Twist coefficients for the billiard map when the table is
symmetric

0. Derivatives of radius along a curve

in434= Clear[y, arc, radi, radil, radi2, radi3, radi4];
y[x_,a_,b_,c_,d ]:=a*x*"2+bx*xx*4+c*x"6+d*x"8; (xthe parametric curvesx)
arc[x_,a_,b_,c_,d_] :=Sqrt[1+D[y[x, a, b, ¢, d], x] ~2]; (»arc-length of the curvex)
radi[x_, a_, b_, c_, d_] :=arc[x, a, b, ¢, d]*3/ (D[y[x, a, b, ¢, d], {x, 2}1);
(xradius of curvaturex)
radil[x_,a_,b_,c_,d_] :=D[radi[x, a, b, ¢, d], x] /arc[x, a, b, c,d];
(*D of arclengthx)
radi2[x_,a_,b_, c_,d_] :=D[radil[x, a, b, c, d], X] /arc[x, a, b, c, d];
(*D*2 of arclengthx)
radi3[x_,a_,b_, c_,d_] :=D[radi2[x, a, b, c, d], x] /arc[x, a, b, c, d];
(*D*3 of arclengthx)
radi4[x_,a_, b_, c_,d_] :=D[radi3[x, a, b, c, d], Xx] /arc[x, a, b, c, d];
(*D*4 of arclengthx)

ingaz;= Simplify[{radi[x, a, b, c, d], radil[x, a, b, c, d], radi2[x, a, b, c, d],
radi3[x, a, b, ¢, d], radi4[x, a, b, ¢, d]} /. x -» @, Element[{a, b, ¢, d}, Reals]]
1 6b 12 (2a°+4a’b-36b?+15ac)
out[]= {7, 0,6a-—, 0, -
2a a2 a3
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1. Derivatives of the billiard map (s, u) - (s1, u1)

n-1= Clear[rad, tau, sl1, ul];

In[458]:=

(»set up the radius functionx)
rad[@, r_, r2_, r4_] :=rad[Q, r, r2, rd4] =r;

Derivative[1, 0, 0, 0] [rad] [0, r_, r2_, r4_] :=0;
Derivative[2, 0, 0, 0] [rad] [0, r_, r2_, rd4_] :=r2;

Derivative[3, 0, 0, 0] [rad] [0, r_, r2_, r4_] :=0;
Derivative[4, 0, 0, 0] [rad] [0, r_, r2_, r4_] :=r4;
(xset up the orbit length function and the billiard mapx)
tauf[@,0,t ,r_,r2_,r4_] :=tauf0, 0, t, r,r2,r4] =t;
ulfe,o0,t ,r_,r2_,r4_] :=ulfe,0,t,r,r2,r4] =0;
sl[0,0,t ,r_,r2_,r4_] :=sl1l[0,0, t, r, r2,r4] =0;
Derivative[1, 9, 9, 0, 0, @] [s1][s_,u_,t ,r_,r2_,r4_] :=
tauls, u, t, r, r2, ra] / (rad[s, r, r2, r4] «»Sqrt[1-ul[s, u, t, r, r2, rd]~2]) -
Sqrt[1-u”2] /Sqrt[1l-ul[s, u, t, r, r2, ra]"2];
Derivative[0, 1, 9, 0, 0, 0] [s1][s_,u_,t_,r_,r2_,r4_] :=
(tau[s, u, t, r, r2, ra] / (sart[1-u~2] »Sqrt[1-ul[s, u, t, r, r2, ra]1~2]));
Derivative[1, 9, 0, 0, 0, @] [ul][s_,u_,t ,r_,r2_,r4_] :=
tau[s, u, t, r, r2, r4d] / (r'ad[s, r, r2, rd] xrad[sl[s, u, t, r, r2, rd], r, r2, r4]) -
Sqrt[1-u”2] /rad[sl[s, u, t, r, r2, rd], r, r2, rd] -
Sqrt[1-ul[s, u, t, r, r2, r4] *2] /rad[s, r, r2, rd];
Derivative[o0, 1,0, 0, 0, 0] [ul][s_,u_,t ,r_,r2_,r4_] :=
tauls, u, t, r, r2, ra] / (rad[si[s, u, t, r, r2, r4], r, r2, r4] »Sqrt[1-u~2]) -
Sqrt[1-ul[s, u, t, r, r2, r4]~2] /sqrt[1-u"2];
Derivative[1, 0, 0, 0, 0, O] [tau][s_,u_,t_,r_,r2_,r4_] :=u-ulfs,u, t, r, r2, ra]
(tau[s, u, t, r, r2, ra] / (rad[s, r, r2, r4] «Sqrt[1-ul[s, u, t, r, r2, r4]~2]) -
Sqrt[1-u~2] /Sqrt[l-ul[s, u, t, r, r2, ra]~2]);
Derivative[0, 1, 0, 0, 0, @] [tau][s_,u_,t_,r_,r2_,r4_] :=-ul[s, u, t, r, r2, r4]
(tau[s, u, t, r, r2, r4] / (Sqrt[1-u”r2] «+Sqrt[l-ul[s, u, t, r, r2, r4a]~2]));

Higher-order derivatives of the billiard map (s, u) - (s1, u3)

Clear[t, r, r2, r4, sderi, uderi];

t[v__]1 :=t[v] =Vv[[1]]; (*orbit lengthx)

r[v__] :=r[v] =Vv[[2]]; (*xradius at the impact pointx)

r2[v__] :=r2[v] =Vv[[3]]; (*second derivative of the radius at the impact pointx)

rd[v__] :=r4[v] =v[[4]]; (»fourth derivative of the radius at the impact pointsx)

sderi[j_, k_, v__] :=

sderi[j, k, v] = (D[sl[svariable, uvariable, t[v], r[v], r2[v], r4[v]], {svariable, j},

{uvariable, k}] /. svariable - 0) /. uvariable - 9;

uderi[j_, k_, v__] :=uderi[j, k, v] = (D[ul[svar‘iable, uvariable, t[v], r[v], r2[v], rd4[v]],
{svariable, j}, {uvariable, k}] /. svariable - @) /. uvariable - 0;

2. Taylor expansion of the billiard map in the coordinate
system (x,y)=(s/n, nu)



In[465]:=

In[468]:=

The scaling and the eigenvalues

Clear[eta, lambda];
eta[v__] :=eta[v] = (-sderi[@, 1, v] /uderi[1, @, v])~(1/4);
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lambda[v__] := lambda[v] = sderi[1, @, v] - I «+Sqrt[-sderi[@, 1, v] *uderi[1, 0, V]];
(*since b1@ = sine < 0 «x)

Coefficients of x; = Zajkx/yk, Yy = ijkxfy"

Clear[ale, a0l, bie, bol, a30, a21, al2, a03, b30, b21,

bi2, be3, a50, a4l, a32, a23, al4, a05, b50, b4l, b32, b23, bi4, bo5];

alo[v__]
adl[v_
a3o[v_
a2lfv_
al2[v_
aod3[v_
a50[v_
adllv_
a32[v_
a23[v_
alafv_
aod5[v_

bol[v_
b3o[v_
b21[v_
bi2[v_
bo3[v_
b50[v_
b4l[v_
b32[v_
b23[v_
bl4[v_
bo5[v_

_]
_]
_1
_]
_]
_1
_1
_]
_]
_1
_]
bie[v__] :
_]
_1
_]
_]
_1
_1
_]
_]
_1
_]
_]

:=alo[v] = sderi[l, 9, v];

:=adlfv]
a30[v]
a2l[v]
al2[v]
ad3[v]
a50[v]
a41[v]
a32[v]
a23[v]
al4[v]
ad5[v]
bio[v]
:=boO1[v]
:=b30[V]
:=b21[v]
:=bl2[v]
:=bO3[Vv]
:= b50[Vv]
:= b4l[v]
1= b32[v]
:=b23[v]
:=bl4[v]
:= bO5[Vv]

eta[v] " (-2) »sderi[0, 1, v];
eta[v] "2« sderi[3, @, v] /6;
sderi[2, 1, v] /2;

eta[v]~ (-2) »sderi[1, 2, v] /2;
eta[v]”~ (-4) »sderi[@, 3, v] /6;
eta[v] "4« sderi[5, @, v] /5!;
eta[v] "2« sderi[4, 1, v] /24;
sderi[3, 2, v] /12;

eta[v]~ (-2) »sderi[2, 3, v] /12;
eta[v] " (-4) »sderi[1, 4, v] /24;
eta[v] " (-6) »sderi[@, 5, v] /51;
eta[v]~ (2) »uderi[1, 0, Vv];
uderi[o@, 1, v];

eta[v] "4 xuderi[3, @, v] /6;
eta[v]~2xuderi[2, 1, v] /2;
uderif1, 2, v] /2;

eta[v]~ (-2) »uderi[o, 3, v] /6;
eta[v] "6 «uderi[5, @, v] /5!;
eta[v] "4 xuderi[4, 1, v] /24;
eta[v]~2xuderi[3, 2, v] /12;
uderi[2, 3, v] /12;

eta[v]~ (-2) »uderi[1, 4, v] /24;
eta[v]”~ (-4) »uderi[@, 5, v] /5!;

| 3
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3. Coefficients of the coordinate transform

(X’ y) - (Xa Y) = (ijkxjyk: qukxjyk)
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n471:= Clear[p30, p21, pl2, p@3, q30, q21, q12, q03,
p50, p41, p32, p23, pl4, po5, q59, q41, q32, q23, ql4, q0O5];
p30[v__] :=p3@[v] = -2 ((a3@[v] +b21[v] - al12[v] - be3[v]) a1@[v] /8
+ (b3@[Vv] - a21[v] - b12[v] +a@3[Vv])
(a1e[v]~2+a@1[v] ~bl@[v]) / (16 Sqrt[-a@1[v] ~ bl@[V]])) +
((a3@[v] - b21[v] - a12[v] +b@3[v]) / (32a10[v])
- (b3@[v] +a21[v] - b12[v] -a@3[v]) / (32Sqrt[-a@1[v] ~blo[v]]));
p21[v__] :=p21[v] = 3 ((a3@[v] - b21[v] - a12[v] +b@3[v]) / (32Sqrt[-a@1[v] ~blO[V]]) +
(b3@[v] +a21[v] - b12[v] - a@3[Vv]) / (32a10[v]1));
p12[v__] :=pl2[v] = -6 ((a3@[v] + b21[v] - al2[v] - be3[v]) a1@[v] /8
+ (b3@[Vv] - a21[v] - b12[v] +a@3[V])
(a1e[v]~2+a@1[v] ~bl@[v]) / (16 Sqrt[-a@1[v] ~ b1@[V]])) -
3 ((a3@[v] - b21[v] - al12[v] + b83[V]) / (32a10[v])
- (b3@[v] +a21[v] - b12[v] - a@3[v]) / (32Sqrt[-a@1[v] ~bl@[v]]));
pe3[v__] := p@3[v] =
4 ((b3@[v] -a21[v] - b12[v] +a@3[v]) a1@[v] /8 - (a3@[v] +b21[v] - al2[v] - b3 [V])
(a1@[v]~2+a@1[v] ~blo[V]) / (16 sqrt[-a@1[v] ~bl@[V]])) -
((a3e[v] -b21[v] -a12[v] +b83[Vv]) / (32Sqrt[-a@l[v] ~bl@[V]]) +
(b3@[v] +a21[v] - b12[v] -a@3[v]) / (32a10[V]));
q30[v__] :=q30[v] = 4 ((b3@[v] -a21[v] - b12[v] +a@3[Vv]) al@[V] /8- (a3@[v] +b21[v] -
al2[v] - be3[v]) (a1@[v]~2+a@1l[v] ~bl@[v]) / (16 Sqrt[-a81[v] «bl@[v]])) +
((a3e[v] - b21[v] -a12[v] +b83[v]) / (32Sqrt[-a@1[v] ~bl@[v]]) +
(b3@[v] +a21[v] - b12[v] -a@3[v]) / (32a10[V]));
q21[v__] :=q21[v] = 6 ((a3@[v] + b21[v] - al2[v] - b@3[Vv]) al@[V] /8
+ (b3@[Vv] - a21[v] - b12[v] +a@3[V])
(a1@[v]~2+a@1[v] ~bl@[v]) / (16 Sqrt[-a@1[v] « blB[V]])) -
3 ((a3@[v] -b21[v] - al12[v] + b83[V]) / (32a10[v])
- (b3@[v] +a21[v] - b12[v] -a@3[v]) / (32Sqrt[-a@1[v] ~blO[v]]));
q12[v__] :=q12[v] = -3 ((a3@[v] - b21[v] - a12[v] +b83[v]) / (32Sqrt[-a@1[v] ~blO[V]]) +
(b3@[v] +a21[v] - b12[v] -a@3[v]) / (32a10[v]));
qe3[v__] :=q@3[v] =2 ((a3@[v] +b21[v] - al2[v] - b83[v]) al@[V] /8
+ (b3@[Vv] - a21[v] - b12[v] +a@3[Vv])
(a1e[v]~2+a@1[v] ~bl@[v]) / (16 Sqrt[-a@1[v] ~ bl@[V]])) +
((a3@[v1 - b21[v] - a12[v] +be@3[v]) / (32a10[v])
- (b3@[v] +a21[v] - b12[v] -a@3[v]) / (32Sqrt[-a@1[v] ~blo[v]]));
p50[v__1] :=p50[Vv] = p21[Vv] *xq30[V];

q14[v_
qo5[v_

:=ql4[v] = 2ql2[v] *qO3[v] +3qO3[Vv] *ql2[V];
:=qO5[v] =3qO3[v] *xqO3[V];

p4l[v__] :=p4l[v] = p21[v] *q21[v] +2pl2[Vv] *q30[V];
p32[v__] :=p32[v] = p21[v] *ql2[v] +2pl2[v] *q21[Vv] +3 pO3[V] *q30[V];
p23[v__] :=p23[v] = p21[v] *qO3[Vv] +2pl2[Vv] *ql2[v] + 3 pO3[V] *xq21[V];
pl4[v__] :=pl4[v] = 2pl2[v] *xqO3[Vv] +3 pO3[Vv] »ql2[V];
poO5[v__] :=p0O5[v] =3pO3[Vv] *xqO3[Vv]; q50[Vv__] :=q50[Vv] = q21[Vv] *q30[V];
q4l[v__] :=q41[v] =q21[v] *q21[v] +2ql2[v] *q30[V];
q32[v__] :=q32[v] =q21[v] *ql2[v] +2ql2[v] *q21[v] +3 q@3[V] *q30[V];
q23[v__] :=q23[v] =q21[v] *xqO3[Vv] +2ql2[Vv] *ql2[v] +3qO3[V] * q21[V];
_]
_1
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4, Taylor expansion of the billiard map in terms of new
coordinate system (X,Y):

(X, Y) > (X, Y1) = ZAJk X Yk ZBJkXJ Yk)

n4911= Clear [aa3@, aa2l, aal2, aa@3, bb30, bb21, bbl2, bbo3];
aa30[v__] := aa30[v] = a30[v] + b1o[v]3 pe3[v] +al@[v] blo[v]?pl2[v] +
ale[v]?ble[v] » p21[v] +ale[v]>p3@[v] - (al@[v] = p3@[v] +a@L[v] » q30[V]);
@a2l[v__] :=aa2l[v] = a21[v] +bo1l[v]
(3ble[v]?pe3[v] +2al10[v] * blO[v] » p12[v] +al@[v]?p21[v]) +
ae1[v] (bl@[v]?pl12[v] +2al@[v] » bl@[v] » p21[v] +3al@[v]?p30[V]) -
(a1@[v] » p21[v] +a@l1[v] * q21[V]);
aal2[v__] := aal2[v] = al2[v] +bo1[v]? (3bl@[v] » p@3[v] +al@[v] » p12[v]) +
2a01[v] » be1l[v] (b1@[v] » p12[v] +al@[Vv]  p21[v]) +
a01[v]? (b1@[v] » p21[v] +3a1@[v] » p30[v]) - (al@[v] * p1l2[v] +a@l[v] » q12[V]);
aa@3[v__] := aa@3[v] = a@3[v] + bo1[v]3 po3[v] +a01[v] bol[v]?pl2[v] +
a@1[v]*be1[v] = p21[v] +a@1[v]>p3@[v] - (al@[v] » p@3[v] +a@Ll[v] » qO3[v]);
bb30[v__] :=bb30[v] = b30[v] +b10[v]>qO3[Vv] +al@[v] bl@[v]? ql12[Vv] +
ale[v]®b1@[v] » q21[v] +al@[v]>q3@[v] - (b1O[V] * p3@[Vv] + bO1[V] » q30[V]);
bb21[v__] :=bb21[v] = b21[v] + bO1[V]
(3b1@[v]®qe3[v] +2a1@[Vv] * blo[v] » q12[v] +al@[v]®q21[V]) +
ae1[v] (ble[v]?ql2[v] +2al@[v] » bl@[v] » q21[v] + 3al@[v]®q30[V]) -
(b1@[Vv] » p21[v] +bO1[V] * q21[V]);
bb12[v__] :=bb12[v] = b12[v] +bO1[v]? (3b1@[V] » qO3[V] +al@[V] * q12[v]) +
2a01[v] * bel[v] (bl@[v] » q12[v] +al@[Vv] * q21[v]) +
ae1[v]? (b1@[v] » q21[v] +3al@[v] » q30[v]) - (bl@[Vv] * p1l2[v] +bO1[V] » q12[V]);
bbo3[v__] := bbo3[v] = b@3[v] +bO1[v]>qO3[v] +a@1[Vv] bO1[v]Zql2[Vv] +
a@1[v]?bo1[v] » q21[v] +a@1[v]>q3@[v] - (b1@[V] * p@3[v] +bO1[v] » qO3[v]);

in4oei= Clear[aa5@, aad4l, aa32, aa23, aald, aab5];
aa5@[v__] := aa50[v] = a50[v] + 3b10[v]?b30[v] ~ pO3[v] + blO[v]® pO5[v] +
(a3@[v] b1@[v]?+2al@[v] ~ble[v] «b3@[v]) p12[v] +al@[v] blO[Vv]* pl4[v] +
(2a10[v] < a30[v] ~bl@[v] +al@[v]?b3@[Vv]) p21[v] +al@[v]*>blO[v]> p23[v] +
3a10[v]%a30[v] «p30[v] +al0[v]3b1o[v]?p32[v] +all[v]*blO[v] ~ p4l[Vv] +
ale[v]®p50[v] - (3aa3@[v] ~ p3@[v] +al@[v] « p50[Vv] +aa21[v] ~ q30[V] +a@L[v] ~ q50[Vv]);
aad4l[v__] := aa4l[v] = a4l[v] +ble[v]* (5bO1[v] « p@5[v] +a@l[v] « pl4[v]) +
2a10[v] b1@[v]® (2b01[v] « pl4[v] +a@1[Vv] ~ p23[v]) + blO[v]?
(3b21[v] < p@3[v] +a21[v] «pl2[v] +3al@[v]* (b@1[v] « p23[v] +a@L[V] » p32[v])) +
2bi1o[v] (ale[v] b21[v] < pl2[v] +a@l1l[v] «b30O[Vv] <« pl2[v] +alO[v] ~a21[v] < p21[Vv] +
a@1[v] ~a3@[v] « p21[v] +be1l[v] (3b3@[v] « p@3[V] +a3@[v] « p12[v] +al@[v]>p32[v]) +
2a01[v] a10[v]®pal[v]) +al@[v] (al@[v] «b21[v] < p21[v] +2a@1[v] ~ b3@[V] « p21[V] +
3a10[v] ~a2l[v] » p30[v] +6a01[v] xa30[v] » p30[v] + bo1l[v]
(2b3@[v] < p12[v] +2a30[v] « p21[v] +al1@[v]>pal[v]) + 5a01[v] al@[v]>p50[v]) -
(3 aa30[v] «p21[v] +2aa2l1[v] < p30[v] +alO[v] < p4l[v] +aa21l[v] ©q21[v] +
2aal2[v] < q30[v] +a@1[v] «q4l[v]);
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aa32[v__] := aa32[v] = a32[v] +3bo1[v]2b3@[v] ~ pO3[v] +a30[v] bo1[v]Zpl2[v] +
2a10[v] «bO1[v] « b21[v] «pl2[v] +2a0@1[v] «bO1l[v] «b3@[V] « pl2[V] +
2a10[v] ~a21[v] «bO1l[v] «p21[v] +2a0@1[v] ~a30[v] «bO1l[v] «p21[Vv] +
alo[v]2bl2[v] « p21[v] +2a01[v] ~ald[v] « b21[v] » p21[v] +a@1[v]2b30[Vv] « p21[V] +
bie[v]® (10be1[v]? pe5[v] +4a01[v] ~ bO1l[v] « p1l4[v] +a@1[v]*p23[v]) +
3al10[v]%al2[v] ~p30[v] +6a@1l[v] ~ald[v] xa2l[v] « p30[V] +
3a01[v]%a30[v] »p30[v] +ald[v]3bol[v]?p32[V] +
bie[v]? (3b12[v] « p@3[v] +al2[v] « p12[v] + 6 al@[v] bO1[v]* pl4[v] +
6a01[v] ~ale[v] ~bo1[v] » p23[v] +3a01[v]?all[v] p32[v]) +
4201[v] a1@[v]>be1[v] « p4l[v] +ble[v] (3al0[v]®bOl[v]?p23[V] +
2be1[v] (3b21[v] «p@3[Vv] +a21[v] «pl2[v] +3a01[v] al@[v]*p32[v]) +
2 (a10[v] bl2[v] « pl12[v] +a@1[v] « b21[v] « p1l2[v] +al@[v] < al2[v] « p21[v] +
a@1[v] ~a21[v] « p21[v] +3a01[v]?al0[v]®pal[v])) +10a01[v]?al@[Vv]> p50[V] -
(3 aa30[v] < pl2[v] +2aa21[v] < p21[v] +aal2[v] ~p30O[Vv] +alO[v] < p32[Vv] +
aa2l[v] ©ql2[v] +2aal2[v] ©q21[v] +3aa@3[v] ©q30[Vv] +all[V] q32[v]);
aa23[v__] := aa23[v] = a23[v] + 6 bo1[v] » b1O[v] « bl2[v] « p@3[v] + 3bO1[v]Zb21[V] « pO3[V] +
10bo1[v]3b1O[v]2pO5[Vv] +a21[v] bo1[v]2 p12[v] +2al2[v] «bO1[v] » blO[v] « p12[V] +
a03[v] b1@[v]? p12[v] +2al@[v] « bo1[v] » bl2[v] » p12[Vv] +
2201[v] ©b1O[v] «bl2[v] «xpl2[v] +2a0@1[v] «bO1[v] « b21[v] « pl2[V] +
4a10[v] be1[v]3b1O[v] » pl4[v] + 6 ad1[v] bO1[v]? blO[v]? p1l4[v] +
2al10[v] ©al2[v] «bO1[v] « p21[v] +2a01[Vv] ©a21[v] «~bO1[Vv] « p21[Vv] +
2a03[v] ©ale[v] «blO[v] « p21[v] +2a01[v] ©al2[v] «blO[v] « p21[Vv] +
2a01[v] ~ale[v] «bl2[v] » p21[v] +a@1[v]?b21[v] « p21[Vv] +
be3[v] (3b1@[v]?pe3[v] +2al@[v] «bl@[v] « p12[Vv] +al@[v]*p21[v]) +
alo[v]2bo1[v]3p23[v] +6a01l[v] ~ald[v] bol[v]2blO[v] « p23[v] +
3a01[v]?bo1[v] blo[v]?p23[v] +3a0B3[v] al@[v]? p30[V] +
6a01l[v] ~ald[v] ~al2[v] » p30[v] +3a01[v]?a21[v] » p30[V] +
3a01[v] al0[v]2bo1[v]?p32[v] +6a0@1l[v]%al10[v] « bO1l[v] « blO[V] » p32[V] +
a01[v]3b1o[v]? p32[v] + 6a01[v]%ale[v]? bo1l[v] « p4l[v] +
4a301[v]3a10[v] ~bloO[v] » p4l[v] +10a01[v]3al@[v]? p50[V] -
(3 aa30[v] < pO3[v] +2aa21[v] < pl2[v] +aal2[v] « p21[v] +al@[v] < p23[Vv] +
aa2l[v] ©qO3[v] +2aal2[v] ©ql2[v] +3aa@3[v] ©q21[v] +a@l[V] q23[v]);
aal4[v__] := aal4[v] = al4[v] + bo1[v]* (5 blo[v] < pO5[Vv] +alo[Vv] p14[v]) +
2a01[v] bo1[v]® (2bl@[v] ~ p1l4[v] +al@[v] « p23[Vv]) + bo1[v]>
(3b12[v] « p@3[v] +al2[v] « p12[v] +3a01[v]? (b1O[V] « p23[v] +al@[v] « p32[v])) +
2b0o1[Vv] (3 bo3[v] «blO[v] « pO3[Vv] +al0O[v] < bO3[V] « pl2[V] +
a03[v] < blO[v] « pl12[v] +a@l1l[v] « bl2[v] « pl2[v] +a@3[Vv] ~al@[v] « p21[v] +
a@1[v] ~al2[v] « p21[v] +a@1[v]>blO[Vv] ~ p32[v] +2a01[v]>al@[v] « p4l[v]) +
aol[v] (2 a03[v] < blo[v] « p21[v] +a@1[v] « bl2[v] « p21[Vv] +
2be3[v] (b1@[v] » pl2[v] +al@[v] «p21[v]) + 6a@3[v] ~ al@[Vv] ~ p3@[V] +
3a01[v] ~al2[v] «p3@[v] +a01[v]>ble[v] < p4l[v] +5a01[v]*al@[v] « p5@[V]) -
(2 aa2l[v] < p@3[v] +aal2[v] < pl2[v] +al@[v] « pl4[v] +2aal2[v] «qO3[V] +
3aa@3[v] ~ ql2[v] +a@l[v] ~ ql4[v]);
aa@5[v__] :=aa@5[v] = a@5[v] + b01[v]5 po5([v] + a@l[v] bel[v]“ pla[v] +
a01[v]*>be1[v]®p23[v] +bo1[v]? (3be3[v] « p@3[v] +a@3[v] « p12[v] +a01[Vv]>p32[Vv]) +
ad1[v] «be1[v] (2b@3[v] « p12[v] +2a@3[V] ~ p21[v] +a0@1[v]>pal[v]) +
a01[v]? (be3[v] «p21[v] +3a@3[v] ~ p3@[Vv] +a01[v]>p50[V]) -
(aa12[v] < p@3[v] +al@[v] « p@5[v] + 3 aa@3[v] « q@3[v] +a@1[v] ~ q@5[v]);
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ins03:= Clear [bb5@, bb4l, bb32, bb23, bbi4, bbo5] ;
bb50[v__] :=bb50[v] = b50[v] +3b1O0[v]2b30[Vv] « q@3[Vv] + b1O[Vv]® qO5[V] +
(a3e[v] b1@[v]?+2al@[v] ~ble[v] «b3@[Vv]) q12[Vv] +al@[v] blO[V]* ql4[V] +
(2a10[v] < a3@[v] ~bl@[v] +al@[v]?b3@[v]) q21[v] +al@[v]*>blO[v]>q23[v] +
3a10[v]%a30[v] ©q30[v] +al0[v]3b1O[v]%q32[v] +al0[v]*blO[v] « q41[V] +
alo[v]® q50[v] - (3 bb30[v] « p3@[v] + blO[Vv] « p50@[V] + bb21[Vv] ©q30[V] + bO1[V] q50[v]);
bb4l[v__] := bb4l[v] = b4l[v] +b1@[v]* (5bO1[V] «qO5[V] +a®1[V] ~ q1l4[v]) +
2a10[v] b1@[v]® (2b81[V] « q14[v] +a@1[V] ~ q23[Vv]) +blO[V]?
(3b21[v] < q@3[v] +a21[v] ~q12[v] +3al@[v]* (b@l[v] « q23[v] +a@1[v] ~ q32[v])) +
2bio[v] (ale[v] b21[v] < ql2[v] +a@l1l[v] «b30O[v] < ql2[v] +alO[v] < a2l[v] < q21[Vv] +
a@1[v] ~a3@e[v] ~ q21[v] +be1[v] (3b3@[v] ~ q@3[v] +a3@[v] « q1l2[v] +al@[v]>q32[Vv]) +
2a01[v] a1@[v]®q41[v]) +ale[v] (al@[v] « b21[v] ~q21[v] +2a@1[v] ~ b3@[V] ~ q21[V] +
3al0[v] ~a21[v] ©q30[v] +6a01[v] < a30[v] «q30[v] +bOl[v]
(2b3@[v] «q12[v] +2a3@[v] ~q21[v] +al@[v]>q4l[v]) +5a01[v] al@[v]>q50[V]) -
(3 bb3@[v] < p21[v] + 2bb21[v] <« p30@[Vv] + blO[V] » p4l[v] + bb21[Vv] ©q21[Vv] +
2bb12[v] ~ q3@[V] +bO1[V] ~ q41[V]);
bb32[v__] :=bb32[v] = b32[v] +3bO1[v]2b30[v] «q@3[v] +a30[v] bo1[v]%ql2[v] +
2a10[v] «bO1[v] «b21[v] ©ql2[v] +2a@1[v] «bO1l[v] «b3@[V] ©ql2[V] +
2al10[v] ©a21[v] «bO1l[v] ©q21[v] +2a0@1[v] ~a30[v] «bO1l[v] «q21[V] +
alo[v]?bl2[v] « q21[v] +2a01[v] ~ ald[v] « b21[v] » q21[v] +a@1[v]2b3@[Vv] « q21[V] +
bie[v]® (16be1[v]>qe5[v] +4a01[v] « bOl[v] ~ ql4[v] +a@1[v]*q23[V]) +
3al0[v]%al2[v] ©q30[Vv] +6a@1l[v] ~ald[v] ~a21[v] «q30[V] +
3a01[v]%a30[v] ©q30[v] +ald[v]3bol[v]?q32[Vv] +
ble[v]? (3bl2[v] ~ q@3[v] +al2[v] ~ q12[v] + 6 al@[v] bel[v]? ql4[V] +
6a01[v] ~ale[v] «bo1l[v] ~q23[v] +3a01[v]*>al@[v] «q32[V]) +
4201[v] a10[v]>be1[v] ~q41[v] +ble[v] (3al0[v]®>bol[v]*q23[V] +
2be1[v] (3b21[v] < q@3[v] +a21[v] ~q12[v] +3a@l[v] al@[v]*>q32[V]) +
2 (ale[v] bl2[v] ©ql2[v] +a0@1[v] «b21[v] ©ql2[v] +al@[v] < al2[v] ©q21[V] +
ae1[v] ~a21[v] ~q21[v] +3a0l[v]?al0[v]®q4l[v])) +10a01[v]*al0[v]> q50[V] -
(3 bb30[v] « pl2[v] + 2bb21[v] « p21[v] + bb12[v] « p3@[Vv] + blO[V] « p32[V] +
bb21[v] ©ql2[v] + 2bb12[Vv] ©q21[v] + 3bbO3[Vv] ©q30[V] +bO1[V] q32[v]);
bb23[v__] :=bb23[v] = b23[v] +6bO1[v] «b1O[v] «bl2[v] x q@3[v] + 3 bO1[v]Zb21[V] ~ qO3[V] +
10bo1[v]3b10[v]2qe5[v] +a21[v] bo1[v]?ql2[v] +2al2[v] « bO1[v] » blO[v] « q12[V] +
a03[v] b1o[v]2ql2[v] +2a10[v] ~ bO1[v] » b12[v] ~ q12[V] +
2a01[v] «blO[v] «bl2[v] ©ql2[v] +2a01[v] «bO1[Vv] «b21[V] ©ql2[V] +
4a10[v] bo1[v]3blO[v] ~ ql4[v] + 6a@1l[v] bO1[v]?blO[Vv]? ql4[V] +
2al19[v] ©al2[v] «bO1[Vv] ©q21[v] +2a01[v] < a21[v] «bO1l[Vv] ©q21[Vv] +
2a03[v] ©ale[v] «blO[v] v q21[v] +2a01[v] ©al2[v] «blO[v] ©q21[v] +
2a01[v] ~ale[v] ~bl2[v] ~q21[v] +a@1[v]?b21[v] ~q21[V] +
be3[v] (3b10[v]?qe3[v] +2al@[v] ~blo[v] ~q12[v] +al@[v]®q21[V]) +
al0[v]2bo1[v]3q23[v] +6a01l[v] ~alo[v] bel[v]?blO[v] « q23[Vv] +
3a01[v]2be1[v] b1o[v]?q23[v] + 3 a@3[v] al@[v]%q30[Vv] +
6a@1l[v] ~alo[v] ~al2[v] »q30[v] +3a01[v]%a21[v] ~q30[V] +
3a01[v] al@[v]2bo1[v]2q32[v] +6a0@1[v]2al10[v] « bO1[v] « blO[V] ~q32[V] +
ao1[v]®blo[v]%q32[v] +6a0@1l[v]?al10[v]?bo1l[v] «q4l[V] +
4a01[v]3alo[v] ~blo[v] ~q4l1[v] +10a0l[v]>al0[v]%q50[Vv] -
(3bb3@[Vv] « p@3[V] +2bb21[V] » p12[Vv] + bb12[V] » p21[v] +bl@[V] « p23[V] +
bb21[v] «q@3[v] + 2bb12[Vv] ©ql2[v] + 3bbO3[Vv] ©q21[Vv] +bO1[V] q23[v]);
bbl4[v__] := bbl4[v] = bl4[v] +b@1[v]* (5b10[v] ~ q@5[Vv] +al@[Vv] - ql4[v]) +
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2a01[v] bo1[v]® (2b1@[v] ~ q14[v] +al@[v] « q23[v]) +boO1l[v]?
(3b12[v] < q@3[v] +al2[v] ~q12[v] +3a@1[v]* (b1@[V] ~ q23[V] +al@[v] ~ q32[v])) +
2bo1[v] (3b03[v] bio[v] «q@3[v] +al0[v] «bO3[V] © ql2[V] +
a03[v] «blO[v] ©ql2[v] +a@1[v] < bl2[v] ©ql2[v] +a@3[Vv] ©alO[v] ©~q21[v] +
a@1[v] ~al2[v] « q21[v] +a@1[v]>bl@[v] ~ q32[v] +2a01[v]>al0[v] < q41[v]) +
aodl[v] (2a03[v] blO[v] «q21[v] +a@l1l[v] «bl2[v] ©q21[V] +
2be3[v] (bl@[v] «q12[v] +al@[v] ~q21[v]) + 6a@3[Vv] ~al@[v] ~ q3@[V] +
3a01[v] ~al2[v] «q3@[v] +a01[v]>blo[v] < q41[v] +5a0@1[v]*al@[v] ~ q50[V]) -
(2bb21[v] pO3[v] + bbl2[v] « p12[v] + blO[Vv] « p14[Vv] + 2bb12[Vv] « qO3[V] +
3bbe3[v] « q12[v] +bO1[V] ~ ql4[Vv]);
bbo5[v__ ] :=bboO5[v] = b@5[v] + 3bO1[v]2bO3[v] « q@3[v] + bO1[v]® qO5[Vv] +
(a@3[v] bo1[v]?+2a01[v] ~bO1l[v] «bO3[Vv]) q12[Vv] +a@1[v] bO1[v]* ql4[V] +
(2a@1[v] < a@3[Vv] ~ bO1[v] +2a@1[Vv]?bO3[V]) q21[V] +a@1[v]*be1l[Vv]> q23[Vv] +
3a01[v]%a03[v] ©q30[v] +ad1[v]3bol[v]%q32[v] +a@1l[v]*bOl[v] « q41l[V] +
ael[v]5q50[v]-(bb12[v] pO3[v] + blO[v] < pO5[v] + 3bbO3[v] ©qO3[V] + bO1[V] q65[v]);

5. Twist Coefficients 1; and 1,

(*to find ©; and t;, use the input of the form v={L,R,R;,Rz}, where L is the the length,
R is the radius, R, is the second-derivative, and R; is the four-derivativex)

ns10p= Clear [twistl, twist2];
twistl[v__] := twistl[v] = (al@[v] (3b3@[v] - a21[v] +b12[v] -3a@3[Vv]) +
Sqrt[-a@1[v] »bl@[v]] (3a3@[v] +b21[v] +al2[v] +3be3[v])) /8;
twist2[v__] := twist2[v] = (al@[v] (-2aa41[v] - 2aa23[v] - 10 aa@5[v] +
10 bb50[Vv] +2bb32[V] + 2bb14[Vv]) +Sqrt[-a@1[v] * blO[V]]
(10 aa5@[v] +2aa32[v] +2aal4[v] +2bba1l[v] +2bb23[v] + 18 bbO5[v])) /32;

Simplified formulas

ins13= Clear [taul, tau2];

taul[L_ ,R_,R2_] := — - ————R2;
8R 8(2R-L)

1 3 (7R2-8RL+212)
tau2[L_ ,R_,R2 ,R4_ ] := — -
64 (4R (R-L) (2R-L)"2 /2

L'/2 (27R?-40R L + 10 L?) L3/2 (31R?-36RL+612) L3/2R

(R2)? - ——————Ra4|;

6R (R-L) (2R-L)%? 12 (R-L) (2R-1L)%? 3 (2rR-L)%?

Integrability test: locally analytically integrable iff convergent Birkhoff Normal
form. At A* = 1: it is necessary to have co3 =0

nsi6= Clear[laiTest];
laiTest[L_, R_, R2_] :=
simplify[a3@[{L, R, R2}] + Ib3@[{L, R, R2}] + I a21[{L, R, R2}] - b21[{L, R, R2}] -
al2[{L, R, R2}] - Ib12[{L, R, R2}] - I a@3[{L, R, R2}] +b@3[{L, R, R2}], R > L&&L > 0]



