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ABSTRACT. This paper deals with the construction of previously un-
known fundamental groups for positively curved manifolds.

INTRODUCTION

It is well known that any finite group is the fundamental group of some
non-negatively curved manifold. The only proposed obstruction in positive
curvature goes back to S. S. Chern (cf. [Ch, p. 167]): is every abelian sub-
group of the fundamental group cyclic? This was recently answered in the
negative in [Sh] by observing that there are positively curved manifolds that
admit a free, isometric SO(3) action. In particular, Zo @& Zo C SO(3) is
the fundamental group of some positively curved manifold. However, the
approach of [Sh] fails for Z, & Z,, where p is an odd prime. Nevertheless, we
will show that the obstruction proposed by Chern is false for groups of odd
order as well, by establishing

Main Theorem. The Aloff-Wallach space N ; = SU(B)/S;J admits a free,
isometric Zz @ Zs action if and only if H4(Nkyl,Z) =~ 7/(k* + 12 + ki) has
3-torsion.

It is a pleasure to thank Stephan Stolz for leading us to [Bo] in our search
for non-toral elementary abelian p-groups.

1. TORUS ACTIONS ON MANIFOLDS OF POSITIVE CURVATURE

Let M™ be a manifold of positive sectional curvature. If M is even dimen-
sional then m (M) is 0 or Zg according as M is orientable or not (Synge’s
theorem). So we only concern ourselves with quotients of odd dimensional
manifolds.

To fix notation, recall that if a group G acts on a manifold M then the
isotropy group of a point v € M is G, :={g € G:g-z =2z} C G If
G, = G, then z is said to be a fixed point of G. If G, = {1} for all z, then
G is said to act freely. The following lemma is due to Berger (cf. [Be]).
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Lemma 1.1. Any circle acting isometrically on an even dimensional man-
ifold of positive curvature has a fized point.

The analogous statement in odd dimensions can be found in [Su] (cf. [Ro]).

Lemma 1.2. If a torus T2 = S' x S' acts isometrically on a manifold
M7+ of positive curvature, then there exists x € M for which T2 contains
a circle.

The lemmas imply, in particular, that a connected Lie group G act-
ing freely and isometrically on a manifold of positive curvature must have
rank(G) < 1. However, we are concerned with free actions of Z, & Z, or
more generally rank 2 groups i.e. finite groups for which the maximal rank
of any elementary abelian p-subgroup is 2, where p is any prime. The fol-
lowing proposition cuts down our search considerably. Let I(M) denote the
isometry group of the Riemannian manifold M.

Proposition 1.3. Let M be a manifold of positive curvature. If Z, ® Z,, is
contained in a torus of I(M), then it cannot act freely on M.

Proof: Without loss of generality, we may assume that Z, ® Z, lies in some
2-torus T. We also assume that M is odd dimensional because of Synge’s
theorem. By the previous lemma, there exists x € M such that T, contains
a circle and the orbit T(x) must be a circle or a fixed point. Then Z, ® Z,
acts freely on the orbit T(z) which is a contradiction. 0

Note that the considerations above show the following: if a compact group
G C I(M) acts freely on a positively curved manifold M, then its intersection
with any torus of I(M) must be a cyclic group or a circle.

2. FREE ACTIONS OF ELEMENTARY ABELIAN 3-GROUPS

Our search for free actions of Z,, ® Z;, now narrows down to subgroups of
the isometry group that do not lie in tori. Let G be a compact, connected
Lie group. The following theorem was proved in [Bo].

Theorem 2.1 (Borel). Let p be a prime number. Then every subgroup of
G isomorphic to Zy, ® Zy is contained in a torus if and only if m1(G) does
not have p-torsion.

The Aloff-Wallach spaces are the homogeneous spaces Ny, ; := SU(3)/S ,}:J,
where Sp; = {diag(2*, 2, 2"1) © 2 € U(1),ged(k,1) = 1} < SU(3) (cf.
[AW]). If kl(k + 1) # 0, then the quotient space admits a homogeneous
metric of positive curvature. The space Ny is the only one that admits a
normal homogeneous metric of positive curvature (cf. [Wi]). However, the
action of SU(3) is not always effective. Let w be a primitive third root of
unity. Then the matrix diag(w,w,w), which generates the center of SU(3),
lies in S,%J precisely when 3 1 kl(k + ). This can be seen as follows: let

2F =2l = ZM1 = . Since ged(k,l) = 1, there exist integers a and b such
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that ak+bl = 1. Then, z = 2% t9 = ,®*b and zis 1, w or w?. If 3 | kl(k+1),
then z¥ = 2! = Z¥ = 1 which is a contradiction. If 3 { kl(k + 1), then k, [
and —k — [ are all congruent to € mod (3), where € is 1 or 2; take z = w* to
see that Z = Z(SU(3)) C S,i,l. We have proved

Proposition 2.2. SU(3) acts ineffectively on the Aloff-Wallach space Ny
if and only if 3t kl(k+1).

When 3 1 kl(k + ), the effective group that acts is P SU(3) = SU(3)/Z.
In this case, the effective representation of the homogeneous space Ny is
P SU(3)/(S,1,7Z/Z). To apply Theorem 2.1., we need to find the largest con-
nected effective group that acts on Ny, namely Io(Ny;), the identity com-
ponent of the isometry group of N ;. Note, however, that the following
proposition and Theorem 2.1. together imply that 7 (Iy(/NVk,)) has 3-torsion.

Proposition 2.3. If 3 1 kl(k + 1), the group I'y = Z3 & Zz C PSU(3) C
Io(Nk,) acts freely on Ny .

Proof. The construction of Ty, explicitly given in [Bo], is as follows: Let
{e1,e2,e3} be the standard basis in C3. Let w be a primitive third root of
unity. Consider the following transformations,

U‘eizwi‘ei U+ €i = €i+1 mod (3)

The eigenvalues of u and v are {1,w,w?}, the third roots of unity. It is clear
that they lie in SU(3). As matrices they look like,

w 0 0 0 01
u=|[0 w? 0 v=11 0 O
0 0 1 010

Let I' =< u,v > be the group generated by v and v. Then I' is a non-
abelian group of order 27 and the commutator [u,v] = uvu~'v~! generates
the center of SU(3). Then I'/[I',T'] =T'/Z(SU(3)) = 'y  PSU(3).

Since I'yp is a quotient of I' by its center, it acts freely on Nj; if and
only if any v € I' conjugate to some h € S,il must lie in the center. Note
that every non-central element of I' has the same set of eigenvalues, namely
{1,w,w?}. So if v is a non-central element that is conjugate to some h =

diag(zF, 24, 2F) € Si,, then h and 7 have the same eigenvalues. Without

loss of generality let 2* = 1 and 2! = w. Since ged(k,l) = 1, there exist
integers a and b such that ak + bl = 1. Then we have z = 2+t = 2bl — ()P,
So zis 1, w or w?; if z =1, then h = v = id is central. Otherwise z¥ = 1
implies 3 | k& which contradicts our assumption that 3 { kl(k + ). Hence

Iy & Z3 @© Z3 acts freely on Ny ;. O

When 3 | kl(k + 1), Io(Ngy) = SU(3) xaz S* = U(3) (cf. [On, p. 146-
147], [Sh2]), where S! = N(S,i’l)/Sé,l and the group of components, I/Iy, is
isomorphic to Zg (cf. [Sh2], see also [WZ, p. 240-241, Theorem 3.1]). Hence,
any subgroup of I(Nj;) isomorphic to Z3 & Zz must lie in Ip(Nk;). By
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Theorem 2.1. it must lie in a torus and by Proposition 1.3. it cannot act
freely.

Finally, we note that H4(Nk,l, 7)) is a finite cyclic group of order k212 +kl
(cf. [AW]). For relatively prime k and I, 3 1 ki(k + [) is equivalent to
3| (k% + 1% + ki), which completes the proof of the main theorem.

3. REMARKS

1. The SU(5) action on the Berger space SU(5)/(Sp(2) x S!) is also
ineffective. However, the resulting Zs @ Zs action is not free.

2. The normal homogeneous Aloff-Wallach space Ni 1 also admits a free,
isometric SO(3) action (cf. [Sh]) that commutes with the action of I'. It is
easy to see that for any subgroup A C SO(3) without elements of order 3,
the group I'g x A acts freely on Ny ;. In particular we have free, isometric
actions of Ze ® Zeq, 6 1 ¢ and Zg @ Zg,, 317, on Ny 1.

3. In [GZ], it is shown that the Eschenburg spaces (cf. [Es]) M, :=
{diag(z, z, 2P)}\ SU(3)/{diag(1,1,2P*2)} admit free, isometric actions by
Zy @ Zoq whenever p and ¢ are odd and ged(p + 1,¢9) = 1. Note that
M, = Nl,l-

4. Note that from the calculation of the isometry group of Ny, (cf. [Sh2]),
Theorem 2.1. and Proposition 1.3., it follows that Z, ® Z, cannot act freely
on Ny for odd primes p > 3. This supports a stable version of Chern’s
conjecture for a given dimension (cf. [Ro]).

REFERENCES

[AW] S. Aloff and N. Wallach, An infinite family of distinct 7-manifolds admitting posi-
tively curved Riemannian structures, Bull. Amer. Math. Soc. 81 (1975), 93-97.

[Be] M. Berger, Trois remarques sur les variétés riemanniennes & courbure positive, C.
R. Acad. Sci. Paris Sér. A-B 263 (1966), 76-78.

[Bo] A. Borel, Sous-groupes commutatifs et torsion des groupes de Lie compacts connexés,
Tohoku Math. J. (2) 8 (1961), 216-240.

[Ch] Proc. of the US-Japan Seminar in Differential Geometry, Kyoto, Japan (1965).

[Es] J.-H. Eschenburg, New ezamples of manifolds with strictly positive curvature, Invent.
Math. 66 (1982), 469-480.

[GZ] K. Grove and W. Ziller, work in progress.

[On] V. V. Gorbatsevich and A. L. Onishchik, Lie Groups and Lie Algebras II, Encl.
Math. Sci. vol. 20, Springer (1991).

[Ro] X. Rong, The almost cyclicity of the fundamental groups of positively curved mani-
folds, Invent. Math. 126 (1996), no.1, 47-64.

[Sh] K. Shankar, On the fundamental groups of positively curved manifolds, J. Differential
Geom. 49 (1998), 179-182.

[Sh2] K. Shankar, Isometry groups of homogeneous spaces with positive sectional curva-
ture, Ph.D thesis, University of Maryland, College Park, 1999.

[Su] K. Sugahara, The isometry group and the diameter of a Riemannian manifold with
positive curvature, Math. Japonica 27 (1982), 631-634.

[Wi] B. Wilking, The normal homogeneous space (SU(3) x SO(3))/U*(2) has positive
sectional curvature, Proc. Amer. Math. Soc., (to appear).



RANK TWO FUNDAMENTAL GROUPS 5

[WZ] M. Wang and W. Ziller, On isotropy irreducible Riemannian manifolds, Acta Math.
166 (1991), 223-261.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MARYLAND, COLLEGE PARK, MD
20742
E-mail address: kng@math.umd.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MICHIGAN, ANN ARBOR, MI 48109
E-mail address: shankar@math.lsa.umich.edu



