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MATHEMATICS OF COMPUTATION
VOLUME 61, NUMBER 204
OCTOBER 1993, PAGES 849-872

THE CUSP FORMS OF WEIGHT 3 ON I,(2, 4, 8)

BERT VAN GEEMEN AND DUCO VAN STRATEN

ABSTRACT. The congruence subgroup I';(2, 4, 8) of the group I'; of 4 x 4
integral symplectic matrices is contained in I';(4) and contains I';(8), with
I';(n) the principal congruence subgroup of level n. The Satake compact-
ification of the quotient of the three-dimensional Siegel upper half space by
I',(2, 4, 8) is shown to be a complete intersection of ten quadrics in P!3 . We
determine the space of global holomorphic three forms on this space, which
coincides with the space of cusp forms of weight 3 on I',(2, 4, 8); it has di-
mension 2283. Finally, we study the action of the Hecke operators on this space
and consider the Andrianov L-functions of some eigenforms.

1. INTRODUCTION

1.1. In this paper we study the cusp forms of weight 3 on the congruence
subgroup I'y(2, 4, 8) of I'y := Spye(Z) incase g=2.
Recall that I'g(n) consists of the matrices which are = I mod n, that

T,4,8) = { (’é g) €T,(4): diag(B) = diag(C) = 0 mod 8 } ,

and in [6] the following (normal) subgroup of I', was defined:

li
T,Q2,4,8):= {<I+c4A I+B;1D'> €T,(4, 8): trace(4’) = 0 mod 2 }

In particular,
I'8) = TI(2,4,8)—TI(4, 8) —I4).

The Siegel upper half plane H, is the analytic variety consisting of g x
g complex symmetric matrices with positive definite imaginary part. For a
function f: H— C, M €T, and k € N one defines

C D

Let I" be a congruence subgroup of I'y, thatis, I'g(n) Cc I" for some n.
A modular form of weight k for I" is a holomorphic function f on H,

Sk (A B) (1) = det(Ct + D) ¥ f((A7 + B)(CT + D)~ !).
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850 BERT VAN GEEMEN AND DUCO VAN STRATEN

satisfying f|, M = f for all M € I"". The C-vector space of such functions is
denoted by M, (I").

One defines the Siegel operator ¥, mapping f € M, (I") to a function on
Hg—l ’ by

W)= lim f((59)),  TeH,.
The subspace Si(I") of M, (I"), called the space of cusp forms, is defined by
ST ={f e M(I"): P(flxM)(t) =0 VT € Hp_y, VM €T}

1.2, In case the group I" acts without fixed points on H, (for example,
if I" ¢ T'y(n) and n > 3), the space My, (I”) corresponds to the space of
holomorphic 1g(g + 1)-forms on the quasi-projective variety X° = H,/I".
This correspondence is given by w — f when

n:H, — XO, n*w=f(/\d‘c,-,->.

The subspace of those forms which extend to (any) smooth compactification X
of X0 is exactly Sg41(I"). In particular,

~ 1
Sen(I) = HOX, QF**D).

A remarkable aspect of this result is that the ‘cusp form condition’ need only
be checked at points in the boundary of the Satake compactification which are
in quotients of H,_;, rather than at all points which are in quotients of Hj
with 0 < k < g — 1 (this can be generalized to other symmetric domains, see
[1, Chapter 1V]). We will happily exploit this fact.

1.3. In the case g = 2 (where we will omit the subscript g) and I" =
I'(2, 4, 8), the variety X° can be described explicitly as a Zariski open sub-
set of a projective variety X C P!3. The embedding of X° into P!3 is given
by certain theta constants. The variety X is the complete intersection of ten
quadrics, which can easily be written down explicitly. Using this, and combi-
natorics of theta constants, we can determine the space HO(X, Q%) , and thus
also the space S3(I'(2, 4, 8)). (We use the computer program ‘Macaulay’ for
the manipulations with ideals of polynomials.)

On the space S3(I'(2, 4, 8)) there acts the finite group I'/T'(2, 4, 8), and
we determine the decomposition into irreducible subrepresentations.

In the last sections we study the action of the Hecke algebra on S3(I'(2, 4, 8)).
The action of this algebra is induced by correspondences. In this case these are
codimension 3 cycles on X° x X° and by ‘pullback-push forward’ they give
linear maps on S3(I'(2, 4, 8)). The definition of these cycles is in terms of iso-
genies of abelian varieties. Similar to the elliptic modular case, one has a congru-
ence relation which relates the action of the Hecke operators on S3(I'(2, 4, 8))
to the action of the Galois group Gal(Q/Q) on H3(X, Q). It is therefore of
some interest to determine the eigenspaces and eigenvalues of these operators.
We determined the Hecke polynomials, which describe the Hecke action, for
several cusp forms and for some small primes p.
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THE CUSP FORMS OF WEIGHT 3 ON I(2, 4, 8) 851

Most of the forms we consider appear to be obtained via liftings from modu-
lar forms on subgroups of SL,(Z). In one case the Hecke polynomials suggest
that the modular form is related to a Hecke character of the field of eight roots
of unity (the form g;). There is one case in which the Hecke polynomials of
the cusp form do not allow one of these interpretations (the form g,). In this
paper we do not actually try to prove that most of the forms are indeed liftings.

2. COMBINATORICS OF THETA CHARACTERISTICS

2.1. The modular forms we consider are linear combinations of products of
theta constants. For m = 1(m’, m") € R? x R? with m;, m; € {0, 1} we
define the theta constant 6,,: H, — C with (half-integral) (theta) characteristic
m by

Om(7) =Y exp(2mi[L(k + Z)t'(k + %) + (k + Z)/(%))).
kez?

The theta constant is not identically zero if and only if the theta characteristic
m 1is even, i.e., m'!'m" € 27 . There are ten even theta characteristics. If
m=1(a, b, c,d) we will also write

Om(t) = 612 51().

Under the action of I' on H, these ten theta null’s are permuted (up to a
root of unity times a common factor, cf. 5.2). Therefore, I' acts on the set C)
of the ten even characteristics. The action of M €I is given by (cf. [8, V.6]):

M:C - Cy, Msxm:=n, n=mM""+1((C'D)y, (4'B)o) mod 1.

Here, M €T is the matrix with blocks
A B
- (¢ 5)

and (C'D)qy, (A'D), are the diagonals of the matrices C’D and A'B, respec-
tively, viewed as row vectors.

This action of I' factors over I'/T'(2) & S, the group of permutations of
the set S={1, 2, ..., 6}. The ten even theta characteristics then correspond
to the 4(§) = 10 partitions of S into two subsets with three elements each (cf.

[9]); such a partition is called a triadic syntheme. The action of S¢ on C; is
then easy to follow.

2.2. Associated with each m € C; there is a quadratic form Q,, in the vari-
ables Xy, X, X2, X3 and a quadric V,, = V(Qp,) in P3 = P(Xy, X1, X2, X3).
The Q,’s are defined by the relation (cf. [8, IV.1]):

(2.3)  05.(7) = Qm(B1391(27), 01§ §1(27), 61§ §1(27), 614 41(27)).
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852 BERT VAN GEEMEN AND DUCO VAN STRATEN

m triad Om
1 [[391]156234 | X2 + X2 + X} + X?
2 |[99]11134256 | X3 — X} + X} — X3
3 1991146 235 | X2 + X2 — X2 — X2
4 (1991135246 | X2 — X} - X7 + X?
5 |1981]124356 | 2(XoX; + X2X3)
6 |[59]1]145236 | 2(XoX; + X1 X3)
7 {[54611126345 | 2(XoX;3 + X1.X2)
8 |[941]125346 | 2(XoX; — X,X3)
9 11491136245 | 2(XoX, — X1 X3)
10 [[11]]123456 | 2(XoX3 — X1X>)

The ten quadrics determine an interesting configuration of 30 lines (15 pairs
of skew lines) and 60 points (vertices of 15 tetrahedrons). By a tetrahedron
we mean the algebraic variety consisting of the union of six lines, the edges,
meeting in four points, the vertices, as in the figure.

We let C; be the set of subsets of cardinality i of C; and weput C =|J; C;.
We describe the orbit structure of Sg on C and that part of the geometry of
the quadrics which is relevant for our purposes.

2.4. Proposition. The orbits of the S¢ = I'/T'(2) action on the sets C, are as
follows:
1. The group Sg acts transitively on Cy; 1C = 10.
2. The group Sg acts transitively on Cy;  $C, =45.
Two quadrics V,, and V, intersect in a 4-gon of lines, thus determin-
ing a tetrahedron.
3. There are two orbits on Cs, denoted by C; and C; .

Ci=CfuCy, G=(0)=120, {Cf =4C; = 60.

A triple {m|, my, m3} isin CJ ifand only if mi + my+ms isan
even theta characteristic (such triples are called syzygeous).

A triple {m,, my, m3} isin C5 ifand only if m; +my+ m3 is an
odd theta characteristic (such triples are called asyzygeous).

The quadrics of a syzygeous triple intersect in eight points, vertices of
two tetrahedrons.
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THE CUSP FORMS OF WEIGHT 3 ON I';(2, 4, 8) 853

The quadrics of an asyzygeous triple intersect in a pair of skew lines.
4. There are three orbits on C, denoted by C}, C, , and C}.

Co=Cj{UC;UC;, Ci=(P)=210, §C;=4C; =15, $C; = 180.

A 4-tuple {m,, my, m3, my} isin C; if and only if any subtriple is
in C{. (One can also characterize 4-tuples in C;} by m; + my + m3 +
mg =0.) We call such 4-tuples syzygeous.

A 4-tuple is in C, if and only if any subtriple is in C; . We call such
4-tuples asyzygeous.

A 4-tuple is in C; if and only if the sum of two subtriples is even and
the sum of the other two subtriples is odd.

The sets C{ and C; are in natural 1-1 correspondence with the set
of the 15 tetrahedra and the set of 15 line pairs respectively as follows:

For S € C, the complementary set S € Cq consists of six character-
istics whose corresponding quadrics pass through the vertices of a unique
tetrahedron Ts. The union of the four quadrics V,,, m € S, contains
24 of the 30 lines, but none of the six lines of the tetrahedron Ty .

For S € C,, the quadrics V,,, m € S, all pass through a line pair
ls. Conversely, any of the 15 line pairs is cut out by four quadrics, thus
setting up a 1-1 correspondence. The union of the four quadrics contains
all the 15 line pairs.

5. There are three orbits on Cs, we denote them by CJ, C; , and C¥.

Cs=C{UC;UCs, #Cs=(19)=252, {C{=4C; =90, {Ct=72.

A 5-tuple is in C} if and only if it contains a (unique) syzygeous

4-tuple.
A S-tuple is in Cg if and only if it contains a (unique) asyzygeous
4-tuple.

A S5-tuple is in C¢ if and only if the sum of the five characteristics is
odd. :

For any S € Cg, the union J,,cs Vi also contains all the 15 line
pairs.

6. For n > 6 the orbit structure of C, can be obtained by taking com-

plements from the above. We use the notation C},_,:={S:S e C[},

Cio_; =1{S: S e C}}.
Proof. This follows easily from [8, V.6, especially Prop. 2]. The transitivity
of S¢ on C, is in fact the corollary of Prop. 2. Note also that the sum of
an even number of theta characteristics transforms linearly, so orbits may be
distinguished by such a sum being 0 or not, whereas the sum of an odd number
of theta characteristics transforms like a theta characteristic, so such orbits may
be distinguished by the sum being even or odd. O

2.5. The complete incidence structure between points, lines, and quadrics is
easily obtained, and is left to the reader as amusing passtime. We only note:
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854 BERT VAN GEEMEN AND DUCO VAN STRATEN

A line pair Is, S € C;, lies on a quadric V,,, m € C;, if and only if
mesS.

Furthermore, on each line there are six points, thus on each line pair there are
12 points, and these 12 points make up three tetrahedra. Conversely, through
each point there are three lines and each tetrahedron is formed out of a triple
of line pairs, etc. etc... .

2.6. Lemma. The Sg-orbit structure on the C;, i =2, ... ,8, is given by:

ctas) 5 croo S cras

1
€5 (60) ‘s N ¢ (60)

s 2 N\ 26 N
C>(45) C}(180) 3 C3(72) 2 Cg(180) Cy(45)
3N 2/ N6 7 4
C5 (60) 4\ ) C; (60)

4\ e

- 1 - 6 -
Cr(s) S C790) S ¢ 15)
where A 5 B means: each S € B contains exactly n S’ € A. There is also
a dual interpretation: A > B means: an element S € B can be extended in n
ways to get an element S’ € A.

3. THE SPACE X C P!3 AND ITS SINGULAR LOCUS X

3.1. In [6], the map
0 :45(2,4,8):= Hy/T»(2, 4,8 — P13,

‘u—»(...:@[g 8](27)3"'3"'29m(1):~-> ,

where m runs over the ten even charateristics and a, b run over {0, 1}, is
shown to be an embedding. We denote the image by X° and the closure of X°
in P'3 will be denoted by X .

We define two morphisms:

p: X —P, g: X — P

obtained by projection on the first four and the last ten coordinates.

The map p corresponds to the natural map A(2, 4, 8) — A(2, 4); in fact,
P3 can be identified with the Satake compactification A5(2,4) of A(2,4).
The boundary components of A45(2, 4) correspond to the 30 lines in the P3.
The map ¢ corresponds to the natural map A4(2, 4, 8) — A(4, 8).

The equations of X are very simple. To describe them, we choose for each
m € C; avariable Z,, and consider

Fn:=2%-0meClX, Z].

3.2. Lemma. The projective variety X has the following properties:

1. X is the complete intersection of the ten quadrics F,,, m € C; .

2. Thesingular locus X of X is exactly the inverse image of the union of the
30 lines in P* under the map p. The locus X consists of 3023 = 240
irreducible components, each one isomorphic to a degree-8, genus-5 curve.
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3. X is (projectively) normal and is in fact isomorphic to the Satake com-
pactification of A>(2, 4, 8):
X = 4502, 4, 8).
Proof Let X' ={(X,Z)€P3: F,(X,Z)=0 Vm € C;}. Then by equa-
tion (2.3), we have that X’ c¢ X. Furthermore, the projection p : X' —
P3, (X, Z) — X represents X’ as an iterated branched cover of P3, branching
along the quadrics V;,, m € C; . It follows that X’ is purely 10-codimensional
and hence is a complete intersection.
An easy local computation shows that X’ is singular exactly above the points
where at least two of the quadrics V), intersect. When we restrict to the line
X; = X3 =0 the equations F,, reduce to

— 72— — -
Z? =X} + X, 2=2i=25=2p=0,

7 =23,

(A) z%=xg—X12, (B) Z;2=ij
Z2 =2XoX1, ’

57 4000 72 =72

The ideal generated by (A) defines a degree-8, genus-5 curve in (Z; : Z, : Zs :
Xo : X1)-space (in fact, this is the elliptic-modular curve X(8)). The equations
(B) show that the solution set consists of 23 = 8 copies of this curve.

As dim X =1 and X’ is a complete intersection, it follows that X’ is irre-
ducible and thus X' = X .

Furthermore, as a complete intersection is arithmetically Cohen-Macaulay,
it follows from Serre’s criterion for normality that X is (projectively) normal.
Since the map © is given by modular forms, there exists a morphism y: X —
A%(2, 4, 8). Since ©: H,/T'(2, 4, 8) — X° is an isomorphism ([6, Theorem
2.2]), the map y is a birational isomorphism. Comparing the description of
the Satake compactification in [10] with X, we see that y is a bijection. By
Zariski’s main theorem it follows that X = 4°(2,4,8). O

Now let
IX=(Fm: mGCI)CC[i,Z], RX:=C[X,_Z_]/IX

(the affine coordinate ring of the cone over X). Furthermore, we let Iz be the
ideal of (the affine cone over) the singular locus X with its reduced structure
(i.e., Iy is radical).

3.3. Lemma. We have Iy = HSec; (Zm, meS; Ix).

Proof. Clearly, we have

L= () Is),

secy

where I(ls) is the ideal in C[X, Z] of p~!(Is), the inverse image of the line
pair /g C P3 in P!3, with reduced structure. The ideal of a line pair Is is

since every pair of skew lines in P? is cut out by four quadrics, and the four
Om, meS,vanishon Is.
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856 BERT VAN GEEMEN AND DUCO VAN STRATEN

The ideal-theoretic inverse image of J(/g) is given by the ideal

J(s) = (Qm, me S, Ix) CClX, Z]
=(QMa Zr%t_Qm’ meSa Fm, mgS)
=(Z%, meS, Iy).

S0, (Zm, meS, Ix) Cy\/J(ls) = I(s).
But the ideal on the left is in fact radical: by transitivity of Ss on C, we
may assume S = {6, 7,9, 10} and then
(Zm, meS, Ix)
=(Fm, m¢S, Zn, meS, XoX2, X1X3, XoX;, X]Xz)
=(Fm, m¢S, Zm, meS, Xo, X])
N(Fp, mgS, Z,, meS, X, X3),

and both of the ideals are radical (see the proof of Lemma 3.2). Thus the
inclusion is actually an equality and the lemma is proved. O

4. THE CUSP FORMS

4.1. Proposition. The space of cusp forms of weight three for I'(2, 4, 8) is
canonically isomorphic to the degree-6 part of Iy x := Is/Ix CRx=C[X , Z]/Ix:
S3(I(2, 4,8)) =2 L5 x 6.

Proof. There are in fact two ‘natural isomorphisms’. We describe them both.
1. The map ©: H, — P!3 induces by pull-back an isomorphism

©*: HO(X?, Oy (6)) = My(T'(2, 4, 8)).

As X is normal, we have HO(X?, @y (6)) = H(X, @x(6)) and be-
cause X is projectively normal

HY(X, &x(6)) = Ry 6.

A polynomial P € C[X, Z]s pulls back to a cusp form if and only if it
vanishes on X (the boundary components of X).

2. With any polynomial P of degree 6 we can associate a (meromorphic)
differential form on X as follows. There is an isomorphism

PQ
Res: ﬁx(6) — Wy, P~ wp = Res (;:1——?1—0) 5
where Q := E;io(—l)"YidYo Ao A J)\’, A...AdY;3 and where the Y;
are the coordinates on P!3.

The differential forms which extend holomorphically on a desingularization
n: X —» X correspond, via Res, to an ideal .#; C @y, which is independent
of the desingularization (see [11]). We will study the ‘adjunction ideal’ I, C
C[X, Z] corresponding to %, .

Now a simple local calculation shows that transverse to a general point of
X the variety X has a singularity which is isomorphic to the cone over an
elliptic curve (of degree 4). This singularity ‘imposes precisely one adjunction
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condition ( p, = 1)’. This means that P has to vanish on X if wp is to extend
holomorphically. Therefore, I, C I5 .

That in fact I, = I5 follows from the principle that forms which extend to
the general point of the inverse image of X in X extend to all of X (see [4, Satz
31, [5, ‘Anmerkung’ to Satz III, 2.6, p. 156]). That is, the 60 special points do
not impose further adjunction conditions (!). This can also be checked directly
by pulling back the differential forms to an explicit resolution of singularities
of X above the 24.60 special points. O

4.2. We now come to the crucial part of this paragraph: the explicit generators
of the ideal Is x C Ry or Iy C C[X, Z]. To describe these, we need a little
more notation. The tetrahedron T, determined by an S € C;, gives rise to
an ideal

Jr; cClX, Z]
of the functions vanishing on the six lines of Ty .

4.3. Lemma. The ideal Jr, is generated by four elements of degree 3.

Proof. For each tetrahedron, the four products of three of the four linear forms
defining the faces of the tetrahedron vanish on the tetrahedral lines and in fact
generate the ideal. O

The following theorem allows us to find all the cusp forms of weight 3 on
I'(2, 4, 8). We describe them in Theorem 6.4, where we also determine the
I"-action on the space S3(I'(2, 4, 8)).

4.4. Theorem. The ideal Is is (minimally) generated by the following elementS'

o Fy g =1

. Zs, Ssecy f=1

o Zg, SEC; ﬁ_72
o ZgF, FGJTS,3, SGC:, S'eCf, S'cS f = 240.

Here we use the notation Zs :=[],,csZm forany S € C.

Proof. We first show that the stated elements are in the ideal Iy .

Because the union of the quadrics V,,, m € .S, contains all 30 lines in case
S e C; and S € C5, it follows that in these cases Zs vanishes on X, and so
Zse€ls.

The union of the quadrics V,,, m € S, S € C; only contains 24 lines,
which are precisely the lines not in the tetrahedron 7 determined by S. Fur-
thermore, the union of any three of the four quadrics V,,, me S, S € Cf,
already contains the same 24 lines. Consequently, multiplying any Zg , S’ €
Cf, 8’ ¢ S with any element of Jr; will give a function vanishing on the
whole of X.

The difficult part of the theorem is to show that there is nothing more in Iy .
So far, this depends on an explicit computation of the intersection of the 15
ideals I(ls), S € C; . For this we used the computer program ‘Macaulay’. The
computer output consisted of 337 elements, generating this ideal, which were
readily recognized as the elements above.
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858 BERT VAN GEEMEN AND DUCO VAN STRATEN

To give a computer independent proof, it seems necessary to understand the
combinatorics much better. O
4.5. Corollary. We have

1. dim(Iz,X,4)= 15,
2. dim(Iz,X,s) =282,
3. dim(Iz,X,6) =2283.

Proof. It is convenient to use the following isomorphism:

Ry = P CIX]Zs,
SecC

stating that, modulo the F,, , every polynomial can be reduced in a unique way
to a sum of squarefree monomials Zg, with coefficients in C[X]. (A Cohen-
Macaulay ring is a free module over a parameter system.) O

From Theorem 4.4 we have

1)2,X,4= @ CZs, SO dim(Iz,X,4)= 15.
SeC;

In degree 5 we thus find, apart from the 72 new generators Zg, S € C5, the
elements of Iy x4 multiplied by a linear factor. The following cases occur:

1. ZuZs, m¢és,
2. ZmZS, meS,
3. XiZs, i=0,1,2,3.

From diagram 2.6 we see that

in case (1) Z,,Zs=Zs, S'eCy =90
in case (2) ZwZs=QmZs, S €C;y, {m,S'}eCy f=60
in case (3) X;Zg f=4-.15=60.

Altogether, in degree 5 we find 72 + 90 + 60 + 60 = 282 monomials.

To get elements of degree 6, we proceed in the same way: apart from the
240 generators FZs, F € Jrg, S’ C S € C}, we get all the other factors by
multiplying something of degree 5 with a linear factor. Starting from the 90
elements Zs, S € Cy , we get:

. ZmZs, méSs,
2. ZmZs, meS,
3. XiZs, i=0,1,2,3.

In case (1) we have Z,,Zs = Zs:, S’ € C;, f = 15. In case (2) there are
two subcases: (2a) S’ :=S—{m} € C;, ZuZs=QmZs, §=360 and (2b)
S'e€Cy, #=360. In case (3) we find 4-90 = 360 elements.

Proceeding in this way with the other elements of degree 5 in the ideal, we get
the following table (the last column relates them to the representation studied
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in §6):
elements dim representation
Zs SecC; 15 Ry
OmZsg SeC,;, {m,S}yeCy 90 R, (0;2)
OmZg SecC;, {m,SYeCy 360 R (1;1)
XiZs SecCy 360 R;(0;1)
OmQm Zs SeC, {m,m,SyeC, 90 R;(1,1;0)
XiOmZs SeCy, {m,SyeC, 240 R, (1;0)
XX, Zs SecC, 150 R, (0;2)® R, (2;0)
Zs SecCy 180 R;
OmZg SeCy, {m,S}yeC; 360 R3(1;0)
X, Zs SecC; 288 R}
FZg FeJr,,s, ScSect 240 R(3, 3)

In particular, we find dim 7z x ¢ = dimS3(I'(2, 4, 8)) = 2283.

5. THE THETA TRANSFORMATION FORMULA

5.1.

Let I be a normal subgroup of I' and let M3(I”) be the space of

modular forms of weight 3 on I". The group I' (in fact I'/I"”) acts on M;(I7)

by

ffM,

with (f|M)(t) = det(Ct + D)3 f(M - 7).

To decompose the spaces of cusp forms with respect to this representation,
we introduce the following symplectic matrices:

1

2n

ei(n)

ex(n) ="ey,

estm= (" y)

eo(n) ='er(n),

1 2n
1 (n) = 1 2n
N etn) = 1 ’
1 1
e4(n) ='es,
a b
1
e6(n) = c d ’
\ 1
2n 1
1 1 2n
1 ) e8(n) = 1 )
1 \ 1

eio(n) ='eg(n).

Here, 4= (¢ 3) is some matrix in SL,(Z) which is congruent to

modulo 4n.

1+2n
0

1+2n)

0
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860 BERT VAN GEEMEN AND DUCO VAN STRATEN

To find the action of I' on the modular forms, we use the transformation
formula for theta functions ([8, V, §1, Corollary, p. 176 and V, §2, Theorem 3,
p. 182]):

5.2. Lemma (Igusa’s transformation formula). For M = (£ 8) € Spy,(Z) and
m € R28 q theta characteristic, we define

M-m:=mM' + L((C'D)y (4'B)o),
with (C'D)q the diagonal of C'D . Define
¢m(M)=—% (m"DB'm' —2m'' BC'm" +m"' CA'm" —(m'"D—m"'C)'(A'B)o) .
Then
Or.m((AT + B)(CT + D)™") = k(M) exp(2nigm(M))+/det(CT + D)m (7).

in which k(M) is a complex number of absolute value 1 which depends only on
M and the choice of the square root. In particular, it does not depend on the
characteristic m. Thus, k(M)? is well defined; for M € T'4(2) one has

K(M)2 — (_l)trace(D—l)/Z.

5.3. In the remainder of this paragraph we derive two lemmas from this
formula. The first lemma gives an explicit form of the transformation formula
for certain matrices. The second lemma studies the transformation behavior of
the functions 6[§ 31(21) which are an ingredient of some of the cusp forms.

5.4. Lemma. For every half-integral characteristic
m=1%(a,b,c,d) with a,b,c,de{0,1}
and every M (€ I'(2)) as below we have
Om(M - T) = xm(M)Om(7)
Jor all © € H and with yxm(M) as in the table.

M e(1)  ex(l) e3(1) es(l) es(l) er(l) eg(1)
am(M) (=D)b¢ (-1 (-p® 1 (=% i i
Proof. We will write m, := (a, b), my:=(c,d). Let M =(£5)eI(2) with
A=D=1, B=2B", C =0; note that B’ is then a symmetric matrix with
integral coefficients. We find
Om(M - 1) =6,(t+ B)

= 3 exp(2mily(k + 3)(x + B (k + 5) + (k + 3 (3)])
k

=Y expQuil}(k + %t)7' (k + Bt) + kB"k + kB'my + 5B’
k

+ (k + B9
= exp(Zm B'my) - Om(7).

From this, x,,(M) for M = e;, e;, eg is easily computed.
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Let now M = ({4 3); this implies that D =‘4~!. Then
Om(M - 7) = O,y (AT' A)
= exp(2milj(k + 5 ) At A'(k + B) + (k + 5447 (%))
k

=Y exp(2mil3((k + 31) )7 ((k + B)4) + ((k + B)A) (%) A7)
k
= en(T) B

the characteristic n being given by
n=(ny, n), ny=mA, ny =ny'A71L
Incase 4= (19),s0 M = e (1), one obtains:
n=(a,b,c,d)+(2b,0,0,-2c),  thus 6n(c) = (=1)%Om(7),

where we use (6.2) from [8, p. 49]. The formula for x,,(M), with M =
ex(1), es(1), es(1), is derived analogously; note one may take 4 = —I in es
and e .

Note that by comparing this result with Lemma 5.2, we find

x(M)y/det(Ct+ D) = 1
for these matrices. 0O
5.5. Lemma. Let M €Tg(2) with

M (A B) _ <I+2A’ 2B’ ) ,

C D 2¢' I1+2D')>

let m=(my,...,mg) with m;€ {0, 1} and let v € Hy.
Then we have
O[T 12M - 1) =AM, 1) - (=1)™ [ " (20),
with A(M , 1) independent of the characteristic m and
MM, 1)2 =det(Ct+ D), x:=diag(B'), y:=diag(C),

where we view the diagonals as row vectors.
In case C =0, we have A(M, t) =1.
Proof. This is actually a special case of Igusa’s transformation formula 5.2.
Indeed,
0[5 1(2(M - 7)) := 0[5 1(2(A7 + B)(Ct + D)™")
= 6[51((4(27) + 2B)(C'(27) + D))
= O[T UM - (27)).
One easily verifies that the matrix M’ is also a symplectic matrix with integral
coefficients, thus M’'~! is easy to compute:

A 2B _ ‘D -2'B
M = (Cl D)s M 1:= (_tcl t4 )
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The action of M’ on the characteristic (2, 0) is then given by
M- (%, 0):=(%, M~ +1((C'"D), 2(4'B)o)
‘D -2'B
= . 0 (2 T7F)+kepn, 2By
= (%'D, —-m'B)+ 1((C""D)y, 2(A'B)o)
= (%%, 0)+(m'D'+y', 2(-m'B'+ (4'B')o)
=k+1.
Using ( 6.2) from [8, p. 49], we find 60;,; = 0 . It is then easy to verify that
O[T12M - 1) = Oppr (M - (27)).
Applying 5.2 to the right-hand side, we find
O[T12M - 1) =AM, 1) exp(Rmidy (M) 6 (27).
Since k = (%X, 0), the only nonzero terms in ¢, (M’) are
¢k (M) = —3(m +y)('DB)(m + ) + 3(m +y)'D(4'B),
elm+y)x+1,

where we use that B =2B’, D=1+ 2D’ and x := diag(B’).
In case C =0 it follows from (the proof of) Lemma 5.4 that A(M, 1) =1.
This completes the proof of Lemma 5.5. 0O

6. THE REPRESENTATION OF I'/I'(2, 4, 8) on S3(I'(2, 4, 8))

6.1. Recall that the subgroup I'(2) fixes the characteristics. For f = ]'[ffl Om,
a modular form of weight k on I'(4, 8), we can then define the homomor-
phism:
xr:T(2)/T(2,4,8) —C*, by [fIM=x(M)f.

As Lemma 5.5 shows, I'(2) does not fix the 6[2 8](21)’5. We define a sub-

group I"(2) by
I A B . I —_
I'2):= {(ZC’ D) €I'(2): diag(C’) = 0mod 2 }

For g = 0[% %1(27) [1%] " 6,(1) , a modular form of weight k on I'(2, 4, 8),
we define a character

x2:T7'(2)/T(2, 4, 8) — C*, by gIM = xg(M)g.
The following proposition lists some character values.
6.2. Proposition. Let m; be a half-integral characteristic with m; =
$ai, bi,ci, di).
(a) Let
J(1) = Om, (1) Om, (T) - - Oy (7).

Then f is a modular form of weight k on T'(4, 8) and values of xr
are listed below. One also has xg(es(1)) =1.
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M er(1) e(1) e3(1) e4(1) eg(1)  les(1) Jes(1) |eg(1) Jero(1)
Xr(M) | (=1)25e | (=129 | (=1)Zabs [ (=1)Zsd) (=12 | e | 2y | % | 24

(b) Let e;, e; € {0, 1} and let

8(7) = 007 §127)0m, (1)0m,(7) - - Oy, (7).

Then g is a modular form of weight k on I'(2, 4, 8), and some values of
Xg are listed below. One also has xg(es(1))=1.

er(l) e (1) e3(1) es(1) e6(1) er(1) | es(1) | e9(2) | e10(2)
(_I)ijcj (_I)Zajdj (_I)Zajbj (_l)}:cjdj (_l)l+2ajl.'j i281+}.'.aj i282+2bj (_I)ch (—l)zdf

Proof. That f € M3(I'(4, 8)) follows from the corollary in [8, V.7]. Note that
for the matrix 4 in es and es we can take 4 = —I. Then es(1) = —I, which
acts trivially on H,. The lemma then follows easily from 5.2. Note that all
matrices M except e(1) have trace(D —I) = 0, so k(M)2 =1 by [8, V.3,
Theorem 3], and that x(eg(1))? = —

For the second part, we oberve that Lemmas 5.5 and 5.2 imply that I'(2, 4)
acts by a character on the modular form g . In[6] it is shown that this character
is trivial on I'(2, 4, 8) (but it is not trivial on I'(4, 8)). Therefore, g is a
modular form on I'(2, 4, 8).

The matrices e, e;, e3, es, e7, eg have ‘C =0, so x, can be computed
directly from 5.2 and Lemmas 5.4 and 5.5. For the matrix 4 in es and eg we
can take A = —I. Therefore, also e has ‘C =0’.

The remaining matrices e;, €9, €19 are of the form M = (2c’ ),so D=1,
and k(M)? = 1. In the formula for f|M there appears however the constant
K(M")ie(M)*=1, with M’ = (2. 9), cf. the proof of Lemma 5.5.

To find x(M')k(M), we compute 0y(2M71)0p(M 7). Note that

M= (I 0) ( 0 I)(I —C)(O —I)
Cc I -1 0/)\0 I)\1 0}
First of all, we find
Bo(=217")00(—7"") = 3 det(7)6o(7/2)80(7).
Up to a 4th root of unity this follows directly from 5.2. By specializing 7 = (1x;)

e e

to a matrix with 7y = 0 if k # [, we get 0[5 2 1(7) = 6[7 1(t11)0[31(722) . The
formula then follows from the identity

0131(—77Y) = V=it1 - 8[81(71) with Re(y/—it;) >0, 1, €H,.
Next we apply (5 —F)=(} 2C').
ydet(t — C)bo(5 — C")bo(7 - 2C’) = S det(r — C)6o(%)6o(7) ,
where we use Lemma 5.5. Applying ) we obtain
Idet(—17! = C)6p(—(27)71) 0(—‘:“) = det(Ct 4+ I1)0p(27)0(7).

Comparison with 5.2 shows that x(M’)x(M) = 1. The values of xgz(M) then
follow from 5.2. (Note that in [6] it is proved that x(M’)x(M) = —1 with
M = e¢(2), the generator of I'(4, 8)/I'(2, 4, 8), thus some care is needed.) O
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864 BERT VAN GEEMEN AND DUCO VAN STRATEN

6.3. We will now determine the splitting of S3(I'(2, 4, 8)) into irreducible
I'-representations and we show that the characters x,, x, determine the cusp
forms (within the space of cusp forms). This will be important when we study
the Hecke action in the next section.

6.4. Theorem. The space S3(I'(2, 4, 8)) is the direct sum of 11 irreducible T-
representations. The repesentation on S3(I'(4)) is irreducible, and S;(I'(4, 8))
is the direct sum of 7 =1+ 6 irreducible representations.

Below we label the representations, their dimensions and a cusp form in each
representation space.

space label dim cusp form
S3(I'(4)) Ry 15 Si=008 QS Sl i i
R, (0;2) 90 H=0038 15918 51981891
R;(1,1;0) 90 =005 01061991991 919 N
Ry (15 1) 360 Sa=01305 999391391591
RS 180 S5 =038 NG ME R 9101 {1
R;(2;0) 60 So= 0030303320941
S3(I'(4, 8))  [R3(1;0) 360 Sfr=003818 0158135919
R{(1;0) 240 & =005312060§ 5919318 91(x)
R (0 1) 360 & = 0139120613 1§ 1 191 P10
R} 288 £ = 013312063 MG S99
S3(I'(2, 4, 8)) |R(3, 3) 240 g = 01991591 §121)819 13 19 91(2)

So the first representation is equal to S3(I'(4)) and the sum of the first seven
representations is S;(I'(4, 8)).

The space S3(I'(4, 8)) is a direct sum of one-dimensional spaces Cf, where f
is a monomial, i.e., a product of six theta constants, and for monomials f, [’ €
S3(I'(4, 8)) we have

Xr=xp = f=r.
The space S3(I'(2, 4, 8)) = S3(I'(4, 8)) ® W', where W' is spanned by lin-
ear combinations of monomials, which are products of one 0[851(2t) and five
0m(7)’s. Under the action of T"(2), the space W' is a direct sum of mutually
distinct one-dimensional subrepresentations:

W =@ Cg, and xy=xg+<g=¢.

g
Proof. The meaning of the names of the representation spaces is as follows:
R; (1, 1; 0) is the space obtained by taking (linear combinations of) all prod-
ucts of one of the 15 monomials 65, S € C, , and squaring two different terms
occurring. Thus we get 15- (3) = 90 different monomials. Note that Theorem
4.4 implies that g is a cusp form. Similarly, R; (1; 1) is spanned by multi-
plying a monomial s, S€ C, ,bya 6,, with me S anda 6, with n ¢ S§.
The dimension of this space is then 15-4 .6 = 360. The meaning of the other
terms is similar.
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It follows from Theorem 4.4 that the 11 spaces are contained in S3(I'(2, 4, 8))
and that S3(I'(2, 4, 8)) is in fact a direct sum of these spaces.

Using Proposition 2.4 (and also [8, V.6] if the six characteristics are not
distinct), it is not hard to verify that the first seven spaces are stable under the
I'-action and that I" permutes the monomials in each space transitively. Since
only the monomials without a 6[§ g] are on I'(4, 8), we see that S3(I'(4, 8))
is spanned by the monomials in the orbits of f;, ..., f;. In particular, dim
S3(I'(4, 8)) = 1155.

To show the irreducibility of the seven subrepresentations in S3(I'(4, 8)),
we actually need that x,: I'(2) — C* determines f in S3(I'(4, 8)). To prove
it, we use the I'-action, so we may assume that f = f;, with f; one of the
seven forms listed. Then one determines all 6-tuples of characteristics which
give the same character and one observes, for each i, that there is only one set
of characteristics which gives a cusp form (to wit, the set of characteristics of
fi itself).

Suppose now that a linear combination of monomials from S3(4, 8) lies in
a subrepresentation. Then, using the action of I'(2) and taking linear combina-
tions, we see that each monomial in the combination lies in that subrepresenta-
tion. As each monomial in S3(4, 8) lies in the I'-span of one of the seven cusp
forms listed, the subrepresentation is a direct sum of some of the seven listed.
Therefore, S3(I'(4, 8)) is a direct sum of seven irreducible I'-representations.

Since f is invariant under I'(4), we have f; € S3(I'(4)). Since the orbit
defining the 6-tuple of f; is C, , which has 15 elements, and dim S3(I'(4)) = 15
[12], it follows that S3(I'(4)) is spanned by f;.

We now consider all of S3(I'(2,4,8)). Let W be the subspace of
M;3(I'(2, 4, 8)) spanned by products of one 0[25](27) and five 6,,()’s. Using
62,(t) = Qm(018 51(27)) , we also have that the cusp form g isin W, in fact

059103 81(27) = $(07[§ §1(x) — 621 L](2)).
Similarly, all of R(3, 3) is contained in W . Therefore,
S3(T°(2, 4, 8)) = S3(I'(4, 8)) o W', with W' :=WwWnS;T(2,4,8)).

(Indeed, a product of one 6,,(27) and five 6,(7)’s is never in S3(I'(4, 8)).)

Under the action of T, the four 6[§ 8](21) are mapped to linear combina-
tions of these four theta nulls (cf. [8, II.5, Theorem 6]), whereas the 6,,(t)’s
are permuted. The space W is thus stable under the action of I'. Since
the 5-tuples of characteristics in the cusp forms g;, ..., g4 are in different
orbits for the I'-action, we already find four distinct subrepresentations in
W' =83(I'(2, 4, 8)) N W, each spanned by the I'-transforms of a g;.

To see that these four subrepresentations span W', let f € W’ be the prod-
uct of one 6[§ 3](21) and five 6,’s. Then there is a transformation in I’
which maps the five 6,,’s to the five 6,,’s of one of the first three cusp forms.
Therefore, in the subrepresentation generated by f there is a linear combina-
tion of the 6[§ g](21:)’s multiplied by the product of the five 6, from such a
cusp form. Using the action of e;(1) and eg(1), we find that, for some a, b,
018 31(21) times the product of the same five 6,, lies in the subrepresentation

generated by f (cf. Lemma 5.5). Applying e;(1)%o(1)?, which is in I'(2)
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and thus fixes the five characteristics but acts on the other (see Lemma 5.5),
we get 6[39](27) times the same product of the five 6,,, i.e., one of the g
(i=1, 2, 3). The monomials from R(3, 3) are in fact permuted transitively
(up to a scalar multiple), as can be seen from the geometry of the tetrahedron
or by a similar argument of above.

To prove the irreducibility of these four representations, we need that x,
determines the cusp form g € W’. This is done as in the S3(I'(4, 8)) case
by explicit verification. In fact, for a monomial g obtained from a g;, i =
1,2, 3, the restriction of x, to I'(2, 4) determines the five 6,, among the
possible 5-tuples obtained in this way. Since I" has three orbits (coresponding to
the i) on these 5-tuples and I'(2, 4) is a normal subgroup, one need only verify
that the 5-tuples of the g; are uniquely determined by their character. The
action of e; and eg allows one to recover the [ 31(21:) from x, . Similarly,
using the action of I" on the I'-orbit of g4, one need only check that g4 is
determined by its character.

The irreducibility of the four representations is then proven as in the
S3(I'(4, 8)) case. O

7. HECKE EIGENFORMS

7.1. The Hecke algebra, generated by the Hecke operators 7, and 7). for
primes p > 2, acts on the space S3(I'(2, 4, 8)). We want to determine a basis
of eigenvectors. For an eigenform f and a prime p > 2 such that

T,f=2f, Tpof=Apf
one defines the Hecke polynomial

Hy(X) = X*—a, X3+ apX* —apyp®X +p®,  with {ZZz_:/lfﬁ’— A= D2
7.2. For modular forms on I'(8) there appears a character x,:(Z/8Z)*— {£1}
in the Hecke polynomial. This character is defined by f|M, = x2(p)f with
M, € T a matrix with M, = diag(p~!, p~!, p, p) mod 8. We will show that
x2 is trivial for modular forms on I'(2, 4, 8).

If p = -1 mod 8, then one may take M, = —I, and thus x»(p) = +1
since —I acts trivially on f. If p =5 mod 8, then put 4= (3 &) € SLy(2)
and take M, := (3 ,2,). Since M, € I'(2, 4, 8), it also acts trivially on f.
Therefore the character x, is trivial (for any modular form on I'(2, 4, 8)).

7.3. The action of the Hecke operators is given by the formulas in [2]. In fact,
if
f(r) = Z ay exp ( Etrace(N7)), (T, f)(z) = Z by exp ( Ztrace(N7)) ,
N N

are the Fourier-Jacobi series of f and T, f, then explicit formulas expressing
by in terms of ay and p’ are given in [2]. We will write

_ . [ n r/2
ay=a(n,r, m), with N_(r/2 m>

a positive definite half-integral matrix.
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In case the quadratic form nx? + rxy + my2 has no nontrivial zeros mod p,
then one simply has b(n, r, m) = a(p'n, p'r, p'm). We used this fact often
in our computations.

To find the eigenspaces for the Hecke action, we will use the following propo-
sition. It is an easy generalization of Satz 32 from [7].

7.4. Proposition. Let I be a subgroup of Sp,(Z), with Tg(q) CT C Spy,(Z).
Define

I:=n), with 1: Spag(Z) — Sp2g(Z/9Z)

the reduction map. Assume that for every n € (Z/qZ)* and every M = (45) €T
one has that (A7 B)eT.
Then the Hecke operator T, maps the space

M (T, x) ={f € Mi(Te(q)): fIM=x(M)f, VM eT}
to the space My(T", x'), where x' : T — C* is given by

-1
X'(M) :=x(M'), with M e, M = (nAC nDB> mod q.

Proof. The Hecke operator T, is defined as a sum:

Tof =Y flHe, Hy=Dp:=(}5%) modg
k

and where I'(¢)D,I'(q) = Il;c;T(q)Hk , a disjoint union. By [3, Lemma 1.1
(2)], one then also has

ID,I = [ [ TH:.
keJ

For any M € I', the matrices HyM, k € J, are then also a set of coset
representatives. Therefore, there is a permutation ¢ = g3: J — J and there
are M; €T such that

HM = MkHa(k) , and thus M, = DnMD;l modgq.

Given M , the matrices M are thus all congruent mod ¢ to a matrix M’. By
the assumption on I', we can choose M’ € I'. Therefore, for f € M (T, x)
we obtain

(T NIM =" fI(HM) = fIMHyy,
k k

= ZX(MI)fIHa(k) = x(M"T,f.
X

The form T, f thus has the character M — y(M'). O
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7.5. Proposition. The following cusp forms are Hecke eigenforms:

Fi=f;, i=1,5,6,7,

Fi=f—4f =010 01601006109 0108 01+ 4005 13 6109 105 911 1101 11
Fy:=fi+16£3 =005 3103 5100 3100 8103 9103 9 1+1660 § Q103 4104 9104 9109
Fy=fo+ 4 =0033109 3109 Q103 108 10 A1+ 4603314 A4 41300040
g, i=1,2,3,4.

Proof. Recall that the f; and the g; are determined by their character (cf.
Theorem 6.4). Since both I'(2) and I'(2)’ satisfy the conditions of Proposition
7.4, we have that T, f; and T,g; are (up to a scalar multiple) determined by a
character.

An explicit computation shows that T, f has the same character if p’ =
1 mod 4, and it has character ¥, the complex conjugate of x,, if pl =
3 mod 4, where in fact f € S3(I'(2, 4, 8)) can be any cusp form determined
with a character.

The space spanned by such a cusp form f and its translates by the Hecke
action is thus at most 2-dimensional. In particular, if there is no cusp form
with character Y7 or if yx, is real-valued, then f is an eigenform. Using a
computer, one then finds the eigenforms listed. 0O

7.6. Inthe table below we list the coefficients a,, a,. of the Hecke polynomials
corresponding to these eigenforms.

coef. Fy B F Fl F| F F &1 £ 83 84
as 8 8 16 8 0 0 0 0 0 0 8
ay 6 6 102 54 54 54 6 —18 6 30 6
as 28 28 28 20 12] -12 4 0 0 16 -32
as 190 190 190 350 30 30{ —130 70 -10 230 310
a 80 80 32| -16 0 0 0 0 0 0of -32
an 2030] 2030| —658] 686| 686 686 238 686| —18| —210| —658
apy 88 88 176 —40 0 0 0 0 0 0 88
a,;2 [ —3146|—3146| 8470| 2662| 2662| 2662 6 1694 —330 4621 -3146
a3 204 204 204 -28 60| —-60 84 0 0] -80| —160
a;5 | 8398] 8398 494 2290 4238 3094| —442) 3510 390
aqy 356 356 356 4] —-60{ —60 36 —180( -92 20 356
a2 | 25126 25126 8806 6630|3162 15878 9894| —6970| 25126
ag 424 424 336 40 0 0 0 0 0 0 424
a4 | 30438| 30438 | —3002| 1371813718 |13718| 10982 ]| —12274| —8474| 9918 30438

8. THE ANDRIANOV L-FUNCTIONS

In the table below we list the Fourier coefficients of some elliptic modular
new forms which appear to be related to the Siegel cusp forms listed above.
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form space as| as| a7 | an | a1z | a7 | arg
1 $5(To(32)) o| -2/ o] of 6| 2| 0
vi |S3(To(32, (22)) | 4i| 2|-8i|-4i|-14| 18 |12i
i SaTo(8))  |—4| —2| 24|-44| 22| 50| 44
P2 S4(T0(32)) 0| 22| o| 0|-18|-94| ©
P S4(To(32)) 8|-10| 16|—40 |50 |30 | 40

8.1. The cusp form F; was studied in [6], where it was proven that F; is the
Saito-Kurokawa lift of the elliptic modular form p; € S4(I'o(8)) . Therefore,

L(Fy, s) = {o(s — 1){q(s — 2)L(p1, ).
(One easily checks that indeed H,(X) = (X — p)(X — p?)(X? - a,X + p?) with
the a, from p;.)

8.2. The first Hecke polynomials of F, suggest that its L-function is the same
as that of Fj:

L(Fy,5) £ {o(s — Dlo(s = 2)L(p1, ).
8.3. The L-function of F; also appears to be a twisted form of the L-function
of Fi:
L(Fs, 5) £ lo(s — Dlo(s —2)L(p{Y, 5),

where the (3) stands for twisting at the primes 3 mod 4 (the L-function
L(p?) , §) 1s the L-function of a cusp form of weight 3 on I'¢(16)).

8.4. The L-function of F, appears to be the product of two elliptic modular
L-functions:

L(Fs,8) £ L(¢{™, s - LS, 5),

where the (-2 stands for twisting at primes = 5, 7 mod 8.

8.5. The modular form Fs was also studied in [6], in fact it defines the
holomorphic 3-form on the threefold Y studied there. Its L-series seems to be

L(Fs,s) = L(¢1,s—1)L(pa, 3).

8.6. The L-function of Fg seems similar to the L-function of Fs:
L(Fs,s) £ L@, s - LK, ),

where the ® stands for twisting at the primes 5 mod 8 (note that one can also
twist at the primes 3 mod 8 (or 7 mod 8) without changing the L-functions).
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8.7. The L-function of F; seems to be related to the L-function of a Galois
representation 7 of Gal(Q/Q) which is the tensor product of the Galois repre-
sentations corresponding to ¢; (a CM representation) and to y; . At least for
all primes < 19 we have that the roots of the Hecke polynomial of F; are of
the form o;B; with «o; the roots of the Hecke polynomial of ¢; and p; the
roots of the Hecke polynomial y; .

8.8. The form g; appears to be related to a Hecke character y of the field
K =Q(s)-

We define a Hecke character

x:Axy — C*, x(...,xp,...)=pr(x,,),
©

with A% the ideles of K and the product is taken over all places of K. The
character will be unramified outside the prime over 2, which we will denote
by v . Since the class number of K is one and y is trivial on K* (embedded
diagonally), it suffices to define only the infinite components and the component
X, at the prime over 2. In fact, it suffices to define only the restriction of y,
to @ . We give these data below.

As places at infinity we choose the complex embeddings g, : K — C*,

i 3mi
o: (g et and o3 (3o et

The infinity components of y we then define by

Xoo,i i C*—C*, Yoo, 1(2) =277, oeo,3(2) =27

As O |/(1 +n2@) =G /(1 +20) = (Z/4Z) x (Z/2Z) (where the first factor is
generated by the image of (3), the projection to the second factor will give a
character, which is the restriction to &, of the desired one:

X0, — {£l} cC.

2

1z-2,

(With m, = 1 — {3 as local parameter at v, the subgroup generated by {3 mod
(1420,) isjust: 1, 14+m,, 14+7a2, 1+m,+nr2,s0 x, is trivial on these,
and not trivial on the other four). Since any unit in @k can be written as
u = {(1 —+/2)/, one has that yo, (%)X, 3(#)x» () = 1, and thus these data
define indeed a Hecke character.

The L-function of y is given by

L(x, )= 20)""*T(s)0s = D] (1 - xp(mp)Np~) ",
14

where the product is now over all primes except the ones at infinity and v,
which is ramified. To facilitate comparison with the Hecke polynomials, we
define
Hy p(X):= H (X — xp(mp)) »
plp
where e, :=[F,/(p) : F,] is the degree of the residue field extension. Then the
equality L(g;,s) = L(x, s) is equivalent to H,(X)=H, ,(X) forall p.
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8.9. To compute the H, ,, we choose a generator 7, in &k for each of the
primes p over p. Then

Xo(mp)=x(1,1,...,1,m,,1,...)

— B -1 -1
—x(np B PR PR U yees)

= Xoo,1(75;1))(00,3(”51)111(”;1)’

where the last step follows because x is unramified outside v .

In particular, if p = 7 mod 8, then there are two primes over p, and the
generators m, and m;, of these prime ideals can be chosen to lie in Z[V2].
Writing 7, = a + bv/2 with a, b € Z, we have a? — 2b*> = p, and thus a
and b are odd. Since V2 =nl+1n} € F,/(2), weget m, = 1+n2+nd¢c
&y/(1+28,), and thus x,,(n;‘) = —1. For the infinite places one finds (with
V2= {3+ (") that Yoo, 1(n;!) = (@ +bV2)? and Yo 3(m;!) = (@ — bV2)3.
Therefore,

x(my)=x(n,)=-p*, and Hy,=(X?+p*>

If p=5 mod 8, then the generators for the two primes over p can be chosen
to lie in Z[/]. Choosing a generator n, = a + bi with a odd and b even
for such a prime, one finds that x,(n;') = +1, Xe,1(n;') = (a + bi)3 and
Xoo,3(m; ') = p(a+ bi). Therefore,

x(n,) = p(a+ bi)*, and  H, , = (X?-p(a+bi)*)(X?-p(a-bi)*.

If p =3 mod 8, then we choose the generators in Z[v—-2] and let 7, =
a + bv/-2 be one of them. Since a? +2b% = p, we must have @ and b odd.
Then 7, = 1+ a2+ 7} + - in &} and thus x,(n;') = —1. Furthermore,

Xoo1(m;") = (a+ bv=2)* and xo,3(n;') = p(a — bv/-2). Therefore,
x(np) = —p*(a+bv=2)

and
H, , = (X2 4+ p*a+bvV=2)%)(X? + p*(a — bV—-2)?).
For p=1 mod 8, there are four primes over p and the Hecke polynomial
is not so easy to describe. However, one can check that indeed H, 17 = H7.

8.10. We were not able to write the L-function of g, as a (product of) ‘known’
L-functions.

8.11. The Hecke polynomials of g; have similar properties to those of Fy,
with y; replaced by a form in $3(Tp(2%), (=2)).

8.12. The modular form g, also seems to be a (twisted) Saito-Kurokawa lift
of the form p;:

L(gs,s) £ L(x"?,s—1)L(x"™?, 5 -2)L(p1, s),

This content downloaded from 129.15.14.45 on Wed, 03 Oct 2018 18:07:24 UTC
All use subject to https://about.jstor.org/terms



872

with
-1.

BERT VAN GEEMEN AND DUCO VAN STRATEN

X2 :(Z/8Z)* — {£1} the Dirichlet character with x(~2(5) = y=2(7) =
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