R2 (-5+552)) +R>S
(-375+ 1240 R2%S? - 168 R4 S> + 121552 + 2R2S (-3497 + 775S2) ) + 2R* (168 R2%S? +

4R2S (-307 +28552) -5 (15+20R4S3—26552—652522+S3S4))))J/24;
vb32[L_,R_,R2_,R4_,S_,S2_, S4_] :=vb32[L, R, R2, R4, S, S2, S4] =

RLY2 (s-L)Y2 (R-L)™2 (R+S-L) 24 |-

2 (161 (4R2-6RR2%+R*R4) -16L° (3R*R4 +
R7 s5
20R2S+3RR2 (9-10R2S) +R*> (-18R22+5R4S)) + LR*S (S* - 2R*S? (47 + 3R2S) -
2RS? (13+4R2S) +4R>S (-24+552) +2R* (-15+552)) -R*S? (-6R*S+S% +
RS? (-2+R2S) +R® (-3+552)) -8L” (2R°R4 + 80 R2S> - 24RR2S* (-18 + 5R2S) -
12R* (R2>-2R4S) +R® (173R2-144R2>S + 48 R4S? - 15R25S2) +2R*S (278R2 -
144R2%S + 10R4S*-5R2552)) +8L% (6R*R4 + 80 R2S? -3RR2S (-81+40R2S) -
9R? (4R2>-3R4S) +R* (139R2-162R2%S + 20R4S* -5R2552) ) +2L° (-32R25° +
24RR2S* (-27 +2R2S) - 4R?S? (643 R2 - 108 R2>S + 2R4 S?) + 2R® (-19R4 S* + 10 R2
(-5+552)) +3R*S (-15+230R2*S?-24R4S> + 5552+ 2R2S (-525+8552)) +
2R* (-15+114R2%S* - 57R4S> + 26 552+ 652 S2% + 12R2S (-51+4552) -S>54)) +
L>R? (S* (29 +90R2S) -4RS> (-52-50R2S + 3R2?S?) + 2R*S? (174 + 50 R2S +
R4S*>-5552) -36R>S (-5+552) +R* (15-265S2-65%522+5>54)) -4L>R?
(58R2S°+ RS> (30 + 254R2S - 19 R22S?) + 3R*S? (35 + 96 R2S - 8R22S? + R4 S* - 5 52) +
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RS (90 +4R4S>-24552+R2S (89-5552)) +R* (15-26552-65252% +554)) +
L® (56 R°R4S + 320R2S* - 48RR2S> (-63 + 10R2S) + 8R*S? (-252R2*S +
10R4S* +R2 (863 -5552)) - 12R* (28R22S - 25R45? + 10R2 (-7 +SS2)) +
R® (15 - 1804 R2>S* + 336 R4S> - 26 SS2 - 6 5* S2° - 8R2S (-601 + 275 S2) +S>54)) +
L*R (216 R2S° - 16 RR2S* (-113 + 9R2S) +R?>S? (165 + 3802 R2 S - 516 R2% 52 +
24R4S>-5552) +4R*S (75-75R2%S? + 21 R4S> - 23552+ R2S (642-195S2)) +

R* (90 + 50 R4 S> - 156 S S2 - 36 S S22 - 8R2'S (-58 + 7 S S2) +ss354))))/12;

vb23[L_,R_,R2_,R4_,S ,S2 ,S4 ] :=vb23[L, R, R2, R4, S, S2, S4] =

(- 2L (16L9 (4R2 - 6 RR2” + R R4) - 18 R*S? (R+S)2—16L8 (2R*R4 +20R2S +
RE S5
RR2 (23-30R2S) +R? (-12R2*+5R4S)) +3LR>S (54R*S +RS? (50 + 11R2S) +
$* (11+12R2S) +R® (15-552)) - 16 L°® (4R*R4S + 40R2S> + 4RR2S? (46 - 15R2S) +
R*S (186 R2- 96 R2>S + 10 R4 S* - 5R25S2) +R® (40R2-24R2%S + 16 R4S -5R2552) ) +
8L7 (2R*R4 +80R2S*-3RR2S (-69 +40R2S) -6R> (2R2*-3R4S) +R* (93R2- 188 R2’S +
20R4S?-5R25S2)) - L?R* (156 R2S> + 2R S> (63 + 220 R2 S - 12 R2? S?) + 2R*S? (156 +
121R2S+2R4S>-2552) -36R>S (-5+552) +R* (15-26552-65%52?+5%54)) +
L>R (184R2S> + 12RR2S* (101 - 8R2S) + 4R>S? (42 +427R2S - 42R2?S? + 4R4S> -5 S2) +
R®S (225+28R4S>-635S2+5R2S (117 -5552)) +3R* (15-26552-65252%+5%54)) +
L®> (320R25*+ 16 RR2S* (161 -30R2S) + 20R* (5R4S*-2R2 (-5+552)) +
4R*S* (-336R2>S +20R4S*-5R2 (-231+2552)) +
R® (15 - 600 R2% S? + 224 R4 S - 26 SS2 - 6 S* S2* - 8R2S (-277 + 18 5S2) +S>S4)) -
L* (64R2S° - 48RR2S* (-23 +2R2S) +4R*S? (861 R2 - 144R2%S + 4R4 S?) +
2R®S (45-228R2°S? + 48R4 S* - 15552 - 32R2S (-45+552)) +

R* (45+76 R4S - 78552 - 185%S2? - 64R2S (-9 + 5 52) +3s3s4))))/12;

vb14[L ,R_,R2_,R4_,S ,S2_, S4_] :=vbl4[L, R, R2, R4, S, S2, S4] = R1L"1/2

-1/2 1/2
(s-1) 2 (R-L)1/2 (R+s-1L) 2 4 —R5552(16L1° (4R2-6RR2*+R*R4) +3R*S* (R+S) -
3LR*S® (4R?+6RS+S?) -16L° (RR4+20R2S +RR2 (19-30R2S) +R? (-6 R2% + 5R4S)) +
3L2R*S? (36 RS +S* (15+4R2S) +2R* (9+552)) +
4L°R*S (-26R25*-2RS? (18 +17R2S) +R® (-15+552) -2R?>S (27 +55S2)) +8L®
(9R’*R4S + 80R2S? -3RR2S (-57 +40R2S) +R® (55R2 - 54R2%S + 20 R4 S? - 5R2552) ) +
8L’ (-80R2S>+8RR2S* (-38+15R2S) +2R*S (48R2°S-10R4S? + 5R2 (-22+552)) +
R®> (-16R4S*+5R2 (-5+552))) +L*R (152R2S° + 16 RR2S* (47 -3R2S) +2R*S (75 -
17S55S2) +R*S? (177 + 524R2S + 8R4 S> - SS2) +R* (15-26552-65252% +5>54) ) -
21° (32R2S° + 24RR2S* (19-2R2S) +4R*S® (259 R2-36R2*S + 2R4S?) +R*S
(3 (15+8R4S*-5552) +4R2S (111-4552)) +R* (15-265S2-65>52>+5>54) ) +
L® (320R25* + 16 RR2S® (133 -30R2S) + 8R*>S? (-84 R2%S + 10 R4 S* + R2 (343 -5552)) +

R3 (15+112R4s3-26552-552522-8st (-86+9$SZ) +s3s4)))J/24;
vbe5[L_, R_, R2_, R4_, S_, S2_, S4_] := vbo@5[L, R, R2, R4, S, S2, S4] =R?L™* (S- L)‘1 (R-L)
1
(R+s-L) * [-—— 22 (16L8 (4R2—6RR22+R2R4) +6OR3S3 (R+s) -8oL’ (4R2$+R2R4S+
R4 S5

3RR2 (1-2R25)) - 20 L R?S? (9R5+4R253+R2 (6+SSZ)) +5L2ZRS (88RR2$3+
24 R2S* +R3? (15-552) +R%2S (39+ssz)) -401L° (—16R2$2+3RRZS (-9+8st) +
R?* (-5R2-4R4S*+R25S2)) +80L>S (-8R2S* +12RR2S (-2+R2S) +R* (-10R2 -
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2R452+stsz)) +L4 (329R254-240RR253 (—7+2R25) + 40 R? S? (32R2+2R4Sz—

stsz) +R3 (15-zsssz-sszszz+s354))

- L3 (64R2$5+48RR254 (15-2st) +

16 R? (65st3+R455) -30R3S (-3+ssz) +R* (15—26552—652522+S3S4)))]/120;

Switch to vector formation

m1- (%#v={L,R,R2,R4,5,52,54} %)

Clear[t, ra, ra2, ra4, rb, rb2, rb4j;

tiv__1:=t[v] =Vv[[1]];
ra[v__] :=ra[v] =Vv[[2]];
ra2[v__] :=ra2[v] =Vv[[3]];
rad[v__] :=rad[v] =Vv[[4]];
rb[v__] :=rb[v] =V[[5]];
rb2[v__] :=rb2[v] =Vv[[6]];
rba[v__]1 :=rb4d[v] =Vv[[7]];

n-= Clear[al@, a@l, ble, bol, a30, a21, al2, a03, b30, b21,
b12, be3, a50, a4l, a32, a23, al4, a@5, b50, bal, b32,
(*Taylor expansion in terms of (x,y)=(s/n, nu)*)

alo[v__] :=all[v] =vale[t[v],

a@l[v__] :=all[v] =vaol[t[Vv],
bie[v__] :=ble[v] = vblo[t[v],
bol[v__] :=boO1[Vv] = vbO1[t[V],
(*third orderx)

a30[v__] :=a30[v] =va30[t[v],
a2l[v__] :=a2l[v] =va2l[t[v],
al2[v__] :=al2[v] =val2[t[v],
a0d3[v__] :=al3[v] =vae3[t[v],
b3o[v__] :=b30[v] =vb30O[t[V],
b21[v__] :=b21[v] = vb21[t[V],
bl2[v__] :=bl2[v] = vbl2[t[V],
be3[v__] :=boB3[Vv] = vbO3[t[V],
(»fifth ordersx)

a50[v__] :=a50[v] =va5e[t[v],
ad4l[v__] :=a4dl[v] =va4l[t[v],
a32[v__] :=a32[v] =va32[t[v],
a23[v__] :=a23[v] =va23[t[v],
al4[v__] :=al4[v] =val4[t[v],
aod5[v__] :=al5[v] =vao5[t[v],
b50[v__] :=b50[Vv] = vb50[t[V],
b4al[v__] :=b4l[v] = vb4l[t[V],
b32[v__] :=b32[v] = vb32[t[V],
b23[v__] :=b23[v] = vb23[t[V],
bl4[v__] :=bl4[v] = vbl4a[t[V],

_1

be5[v__] :=beB5[v] = vbO5[t[V],

rafv],
rafv],
rafv],
rafv],

rafv],
rafv],
rafv],
rafv],
rafv],
rafv],
rafv],
rafv],

rafv],
rafv],
rafv],
rafv],
rafv],
rafv],
rafv],
rafv],
rafv],
rafv],
rafv],
rafv],

rb[vl];
rb[vl];
rb[vl];
rb[vl];

ra2[v],
ra2[v],
ra2[v],
ra2[v],
ra2[v],
ra2fv],
ra2[v],
ra2[v],

ra2[v],
ra2[v],
ra2[v],
ra2[v],
ra2[v],
ra2[v],
ra2[v],
ra2[v],
ra2fv],
ra2[v],
ra2[v],
ra2[v],

rbv],
rbv],
rbv],
rbvl,
rbvl,
rbvl,
rbv],
rb[v],

rad[v],
rad[v],
rad[v],
rad[v],
rad[v],
ra4d[v],
rad[v],
rad[v],
rad[v],
rad[v],
rad[v],
rad[v],

b23, bl4, be5];

rb2[v]];
rb2[v]];
rb2[v]];
rb2[v]];
rb2[v]];
rb2[v]];
rb2[v]];
rb2[v]];

rb[v], rb2[v],
rb[v], rb2[v],
rb[v], rb2[v],
rb[v], rb2[v],
rb[v], rb2[v],
rb[v], rb2[v],
rb[v], rb2[v],
rb[v], rb2[v],
rb[v], rb2[v],
rb[v], rb2[v],
rb[v], rb2[v],
rb[v], rb2[v],

2. Coefficients of the coordinate transform

rba[v]];
rba[v]];
rb4a[v]];
rb4a[v]];
rb4a[v]];
rb4a[v]];
rb4a[v]];
rb4a[v]];
rb4a[v]];
rb4a[v]];
rba[v]];
rba[v]];
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(06 9) > ) = () Pk v5, > qux! y¥)

In[«]:=

Inf-]:=

Clear([p30, p21, p12, po3, q39, q21, q12, q03];
p30[v__] :=
p3@[v] = - (2a10[v] ~ bl@[v] (a3@[v] +b21[v] - al2[v] - b83[v]) - (al@[v] "2 -blO[V] "2)
(b3@[v] - a21[v] - b12[v] +a@3[v])) / (8 b1@[V]) +
(b1e[v] (a3@[v] - b21[v] - al12[v] + b@3[v]) +a1@[v] (b3@[V] +a21[v] - bl2[v] -a@3[v])) /
(32a10[v] ~ble[v] );

p21[v__] :=p21[v] = 3 (b1@[v] (b3@[v] +a21[v] - b12[v] - a@3[V]) -
ale[v] (a3@[v] - b21[v] -a12[v] +be3[v])) / (32a18[v] ~b1@[Vv]);
p12[v__] :=pl2[v] = -3 (2a1@[v] ~ bl@[v] (a3@[v] +b21[v] - al2[v] - b@3[V]) -

(a1@[v]~2-bie[v]~2) (b3@[v] -a21[v] - b12[v] +a@3[v])) / (8b18[V]) -
3 (b1@[v] (a3@[v] - b21[v] -a12[v] +b@3[v]) +a1@[v] (b3@[v] +a21[v] - b12[v] -a@3[v])) /
(32a10[v] ~b1@[v] );
pe3[v__] :=pe3[v] = (2a1@[v] «bleO[v] (b3@[v] - a21[v] - b12[v] +a@3[V]) +
(a1@[v]~2-b1@[v]~2) (a3@[v] +b21[v] -al2[v] -b83[v])) / (4b10[V]) -
(b1e[v] (b3@[v] +a21[v] - b12[v] - a@3[v]) - a1@[v] (a3@[v] - b21[v] - a12[v] +be3[v])) /
(32a10[v] ~ble[v] );
q30[v__] :=q30[v] = (2a10[v] «bl@[v] (b3@[V] - a21[v] - b12[v] +a@3[Vv]) +
(a1e[v]~2-bie[v]~2) (a3@[v] +b21[v] -al2[v] -be3[v])) / (4blO[v]) +
(b1@[v] (b3@[V] +a21[v] - b12[v] - a@3[Vv]) - al@[v] (a3@[v] - b21[v] - al2[v] + bO3[V])) /
(32a10[v] ~blo[v] );
q21[v__] :=q21[v] =3 (2a10[v] ~bl@[v] (a3@[v] +b21[v] - al2[v] - b@3[V]) -
(a1e[v]~2-bie[v]~2) (b3@[v] -a21[v] - bl2[v] +a@3[v])) / (8bl0[V]) -
3 (b1@[v] (a3@[v] - b21[v] - al2[v] +b83[v]) +al@[v] (b3@[V] +a21[v] - b12[v] - a@3[V])) /
(32a10[v] ~b1o[Vv] );

ql2[v__] :=q12[v] = -3 (bl@[v] (b3@[V] +a21[v] - b12[v] - a@3[V]) -
ale[v] (a3@[v] - b21[v] -al2[v] +be3[v])) / (32a10[v] ~b1o[Vv] );
qe3[v__] :=q@3[v] = (2a1@[v] ~bl@[v] (a3@[v] +b21[v] - al2[v] - bO3[V]) -

(a1e[v]~2-bie[v]~2) (b3@[v] -a21[v] - bl2[v] +a@3[v])) / (8b1O[V]) +
(b1e[v] (a3@[v] - b21[v] - al12[v] + b@3[v]) +a1@[v] (b3@[V] +a21[v] - bl2[v] -a@3[v])) /
(32a10[v] ~ble[v] );

Clear[p50, p4l1, p32, p23, pl4, po5, q50, q41, q32, q23, q14, q05];
p50[v__] :=p50[Vv] = p21[Vv] *xq30[V];

q14[v_
05 [v_

:=ql4[v] = 2ql2[v] *xqO3[v] +3qO3[Vv] *ql2[V];
:=qO5[v] =3qO3[v] *xqO3[V];

p41l[v__] :=p4l[v] = p21[v] *q21[v] +2pl2[v] *Qq30[V];
p32[v__] :=p32[v] = p21[v] *ql2[v] +2pl12[Vv] *q21[v] + 33 pO3[V] *xqQq30[V];
p23[v__] :=p23[v] = p21[v] *qO3[Vv] +2pl2[Vv] *ql2[v] + 3 pO3[V] *q21[V];
pl4[v__] :=pl4[v] = 2pl2[v] *xqO3[Vv] +3pO3[Vv] *xql2[V];
poO5[v__] :=p0O5[v] =3pO3[Vv] *qO3[Vv]; q50[Vv__] :=q50[Vv] = q21[v] *q30[V];
q4l[v__] :=q41[v] =q21[v] *xq21[v] +2ql2[Vv] *q30[V];
q32[v__] :=q32[v] =q21[v] *ql2[v] +2ql2[Vv] *q21[Vv] +3qO3[V] *q30O[V];
q23[v__] :=q23[v] =q21[v] *qO3[Vv] +2ql2[Vv] *ql2[v] +3qO3[V] * q21[V];
_1
_]
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3. Taylor expansion of the billiard map in terms of new
coordinate system (X,Y):

(X, Y) > (X, Y1) = ZAJk X Yk ZBJkXJ Yk)

n[-1= Clear [aa3@, aa2l, aal2, aa@3, bb30, bb21, bbl2, bbo3];
aa30[v__] := aa30[v] = a30[v] + b1o[v]3 pe3[v] +al@[v] blo[v]?pl2[v] +
ale[v]?ble[v] » p21[v] +ale[v]>p3@[v] - (al@[v] = p3@[v] +a@L[v] » q30[V]);
@a2l[v__] :=aa2l[v] = a21[v] +bo1l[v]
(3ble[v]?pe3[v] +2al10[v] * blO[v] » p12[v] +al@[v]?p21[v]) +
ae1[v] (bl@[v]?pl12[v] +2al@[v] » bl@[v] » p21[v] +3al@[v]?p30[V]) -
(a1@[v] » p21[v] +a@l1[v] * q21[V]);
aal2[v__] := aal2[v] = al2[v] +bo1[v]? (3bl@[v] » p@3[v] +al@[v] » p12[v]) +
2a01[v] » be1l[v] (b1@[v] » p12[v] +al@[Vv]  p21[v]) +
a01[v]? (b1@[v] » p21[v] +3a1@[v] » p30[v]) - (al@[v] * p1l2[v] +a@l[v] » q12[V]);
aa@3[v__] := aa@3[v] = a@3[v] + bo1[v]3 po3[v] +a01[v] bol[v]?pl2[v] +
a@1[v]*be1[v] = p21[v] +a@1[v]>p3@[v] - (al@[v] » p@3[v] +a@Ll[v] » qO3[v]);
bb30[v__] :=bb30[v] = b30[v] +b10[v]>qO3[Vv] +al@[v] bl@[v]? ql12[Vv] +
ale[v]®b1@[v] » q21[v] +al@[v]>q3@[v] - (b1O[V] * p3@[Vv] + bO1[V] » q30[V]);
bb21[v__] :=bb21[v] = b21[v] + bO1[V]
(3b1@[v]®qe3[v] +2a1@[Vv] * blo[v] » q12[v] +al@[v]®q21[V]) +
ae1[v] (ble[v]?ql2[v] +2al@[v] » bl@[v] » q21[v] + 3al@[v]®q30[V]) -
(b1@[Vv] » p21[v] +bO1[V] * q21[V]);
bb12[v__] :=bb12[v] = b12[v] +bO1[v]? (3b1@[V] » qO3[V] +al@[V] * q12[v]) +
2a01[v] * bel[v] (bl@[v] » q12[v] +al@[Vv] * q21[v]) +
ae1[v]? (b1@[v] » q21[v] +3al@[v] » q30[v]) - (bl@[Vv] * p1l2[v] +bO1[V] » q12[V]);
bbo3[v__] := bbo3[v] = b@3[v] +bO1[v]>qO3[v] +a@1[Vv] bO1[v]Zql2[Vv] +
a@1[v]?bo1[v] » q21[v] +a@1[v]>q3@[v] - (b1@[V] * p@3[v] +bO1[v] » qO3[v]);

m/-}= Clear[aa5@, aad4l, aa32, aa23, aald, aaod5];
aa5@[v__] := aa50[v] = a50[v] + 3b10[v]?b30[v] ~ pO3[v] + blO[v]® pO5[v] +
(a3@[v] b1@[v]?+2al@[v] ~ble[v] «b3@[v]) p12[v] +al@[v] blO[Vv]* pl4[v] +
(2a10[v] < a30[v] ~bl@[v] +al@[v]?b3@[Vv]) p21[v] +al@[v]*>blO[v]> p23[v] +
3a10[v]%a30[v] «p30[v] +al0[v]3b1o[v]?p32[v] +all[v]*blO[v] ~ p4l[Vv] +
ale[v]®p50[v] - (3aa3@[v] ~ p3@[v] +al@[v] « p50[Vv] +aa21[v] ~ q30[V] +a@L[v] ~ q50[Vv]);
aad4l[v__] := aa4l[v] = a4l[v] +ble[v]* (5bO1[v] « p@5[v] +a@l[v] « pl4[v]) +
2a10[v] b1@[v]® (2b01[v] « pl4[v] +a@1[Vv] ~ p23[v]) + blO[v]?
(3b21[v] < p@3[v] +a21[v] «pl2[v] +3al@[v]* (b@1[v] « p23[v] +a@L[V] » p32[v])) +
2bi1o[v] (ale[v] b21[v] < pl2[v] +a@l1l[v] «b30O[Vv] <« pl2[v] +alO[v] ~a21[v] < p21[Vv] +
a@1[v] ~a3@[v] « p21[v] +be1l[v] (3b3@[v] « p@3[V] +a3@[v] « p12[v] +al@[v]>p32[v]) +
2a01[v] a10[v]®pal[v]) +al@[v] (al@[v] «b21[v] < p21[v] +2a@1[v] ~ b3@[V] « p21[V] +
3a10[v] ~a2l[v] » p30[v] +6a01[v] xa30[v] » p30[v] + bo1l[v]
(2b3@[v] < p12[v] +2a30[v] « p21[v] +al1@[v]>pal[v]) + 5a01[v] al@[v]>p50[v]) -
(3 aa30[v] «p21[v] +2aa2l1[v] < p30[v] +alO[v] < p4l[v] +aa21l[v] ©q21[v] +
2aal2[v] < q30[v] +a@1[v] «q4l[v]);



10 | twistAsymImprove.nb

aa32[v__] := aa32[v] = a32[v] +3bo1[v]2b3@[v] ~ pO3[v] +a30[v] bo1[v]Zpl2[v] +
2a10[v] «bO1[v] « b21[v] «pl2[v] +2a0@1[v] «bO1l[v] «b3@[V] « pl2[V] +
2a10[v] ~a21[v] «bO1l[v] «p21[v] +2a0@1[v] ~a30[v] «bO1l[v] «p21[Vv] +
alo[v]2bl2[v] « p21[v] +2a01[v] ~ald[v] « b21[v] » p21[v] +a@1[v]2b30[Vv] « p21[V] +
bie[v]® (10be1[v]? pe5[v] +4a01[v] ~ bO1l[v] « p1l4[v] +a@1[v]*p23[v]) +
3al10[v]%al2[v] ~p30[v] +6a@1l[v] ~ald[v] xa2l[v] « p30[V] +
3a01[v]%a30[v] »p30[v] +ald[v]3bol[v]?p32[V] +
bie[v]? (3b12[v] « p@3[v] +al2[v] « p12[v] + 6 al@[v] bO1[v]* pl4[v] +
6a01[v] ~ale[v] ~bo1[v] » p23[v] +3a01[v]?all[v] p32[v]) +
4201[v] a1@[v]>be1[v] « p4l[v] +ble[v] (3al0[v]®bOl[v]?p23[V] +
2be1[v] (3b21[v] «p@3[Vv] +a21[v] «pl2[v] +3a01[v] al@[v]*p32[v]) +
2 (a10[v] bl2[v] « pl12[v] +a@1[v] « b21[v] « p1l2[v] +al@[v] < al2[v] « p21[v] +
a@1[v] ~a21[v] « p21[v] +3a01[v]?al0[v]®pal[v])) +10a01[v]?al@[Vv]> p50[V] -
(3 aa30[v] < pl2[v] +2aa21[v] < p21[v] +aal2[v] ~p30O[Vv] +alO[v] < p32[Vv] +
aa2l[v] ©ql2[v] +2aal2[v] ©q21[v] +3aa@3[v] ©q30[Vv] +all[V] q32[v]);
aa23[v__] := aa23[v] = a23[v] + 6 bo1[v] » b1O[v] « bl2[v] « p@3[v] + 3bO1[v]Zb21[V] « pO3[V] +
10bo1[v]3b1O[v]2pO5[Vv] +a21[v] bo1[v]2 p12[v] +2al2[v] «bO1[v] » blO[v] « p12[V] +
a03[v] b1@[v]? p12[v] +2al@[v] « bo1[v] » bl2[v] » p12[Vv] +
2201[v] ©b1O[v] «bl2[v] «xpl2[v] +2a0@1[v] «bO1[v] « b21[v] « pl2[V] +
4a10[v] be1[v]3b1O[v] » pl4[v] + 6 ad1[v] bO1[v]? blO[v]? p1l4[v] +
2al10[v] ©al2[v] «bO1[v] « p21[v] +2a01[Vv] ©a21[v] «~bO1[Vv] « p21[Vv] +
2a03[v] ©ale[v] «blO[v] « p21[v] +2a01[v] ©al2[v] «blO[v] « p21[Vv] +
2a01[v] ~ale[v] «bl2[v] » p21[v] +a@1[v]?b21[v] « p21[Vv] +
be3[v] (3b1@[v]?pe3[v] +2al@[v] «bl@[v] « p12[Vv] +al@[v]*p21[v]) +
alo[v]2bo1[v]3p23[v] +6a01l[v] ~ald[v] bol[v]2blO[v] « p23[v] +
3a01[v]?bo1[v] blo[v]?p23[v] +3a0B3[v] al@[v]? p30[V] +
6a01l[v] ~ald[v] ~al2[v] » p30[v] +3a01[v]?a21[v] » p30[V] +
3a01[v] al0[v]2bo1[v]?p32[v] +6a0@1l[v]%al10[v] « bO1l[v] « blO[V] » p32[V] +
a01[v]3b1o[v]? p32[v] + 6a01[v]%ale[v]? bo1l[v] « p4l[v] +
4a301[v]3a10[v] ~bloO[v] » p4l[v] +10a01[v]3al@[v]? p50[V] -
(3 aa30[v] < pO3[v] +2aa21[v] < pl2[v] +aal2[v] « p21[v] +al@[v] < p23[Vv] +
aa2l[v] ©qO3[v] +2aal2[v] ©ql2[v] +3aa@3[v] ©q21[v] +a@l[V] q23[v]);
aal4[v__] := aal4[v] = al4[v] + bo1[v]* (5 blo[v] < pO5[Vv] +alo[Vv] p14[v]) +
2a01[v] bo1[v]® (2bl@[v] ~ p1l4[v] +al@[v] « p23[Vv]) + bo1[v]>
(3b12[v] « p@3[v] +al2[v] « p12[v] +3a01[v]? (b1O[V] « p23[v] +al@[v] « p32[v])) +
2b0o1[Vv] (3 bo3[v] «blO[v] « pO3[Vv] +al0O[v] < bO3[V] « pl2[V] +
a03[v] < blO[v] « pl12[v] +a@l1l[v] « bl2[v] « pl2[v] +a@3[Vv] ~al@[v] « p21[v] +
a@1[v] ~al2[v] « p21[v] +a@1[v]>blO[Vv] ~ p32[v] +2a01[v]>al@[v] « p4l[v]) +
aol[v] (2 a03[v] < blo[v] « p21[v] +a@1[v] « bl2[v] « p21[Vv] +
2be3[v] (b1@[v] » pl2[v] +al@[v] «p21[v]) + 6a@3[v] ~ al@[Vv] ~ p3@[V] +
3a01[v] ~al2[v] «p3@[v] +a01[v]>ble[v] < p4l[v] +5a01[v]*al@[v] « p5@[V]) -
(2 aa2l[v] < p@3[v] +aal2[v] < pl2[v] +al@[v] « pl4[v] +2aal2[v] «qO3[V] +
3aa@3[v] ~ ql2[v] +a@l[v] ~ ql4[v]);
aa@5[v__] :=aa@5[v] = a@5[v] + b01[v]5 po5([v] + a@l[v] bel[v]“ pla[v] +
a01[v]*>be1[v]®p23[v] +bo1[v]? (3be3[v] « p@3[v] +a@3[v] « p12[v] +a01[Vv]>p32[Vv]) +
ad1[v] «be1[v] (2b@3[v] « p12[v] +2a@3[V] ~ p21[v] +a0@1[v]>pal[v]) +
a01[v]? (be3[v] «p21[v] +3a@3[v] ~ p3@[Vv] +a01[v]>p50[V]) -
(aa12[v] < p@3[v] +al@[v] « p@5[v] + 3 aa@3[v] « q@3[v] +a@1[v] ~ q@5[v]);
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m-1= Clear [bb5@, bb4l, bb32, bb23, bbl4, bbo5] ;
bb50[v__] :=bb50[v] = b50[v] +3b1O0[v]2b30[Vv] « q@3[Vv] + b1O[Vv]® qO5[V] +
(a3e[v] b1@[v]?+2al@[v] ~ble[v] «b3@[Vv]) q12[Vv] +al@[v] blO[V]* ql4[V] +
(2a10[v] < a3@[v] ~bl@[v] +al@[v]?b3@[v]) q21[v] +al@[v]*>blO[v]>q23[v] +
3a10[v]%a30[v] ©q30[v] +al0[v]3b1O[v]%q32[v] +al0[v]*blO[v] « q41[V] +
alo[v]® q50[v] - (3 bb30[v] « p3@[v] + blO[Vv] « p50@[V] + bb21[Vv] ©q30[V] + bO1[V] q50[v]);
bb4l[v__] := bb4l[v] = b4l[v] +b1@[v]* (5bO1[V] «qO5[V] +a®1[V] ~ q1l4[v]) +
2a10[v] b1@[v]® (2b81[V] « q14[v] +a@1[V] ~ q23[Vv]) +blO[V]?
(3b21[v] < q@3[v] +a21[v] ~q12[v] +3al@[v]* (b@l[v] « q23[v] +a@1[v] ~ q32[v])) +
2bio[v] (ale[v] b21[v] < ql2[v] +a@l1l[v] «b30O[v] < ql2[v] +alO[v] < a2l[v] < q21[Vv] +
a@1[v] ~a3@e[v] ~ q21[v] +be1[v] (3b3@[v] ~ q@3[v] +a3@[v] « q1l2[v] +al@[v]>q32[Vv]) +
2a01[v] a1@[v]®q41[v]) +ale[v] (al@[v] « b21[v] ~q21[v] +2a@1[v] ~ b3@[V] ~ q21[V] +
3al0[v] ~a21[v] ©q30[v] +6a01[v] < a30[v] «q30[v] +bOl[v]
(2b3@[v] «q12[v] +2a3@[v] ~q21[v] +al@[v]>q4l[v]) +5a01[v] al@[v]>q50[V]) -
(3 bb3@[v] < p21[v] + 2bb21[v] <« p30@[Vv] + blO[V] » p4l[v] + bb21[Vv] ©q21[Vv] +
2bb12[v] ~ q3@[V] +bO1[V] ~ q41[V]);
bb32[v__] :=bb32[v] = b32[v] +3bO1[v]2b30[v] «q@3[v] +a30[v] bo1[v]%ql2[v] +
2a10[v] «bO1[v] «b21[v] ©ql2[v] +2a@1[v] «bO1l[v] «b3@[V] ©ql2[V] +
2al10[v] ©a21[v] «bO1l[v] ©q21[v] +2a0@1[v] ~a30[v] «bO1l[v] «q21[V] +
alo[v]?bl2[v] « q21[v] +2a01[v] ~ ald[v] « b21[v] » q21[v] +a@1[v]2b3@[Vv] « q21[V] +
bie[v]® (16be1[v]>qe5[v] +4a01[v] « bOl[v] ~ ql4[v] +a@1[v]*q23[V]) +
3al0[v]%al2[v] ©q30[Vv] +6a@1l[v] ~ald[v] ~a21[v] «q30[V] +
3a01[v]%a30[v] ©q30[v] +ald[v]3bol[v]?q32[Vv] +
ble[v]? (3bl2[v] ~ q@3[v] +al2[v] ~ q12[v] + 6 al@[v] bel[v]? ql4[V] +
6a01[v] ~ale[v] «bo1l[v] ~q23[v] +3a01[v]*>al@[v] «q32[V]) +
4201[v] a10[v]>be1[v] ~q41[v] +ble[v] (3al0[v]®>bol[v]*q23[V] +
2be1[v] (3b21[v] < q@3[v] +a21[v] ~q12[v] +3a@l[v] al@[v]*>q32[V]) +
2 (ale[v] bl2[v] ©ql2[v] +a0@1[v] «b21[v] ©ql2[v] +al@[v] < al2[v] ©q21[V] +
ae1[v] ~a21[v] ~q21[v] +3a0l[v]?al0[v]®q4l[v])) +10a01[v]*al0[v]> q50[V] -
(3 bb30[v] « pl2[v] + 2bb21[v] « p21[v] + bb12[v] « p3@[Vv] + blO[V] « p32[V] +
bb21[v] ©ql2[v] + 2bb12[Vv] ©q21[v] + 3bbO3[Vv] ©q30[V] +bO1[V] q32[v]);
bb23[v__] :=bb23[v] = b23[v] +6bO1[v] «b1O[v] «bl2[v] x q@3[v] + 3 bO1[v]Zb21[V] ~ qO3[V] +
10bo1[v]3b10[v]2qe5[v] +a21[v] bo1[v]?ql2[v] +2al2[v] « bO1[v] » blO[v] « q12[V] +
a03[v] b1o[v]2ql2[v] +2a10[v] ~ bO1[v] » b12[v] ~ q12[V] +
2a01[v] «blO[v] «bl2[v] ©ql2[v] +2a01[v] «bO1[Vv] «b21[V] ©ql2[V] +
4a10[v] bo1[v]3blO[v] ~ ql4[v] + 6a@1l[v] bO1[v]?blO[Vv]? ql4[V] +
2al19[v] ©al2[v] «bO1[Vv] ©q21[v] +2a01[v] < a21[v] «bO1l[Vv] ©q21[Vv] +
2a03[v] ©ale[v] «blO[v] v q21[v] +2a01[v] ©al2[v] «blO[v] ©q21[v] +
2a01[v] ~ale[v] ~bl2[v] ~q21[v] +a@1[v]?b21[v] ~q21[V] +
be3[v] (3b10[v]?qe3[v] +2al@[v] ~blo[v] ~q12[v] +al@[v]®q21[V]) +
al0[v]2bo1[v]3q23[v] +6a01l[v] ~alo[v] bel[v]?blO[v] « q23[Vv] +
3a01[v]2be1[v] b1o[v]?q23[v] + 3 a@3[v] al@[v]%q30[Vv] +
6a@1l[v] ~alo[v] ~al2[v] »q30[v] +3a01[v]%a21[v] ~q30[V] +
3a01[v] al@[v]2bo1[v]2q32[v] +6a0@1[v]2al10[v] « bO1[v] « blO[V] ~q32[V] +
ao1[v]®blo[v]%q32[v] +6a0@1l[v]?al10[v]?bo1l[v] «q4l[V] +
4a01[v]3alo[v] ~blo[v] ~q4l1[v] +10a0l[v]>al0[v]%q50[Vv] -
(3bb3@[Vv] « p@3[V] +2bb21[V] » p12[Vv] + bb12[V] » p21[v] +bl@[V] « p23[V] +
bb21[v] «q@3[v] + 2bb12[Vv] ©ql2[v] + 3bbO3[Vv] ©q21[Vv] +bO1[V] q23[v]);
bbl4[v__] := bbl4[v] = bl4[v] +b@1[v]* (5b10[v] ~ q@5[Vv] +al@[Vv] - ql4[v]) +
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2a01[v] bo1[v]® (2b10[v] « q14[v] +al@[v] «q23[Vv]) + bo1[v]?
(3b12[v] < q@3[v] +al2[v] ~q12[v] +3a@1[v]* (b1@[V] ~ q23[V] +al@[v] ~ q32[v])) +
2bo1[v] (3b03[v] bio[v] «q@3[v] +al0[v] «bO3[V] © ql2[V] +
a03[v] «blO[v] ©ql2[v] +a@1[v] < bl2[v] ©ql2[v] +a@3[Vv] ©alO[v] ©~q21[v] +
a@1[v] ~al2[v] « q21[v] +a@1[v]>bl@[v] ~ q32[v] +2a01[v]>al0[v] < q41[v]) +
aodl[v] (2a03[v] blO[v] «q21[v] +a@l1l[v] «bl2[v] ©q21[V] +
2be3[v] (bl@[v] «q12[v] +al@[v] ~q21[v]) + 6a@3[Vv] ~al@[v] ~ q3@[V] +
3a01[v] ~al2[v] «q3@[v] +a01[v]>blo[v] < q41[v] +5a0@1[v]*al@[v] ~ q50[V]) -
(2bb21[v] pO3[v] + bbl2[v] « p12[v] + blO[Vv] « p14[Vv] + 2bb12[Vv] « qO3[V] +
3bbe3[v] « q12[v] +bO1[V] ~ ql4[Vv]);
bbo5[v__ ] :=bboO5[v] = b@5[v] + 3bO1[v]2bO3[v] « q@3[v] + bO1[v]® qO5[Vv] +
(a@3[v] bo1[v]?+2a01[v] ~bO1l[v] «bO3[Vv]) q12[Vv] +a@1[v] bO1[v]* ql4[V] +
(2a@1[v] < a@3[Vv] ~ bO1[v] +2a@1[Vv]?bO3[V]) q21[V] +a@1[v]*be1l[Vv]> q23[Vv] +
3a01[v]%a03[v] ©q30[v] +ad1[v]3bol[v]%q32[v] +a@1l[v]*bOl[v] « q41l[V] +
a01[v]5q50[v]-(bb12[v] pO3[v] + blO[v] < pO5[v] + 3bbO3[v] ©qO3[V] + bO1[V] q95[v]);

4. Twist Coefficients 7; and 1,

(»to find t; and t,, use the input of the form v={L,ra,ra,,ras,rb,rby,rbs},
where L is the the length, ra and rb are the radii of the two arcs at s=0, ,
ra, and rb, are the second-derivatives, and ra, and rb, are the four-derivativesx)

mnf-1= Clear[twistl, twist2];
twistl[v__] := twistl[v] = (al@[v] (3b3@[v] - a21[v] +bl2[v] -3a@3[Vv]) -
bi@[v] (3a3@[v] +b21[v] +a12[v] +3be@3[v])) /8;
twist2[v__] := twist2[v] = (al@[v] (-2aa41[v] - 2aa23[v] -
10 aa@5[v] + 10 bb5@[Vv] + 2bb32[V] + 2 bb14[V]) -
bi@[v] (1@ aa5@[v] +2aa32[v] +2aald[v] + 2bb41[v] +2bb23[v] + 10 bbO5[v])) /32;
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Simplified formulas

Clear[taul, denomi@, denomi2, denomi22,
denomi4, numera®, numeraQ, numeraP, numeraS, numeraT, tau2];

R+S L S-L R-L
taul[L_,R_,R2_,S ,S2 ] := - R2 + s2|;
8RS 8(R+S-L) R-L S-L

denomi@[L_, R_, S_] :=
(512R~2s72sqrt|L (R-L) (S-L) (R+S-L)] (2(R-L) (S-L)-R xS));
denomi22[L_, R_, S_] :=1536Sqrt[L (R-L) (S-L) (R+S-L)]
(R-L)"~2 (S-L)~2 (2 (R-L) (S-L)-RS) (R+S-L)"2;
denomi2[L_, R_, S_] :=768Sqrt[L (R-L) (S-L) (R+S-L)]RS
(R-L) (S-L) (R+S-L) (2(R-L) (S-L) -RS);
denomi4[L_, R_, S_] :=192Sqrt[L (R-L) (S-L) (R+S-L)] (R-L) (R+S-L);
numera@[L_, R_, S_] :=
3 (7R*25%2 (R+S)~2-16RS (R+S)"~3L-8R"25"2 (R+S) L+8 (R+S)"4L"2 +
16RS (R+S)"~2L"2-16 (R+S)"~3L"3+16RS (R+S) L"3+8 (R*2+5"2) L"4);
numeraP[L_, R_, S_] :=L"2 (S-L)~4 (48R"3 (S-2L) +24L"2 (S-L)"2-
72LR (2L"2-3LS+5"2) +R"2 (216 L"2-216SL +315"2));
numeraQ[L_, R_, S_] :=-2R*SL"2 (L-R)"2 (L-S)~2(32L"2-32 (R+S) L+17R=*S);
numeraS[L_, R_, S_] :=L (S-L)"2 (40 (S-L)"~2L" 2+
3R"3(95-16L) -80R (2L"2-3LS+S"2) L+3R"2(56L"2-56L S+95"2));
numeraT[L_, R_, S_] := L>R (L-5)%;
tau2[L_, R_, R2_, R4_, S_, S2_, S4_] := numera@[L, R, S] /denomi@[L, R, S] +
(numeraP[L, R, S] R2”2 + numeraP[L, S, R] S2~2 + numeraQ[L, R, S] R2 » S2) /
denomi22[L, R, S] - (numeraS[L, R, S] SR2 + numeraS[L, S, R] RS2) /denomi2[L, R, S] -
(numeraT[L, R, S] * R4 /denomi4[L, R, S] +numeraT[L, S, R] * S4 / denomi4[L, S, R1);

7> when R=S

Simplify [numera@[L, R, R] /denomi@[L, R, R]] (xconstant terms)
3 (2L2-8LR+7R?)

Out[~]=

128 \/-L (L-2R) (L-R)2 R?

Simplify[ (numeraS[L, R, R] R) /denomi2[L, R, R]] (+ R2+52%)
L (10 L2-40LR+27R?)

Out[«]=

384 (L-2R) 4/-L (L-2R) (L-R)2R

1= Simplify[ (numeraP[L, R, R]) /denomi22[L, R, R]] (*» R22+522x)
L2 (24 L4 -192 L3R +456 L2 R2 - 384 LR3+79 R4)

Out[=]=

1536 (L-2R)?/-L (L-2R) (L-R)2 (2L2-4LR+R?)
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Simplify[ (numeraQ[L, R, R]) /denomi22[L, R, R]] (* R2%S2 x)
L2R? (32L2-64LR+17R?)

Out[«]= —

768 (L—ZR)Z\/—L (L-2R) (L-R)? (2L>-4LR+R?)

n-1= Simplify[numeraT[L, R, R] /denomid[L, R, R]] (* R4 + S4«)
L3 (L-R)3R

Out[«]=
192 (-L (L-2R) (L-R)2)>"?

nf-}= Clear[tau2RR];
tau2RR[L_, R ,R2 ,R4 ,S2 ,S4 ] :=
1 3(2L2-8LR+7R?) L (10L2-40LR+27R?) (R2+S2)
\/L(ZR_L) (L-R)2 [ 128 R? ) 384 (2R-L) R *
(L? (24L%-192 >R + 456 L*R* - 384 LR® + 79R*) (R2%+S2?) -2L?R? (321> -64 LR + 17R?)
L2 (R-L) R (R4 +54) )

R252) / (1536 (L-2R)? (2L7-4LR+R?)) - 192 (27 1) ;

Integrability test: locally analytically integrable iff convergent Birkhoff Normal
form. At A* = 1: it is necessary to have co3 =0

mn/-1= Clear[laiTest];
laiTest[v__] :=
laiTest[v] = a30[v] + Ib30[v] + I a21[v] -b21[v] -al2[v] -Ibl2[v] -Ia@3[Vv] +bO3[V];
(xsee the definition of c@3x)
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nf-}= Simplify[laiTest[{L, R, R2, R4, S, S2, S4}], R> L&&S > L&&L > 0]

1
3R4S3

1 i(-L+R) (-L+R+S) (4L°-3R*S>-121L% (R+S) +
-L+S

Out[~]=

6LRS® (2R+S) -2L?S (9R* +12RS+2S%) +L> (30RS+12S*+R* (9-5S2) ) +
3i (4L°+R*S* (R+S) -4L° (5R+3S) -LR*S (8R*+16RS+7S?) +
L>R (44R*S +44RS*+10S> +R? (9-5S52)) +L* (5@RS+ 125>+ R* (37 -5S2)) +
21° (-37R*S-20RS*-25%+R?> (-15+5S2) ) ) -

L(-L+R) (-L+R+S)
3 (4L°-4R*S* (R+S) -4L* (4R+3S) +LRS (13R*+25RS+8S%) +
-L+S

L3 (40RS+1252+R2 (217552)) + L2 (—42RZS—32RSZ—4S3+R3 (79+ssz))) -

(-L+R) (-L+R+S)
-L+S
L?> (12R2S*+R (3+5S2)) -L (6RS+4R2S>+R? (3+55S2))) +
3iR(4L°R2+R*S? (R+S) -4L°R2 (R+3S) -LRS (2R* +4RS+S?) +
L>R (8RS +2S? (2+R2S) +R* (3+55S2)) -
21° (2R2S>+RS (3+4R2S) +R* (3+5S2)) +L* (12R2S* +R (3+10R2S+5S2))) -
(iLR(-L+S) (4L°R2-12L°R2 (R+S) +R* (6R*S+S*>+RS* (4+R2S) +R?® (3+55S2)) -
LR (S*+4RS* (2+R2S) +2R*S (9+2R2S) +4R* (3+552)) +
2L°R (S* (2+3R2S) +RS (9+8R2S) +3R* (3+R25+5S2)) -
21° (2R?R2+2R2S%>+3RS (1+4R2S) +2R* (3+6R25+5S2)) +
L* (12R?R2+12R2S*+R (3+30R2S+S5S2)))) / ((-L+R) (-L+R+S)) +

L3/2R (4L4R2—12L3R25+3RS(R+S)+

L(-L+S
(-L+s) (4L6+3R3S(R+S)2—12L5<2R+S)+
(-L+R) (-L+R+S)
L>R (68 RS*+12S% +R*S (99 -R2S) +R® (39-35S2)) +L* (60RS+12S%+R* (57-5S2)) +
LR* (-36R*S-115>+RS?* (-38+R2S) +R® (-9+5S2)) +
L3 (-114R25-48R52-4s3+R3(-67+3ssz)))+

L(-L+S
3R (-L+s) (4L6R2+RZS(R+S)2—4L5R2<2R+3S)+
(-L+R) (-L+R+S)

L>R (4S* (1+R2S) +RS (13+5R2S) +3R* (3+5S2)) -
LR (8R25+s3+R52 (6+R25) +R3 (3+ssz)) + L4 <4R2R2+12R252+R (3+29R25+ssz)) -

L® (4R2S>+2RS (3+8R2S) +R? (9+8R25+3552)))

Simplify[laiTest[{L, R, 0,0, S, 0, 0}], L >08&S > L& R > L] (xasymmetric lemonx)
ourr ((-2L72+ 4152 (R+S) +2 VL RS (R+S) +
28 L2 /(-L+R) (-L+S) (-L+R+S) +iRS/(-L+R) (-L+S) (-L+R+S) -
2i L (R+S) N (-L+R) (-L+S) (-L+R+S) -21%2 (R2+3RS+52))

(8L4+9R25 (R+s) -16L3 (2R+S) +81L2 (6R2+6RS+SZ> -8LR <3R2+6RS+ZSZ)>)/
(3R4S3\/(—L+R) (~L+5S) (-L+R+s))
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Simpli-Fy[(((—ZL7/2+4L5/2 (R+S) +2 /L RS (R+S) +
2iL2/(-L+R) (-L+S) (-L+R+S) +iRS \/(-L+R) (-L+S) (-L+R+S) -
2iL (R+S) \/(-L+R) (-L+5) (—L+R+S)—2L3/2(R2+3RS+SZ))
(8L4+9RZS(R+S)—16L3(2R+S)+8L2(6R2+6RS+SZ)—8LR(3R2+6RS+252)))/
R+S- (R2+52)1/2
(3R4s3\/(_L+R) (-L+5) (—L+R+S)))/.L-> +S- (R +s?)
2

R > 08&&S >0] (+one case of resonance 2*=1 for asymmetric

El

lemonx)
1 1

Out[«]= -
R

np = Simplify[(((-z L”/2+4152 (R+S) +2 /L RS (R+S) +
2iL?/(-L+R) (-L+S) (-L+R+S) +iRS \/(-L+R) (-L+S) (-L+R+S) -
21'1L(R+S)\/(—L+R) (-L+5) (—L+R+S)—2L3/2(R2+3RS+SZ))
(8L4+9RZS(R+S)—16L3(2R+S)+8L2(6R2+6RS+SZ)—8LR(3R2+6RS+252)))/

R+S+ (R2+52)%?2

(3R4S3\/(—L+R) (-L+5) (—L+R+S)))/.L—> +S+ (R2+SY)

2

R>08&&S >0] («the other case of resonance A%*=1 for

3

asymmetric
lemonx)



